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PREPACK. 




Algebra naturally follows Arithmetic in a oonrse of soieu- 
tific studies. . The language of figures, and the elementary 
combinations of numbers, are acquired at an early age. 
When the pupil passes to a new system, conducted by 
letters and signs, the change seems abrupt; and he often 
experiences much difficulty before perceiving that Algebra 
is but Arithmetic written in a different language. 

It is the design of this work to supply a connecting link 
between Arithmetic and Algebra ; to indicate the unity of 
the methods, and to conduct the pupil from the arithmetical 
processes to the more abstract methods of analysis, by easy 
and simple gradations. The work is also introductory to 
the University Algebra, and to the Algebra of M . Bourdon, 
wliich is justly considered, both in this country and in 
Burope, as the best text-book on the subject, which has yet 
appeared. 

In the Introduction, or Mental Exercises, the language 
of figures and letters are both employed. Each Lesson is ' 

30 arranged as to introduce a single prindple, not known 
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before, and the whole is so combined as to prepare the 
pupil, by a thorough system of mental trainingr for those 
processes of reasoning which are peculiar to the algebraic 
analysis. 

It is about twenty years since the first publication of the 
Elementaby Algebka. Within that time, great changes 
have taken place in the schools of the country. Tlie sys- 
tems of mathematical instruction have been improved, new 
methods have been developed, and these require correspond- 
ing modifications in the text-books. Those modificatiouF 
have now been made, and this work will be permanent in 
Its present form. 

Many changes have been made in the present edition, at 
the suggestion of teachers who have used the work, and 
fevored me with their opinions, both of its defects and 
merits. I take this opportunity of thanking them for the 
valuable sad they have rendered me. The criticisms of 
those engaged in the daily business of teaching are invalu- 
able to an author; and I shall feel myself under special 
obligation to all who will be at the trouble to communicate 
to me, at any tim6, such changes, either in methods or lan- 
guage, as their experience may point out. It is only through 
tiie cordial co-operation of teachers and authors — by joint 
labors and mutual efforts — that the text-books of the country 
imn be brought to any reasonable degree of perfection 

A Key to this volume has been prepared for the use of 
Teachers ordy. 
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1. Thb Introduction is designed as a mental exerdse. If 
Jioroughly taught, it will train and prepare the mind of 
the pupil for those higher processes of reasonmg, which it 
b the peculiar province of the algebraic analysis to develop. 

2. The statement of each question should be made, and 
every step in the solution gone through with, without the 
aid of a slate or black-board ; though perhaps, in the begin- 
ning, some aid may be necessary to those unaccustomed to 
such exercises. 

3. Great care must be taken to have every principle on 
which the statement depends, carefully analyzed ; and equal 
care is necessary to have every step in the solution distinctly 
explained. 

4. The reasoning process is the logical connection of dis- 
tinct apprehensions, and the deduction of the consequences 
which follow from such a connection. Hence, the basis of 
all reasoning must lie in distinct elementary ideas. 

6. Therefore, to teach one thing at a time — ^to teach that 
thing well — to explain its connections with other thmgs 
and the consequences which follow from such connections, 
would seem to embrace the whole art of instruction. 

• «« 
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INTKODUCIION. 

MENTAL EXERCISES. 

LESSON I. 

1. John and Charles have the same number of apples ; 
both together have twelve: how many has each? 

AfifALYSis. — ^Let X denote the number which John has; 
then, since they have an equal number, x will also denote 
the number which Charles has, and twice a, or 2fiB, will 
denote the number which both have, which is 12. If twice 
X is equal to 12, x ^vill be equal to 12 divided by 2, which 
is 6 ; therefore, each has 6 apples. 

WIUTTBN. 

Let X denote the number of apples which John has; 

then, 

12 
X + X = 2x = 12 ; hence, aj = — = 6. 

IToTE. — ^When x is written with the sign -f before it, 
it is read pkts x : and the line above, is read, x pine a 
equais 12. 



10 INTRODUCTION, 

Note. — When x is written by itself it is read one on 
and is the same as, Ix ; 

a; or la^ means once aj, or one x^ 

2a;, " twice as, or two as, 

3a, " three times aj, or three aj, 

4a5, " four times x, or four as, 

<fec,, &c., &c. 

2. What is aj -f as equal to ? 

3. What ifi a; + 2a; equal to ? 

4. What is a; + 2a; + x equal to ? 

5. What is a; + 5a; -h x equal to ? 

6. What is a; -f 2a; -}- 3a; equal to ? 

7. James and John together have twenty-four peaches, 
and one has as many as the other : how many has each ? 

Analysis. — ^Let x denote the number which James has ; 
then, since they have an equal number, x will also denote 
the number which John has, and twice x will denote the 
number which both have, which is 24. If twice x is equal 
to 24, X will be equal to 24 divided by 2, which is 12 ; 
therefore, each has 12 peaches. 

WIUITKN. 

Let as denote the number of peaches which James has ; 

then, 

24 
a; + as = 2a5 = 24; hence, as = — = 12. 

2 

verification. 

A Verification is the operation of proving that the num 
her found wiU satisfy the conditions of the question. Thus, 

James^ appics. John^B apples. 

12 -1-12 = 24. 

Note. — Let the following questions be analyzed, loritten^ 
and verified, in exactly the same manner as the above. 
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8. William and John together have 36 pears, and one has 
as many as the other : how many has each ? 

0. What number added to itself will make 20 ? 

10 James and John are of the same age, and the sum of 
theii ages is 32 : what is the age of each ? 

11. Lucy and Ann are tT\dns, and the simi of their ages 
13 16 : what is the age of each? 

12. What number is that which added to itself wil' 
make 30? 

13. What number is that which added to itself ^ill 
make 50? 

14. Each of two boys received an equal sum of money at 
Christmas, and together they received 60 cents : how much 
had each ? 

16. What number added to itself will make 100? 

16. John has as many pears as William; together they 
have 72 : how many has each ? 

17. What number added to itself will give a sum equal 
to 46? 

18. Lucy and Ann have each a rose bush with the same 
number of buds on each ; the buds on both number 46 • 
how many on each? 



LESSON n. 

1 John and Charles together have 12 apples, and Charlen 
has twice as many as John : how many has each ? 

Analysis. — Let x denote the number of apples which 
John has ; then, since Charles has twice as many, 2x will 
denote his share, and a; -h 2sb, or Sx, will denote the 
number w^hich they both have, which is 12. If Sx is equal 
to 12, X will be equal to 12 divided by 3, which is 4; 
therefore, John has 4 apples, and Charles, having twace as 
many, lias 8. 
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WRITTBN'. 

Let X denote tlie number of apples John has » then, 
2x will denote the number of apples Charles has; and 
05 -t- 2aj = 8a5 = 12, the number both have; ther 

05 = --- = 4, the number John has ; aiul, 

2a; = 2 X 4 = 8, the number Charles has. 

TKRIPICATION. 

4 + 8 = 12, the number both have. 

•2. William and John together have 48 quills, and Wilham 
has twice as many as John : how many has each ? 

8. What number is that which added to twice itself will 
give a number equal to 60 ? 

4. Charles' marbles added to John's make 3 times as many 
as Charles has; together they have 51 : how many has each ? 

Analysis. — Since Charles' marbles added to John's make 
three times as many as Charles has, Charles must 'have one 
third, and John two thirds of the whole. 

Let X denote the number which Charles has; then 2x 
will denote the number which John has, and se + 2a;, or 
3a;, will denote what they both have, which is 61. Then, if 
3a; is equal to 61, x will be equal to 61 divided by 3, 
which is 17. Therefore, Charles has 17 marbles, and John, 
having twice as many, has 34. 

WRITTEN. 

Let X denote the number of Charles' marbles; then, 
1x will denote the number of John's marbles; and 
Sx = 61, the number of both ; then, 

« = ^ = 17, Charles' marble8| and 
17 X 2 rr 34, John's marbles. 
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5. What number added to twice itself will make 75 ? 

6. What nmnber added to tmce itself will make 67 ? 

7. What nmnber added to twice itself will make 89? 

8. What number added to twice itself will give 90 ? 

9. John walks a certain distance on Tuesday, twice h^ 
&r on Wednesday, and in the two days he walks 27 miles . 
how fer did he walk each day ? 

10. Jane's bush has twice as many roses as Nancy's: and 
OD both bushes there are 36 : how many on each ? 

11. Samuel and James bought a ball for 48 cents ; Samuel 
paid twice as much as James : what did each pay ? 

12. Divide 48 into two such parts that one shall be double 
the other. 

13. Divide 66 into two such parts that one shall be double 
the other. 

14. The sum of threo. equal numbers is 12 : what are the 
numbers ? 

Analysis. — Let x denote one of the numbers; then, 
since the numbers are equal, x will also denote each of 
the others, and x plus x plus x^ or Sx will denote their 
sum, which is 12. Then, if 3a; is equal to 12, x will be 
equal to 12 divided by 3, which is 4 : therefore, the numbers 
are 4, 4, and 4. 

WRITTEN. 

Let X denote one of the equal numbers ; then, 
X + X -{- x = dx = 12; and 

x = - = 4. 

VEEIFICATION. 
4 + 4 + 4 = 12. 

15. The sum of three equal'numbers is 24 : what are the 
lumbers? 

16. The sum of three equal numbers is 36 : what are the 
lumbers ? 
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11. The sum of three equal numbers is 54 : what are the 
numbers? 



LESSON nL 

1. What number is that which added to three times itself 
will make 48 ? 

Analysis. — ^Let x denote the number; then, Sx will 
denote three times the number, and x plus Sx^ or 4qc^ 
^^ill denote the sum, which is 48. Jf 4x is equal to 48, 
X will be equal to 48 divided by 4, which is 12; tliere- 
fore, 12 19 the required number. 

WRirTEN. 

Let X denote the number; then, 

Sx = three times the number; and 
a5 + 8a5 = 4a5 = 48, the sum : then, 

= —- = 12, the required number. 



X = 



VERIFICATION. 

12 + 3 X 12 = 12 + 36 = 48. 

Note. — ^All similar questions are solved by the same 
form of analysis. 

2. What number added to 4 times itself will give 40 ? 

3. What number added to 6 times itself will give 42 ? 

4. What number added to 6 times itself will give 63 ? 
6. What number added to 7 times itself will give 88? 

6. What number added to 8 times itself will give 81 ? 

7. What number added to 9 times itself will give 100? 

8. James and John together have 24 quills, and John ha£ 
three times as many as James : how many has each ? 

9. William and Charles have 64 marbles, and Charles has 
** times as many as William : how many has each ? 
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10. James and Joho travel 96 miles, and James travels 
11 times as far as John : how far does each travel ? 

11. The sum of the ages of a fether and son is 84 years; 
and the father is 3 times as old as the son : what is the age 
of each ? 

12. There are two nmnbers of which the greater is 1 
tuies the less, and their sum is 72 : what are the numbers? 

13. The sum of foor equa/ numbers w 64: what are the 
numbers ? 

14. The sum of six equal numbers is 54 ; what are the 
numbers ? 

15. James has 24 marbles ; he loses a certain number, and 
then gives away 7 times as many as he loses which takes all 
he has : how many did he give away ? Veidiy. 

16. William has 36 cents, and divides them between his 
two brothers, James and Charles, giving one, eight times as 
many as the other : how many does he give to each ? 

17. What is the sum of x and 3a;? Of a? and 7aj? 
Of a; and 5a;? Of x and 12a;? 



LESSON IV. 

1. K 1 apple costs 1 cent, what will a number of apples 
denoted by x cost? 

Analysis. — ^Since one apple costs 1 cent, and since x 
denotes any number of apples, the cost of x apples will be 
as many cents as there are apples : that is, x cents. 

2. If 1 apple costs 2 cents, what will x apples cost? 

Analysis. — Since one apple costs 2 cents, and since as 
otes the number of apples, the^cost will be twice as many 
ts as there are apples : that is 2a; cents. 

, If 1 apple costs 3 cents, what will x apples cost ? 
k If 1 lemon costs 4 cents, what will x lemons cost ? 
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5. If 1 orange costs 6 cents, what will x oranges cost ? 

6. Charles bought a certain number of lemons at 2 cents 
apiece, and as many oranges at 3 cents apiece, and paid in aU 
20 cents: how many did he buy of each? 

Analysis. — ^Let x denote the number of lemons ; then, 
since he bought as many oranges as lemons, :t will also 
denote the number of oranges. Since the lemons were 
2 cents apiece, 2x will denote the cost of the lemons ; and 
since the oranges were 3 cents apiece, Sx will denote 
the cost of the oranges; and 2a; -}- 3a;, or 6a;, will denote 
the cost of both, which is 20 cents. Now, since 6aj cents 
are equal to 20 cents, x will be equal to 20 c^nts divided by 
6 cents, which is 4 : hence, he bought 4 of each. 

WRirrEN. 

Let X denote the number of lemons, or oranges ; then, 
2» = the c<3st of the lemons ; and 
3a5 = the cost of the oranges ; hence, 
2x + 3a5 = 6a; = 20 cents = the cost of lemons and 

oranges; hence, 

X = — = 4, the number of each. 

6 cents 

VERIFICATION. 

4 lemons at 2 cents each, give, 4x2=8 cents. 

4 oranges at 3 cents each, " 4 x 3 = 12 cents. 

Hence, they both cost, 8 cents 4-12 cents = 20 cents. 

7. A farmer bought a certain number of sheep at 4 dollars 
apiece, and an equal number of lambs at 1 dollar ai)iece, 
and the whole cost 60 dollars: hew many did he buy of 
each? 

8. Charles bought a certain number of apples at 1 cent 
apiece, and an equal number of oranges at 4 cents apiece, and 
paid 60 cents in ail : how niany did he bay of eaoh? 
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0. James bought an equal number of apples, pears, and 
iemong; he paid 1 cent apiece for the apples, 2 cents apiece 
for the pears, and 3 cents apiece for the lemons, and paid 
72 cents in all : how many did he buy of each ? Verify. 

10. A &rmer bought an equal number of sheep, hogs, 
and calves, for which he paid 108 dollars ; he paid 3 dollars 
apiece for the sheep, 5 dollars apiece for the hogs, and 
4 dollars apiece for the calves : how many did he buy of 
each? 

11. A &rmer sold an equal number of ducks, geese, 
and turkeys, for which he received 90 shillings. The duoks 
brought him 3 Rliillings apiece, the geese 5, and the turkeys 
7 : how many did he sell of each sort ? 

12. A tailor bought, for one hundred dollars, two pieces 
of cloth, each of which contained an equal number of yards. 
For one piece he paid 3 dollars a yard, and for the other 
2 dollars a yard : how many yards in each piece ? 

13. The sum of three numbers is 28 ; the second is twice 
the first, and the third twice the second: what are the 
numbers ? Verify. 

14. The sum of three numbers is 64 ; the second is 3 timeF 
the first, and the third 4 times the second : what are the 
numbers ? 



LESSON V. 

1. If 1 yard of cloth costs x dollars, what will 2 yards 
cost? 

Analysis. — ^Two yards of cloth will cost twice as much as 
>ne yard. Therefore, if 1 yard of cloth costs x dollars^ 
] yards will cost twice x dollars, or 2x dollars. 

2, If 1 yard of cloth costs x dollars, what will 3 yards 
^ost? Why? 
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3. If 1 orange costs x cents, what will ? oranges cost \ 
Why? 8 oranges? 

4. Charles boudit 3 lemons and 4 oranges, for which he 
paid 22 cents. He paid twice as much for an orange as for 
a lemon : what was the price of each ? 

Analysis. — I.et x denote the price of a lemon ; then, 205 
will denote the price of an orange ; Zx will denote the cost 
of 3 lemons, and 8a5 the cost of 4 oranges ; hence, 3a5 plus 
8aj, or 11 aj, will denote the cost of the lemons and oranges, 
which is 22 cents. If 1 la; is equal to 22 cents, x is equal to 
22 cents divided by 11, which is 2 cents: therefore, the 
price of 1 lemon is 2 cents, and that of 1 orange 4 cents. 

WKJ'JTEN. 

Let X denote the price of 1 lemon; then, 
2a5 = " 1 orange; and, 

8ar -f 8a; = 11a; = 22 cts., the cost of lemons and oranges; 

22 cts 
hence, x = — — — ^ = 2 cts., the price of 1 lemon ; 

and, 2x2 = 4 cts., the price of 1 orange. 

VERIFICATION. 

3x2= 6 cents, cost of lemons, 
4 X 4 = 16 cents, cost of oranges. 
22 cents, total cost. 

6. James bought 8 apples and 3 oranges, for which he 
paid 20 cents. He paid as much for I orange -is for 4 apples* 
what did he pay for one of each ? 

6 A farmer bought 3 calves and 7 pigs, for which he paid 
19 dollars. He paid four times as much for a calf as for a 
pig : what was the price of each ? 

*l. James bought an apple, a peach, and a pear, for which 
he paid 6 cents. He paid twice as much for the peach ap for 
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the apple, and three times as mnch for the pear as for the 
apple : what was the price of each ? 

8. William bought an apple, a lemon, and an orange, for 
which he paid 24 cents. He paid t^ace as much for the 
lemon as for the apple, and 3 tunes as much for the oraugc 
as for the apple : what was the price of each ? 

0. A farmer sold 4 calves and 5 cows, for which he received 
120 dollars. He received as much for 1 cow as for 4 calves: 
what was the price of eadi ? 

10. Lucy bought 3 pears and 5 oranges, for which she 
paid 26 cents, giving twice as much for each orange as for 
each pear: what was the price of each? 

11. Ann bought 2 skeins of silk, 3 pieces of tape, and a 
penknife, for which she paid 80 cents. She paid the same 
for the silk as for the tape, and as much for the penknife as 
for both : what was the cost of each ? 

12. James, John, and Charles are to divide 56 cents 
among them, so that John shall have twice as many as 
James, and Charles twice as many as John: what is the 
share of each ? 

13. Put 54 apples into three baskets, so that the second 
shall contain twice as many as the first, and the third as 
many as the first and second : how many will there be hi 
each. 

14. Divide 60 into four such parts that the second shaD 
be double the first, the third double the second, and the 
fourth double the third : what are the numbers ? 



LESSON VL 

1. Jf 2x + X is equal to Sx^ what is 3x — x eqiud 
? Written, Sx — x = 2x, 

2. What is 495 — a; equal to ? Written, 

4(B — 8S =- 3a;. 
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3. WTiat is Sx minuB 6a: equal to ? Written, 

Hx — 6x z= 2x. 

4. What is 12a; — 9x equal to ? Ana, 8a 
6. What is 16a; — 7a5 equal to ? 

6. What is 17a; — 13a; equal to? Ans. 4a5 

1. Two men, who are 30 miles apart, travel towards each 

other ; one at the rate of 2 miles an hour, and the other at 

the rate of 3 miles an hour : how long before they will meetV 

Analysis. — ^Let x denote the number of hours. Then, 
since the time, multiplied by the rate, will give the distance, 
2a; will denote the distance traveled by the first, and Sx 
the distance traveled by the second. But the sum of the 
distances is 80 miles ; hence, 

2a; -h 3a; = 6a; = 30 miles ; 

and if 5a; is equal to 80, x is equal to 80 divided by 5, 
which is 6 : hence, they will meet in 6 hours. 

WEIXTBN, 

Let x denote the time in hours; then, 

2a; = the distance traveled by the 1st ; and 
3a; = " " 2d. 

By the conditions, 

2a; + 8a; = 5a; r= 80 miles, the distance apan ; 

hence, a; = -— = 6 hours. 

h 
VKEIFIOATION. 

2 X 6 = 12 miles, distance traveled by the first, 
3x6 = 18 miles, distance traveled by the second 
80 miles, whole distance. 

8. Two persons are 10 miles apart, and are traveling in 
the same direction ; the first at the rate of 8 miles an hour, 
and the second at the rate of 5 miles : how long, before the 
seoond will overtake the firRt. ? 
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AnaIiTBIs. — Let x denote the time, in boors. Theii^ da: 
will denote the distance traveled by the first in x hours; 
and 6x the distance traveled by the second. But when 
the second overtakes the first, he will have traveled 10 miles 
more than the first : hence, 

5a; — 3aj = 2a; = 10; 

if 2a; is equal to 10, a; is equal to 5 - hence, the second wiU 
overtake the first in 5 hours. 

WRITTEN. 

Let X denote the time, in hours: then, 
dx = the distance traveled by the Ist ; 
and, 5x = " " 2d; 

and, 5aj — 3a; = 2a; = 10 hours ; 

or, X = — =6 hours. 

VERIFICATION. 

3 X 5 = 15 miles, distance traveled by 1st. 
5 X 5 = 25 miles, " ** 2d. 

25 — 15 = 10 miles, distance apart. 

9. A cistern, holding 100 hogsheads, is filled by two 
pipes ; one discharges 8 hogsheads a^ minute, and the other 
12 : in what time will they fill the cistern ? 

10. A cistern, holding 120 hogsheads, is filled by 3 pipes ; 
the first discharges 4 hogsheads in a minute, the second 7, 
and the third 1 : in what time will they fill the cistera ? 

11. A cistern which holds 90 hogsheads, is filled by a pipe 
which discharges 10 hogsheads a minute ; but there is a 
waste pipe which loses 4 hogsheads a minute : how long 
will it take to fill the cistern ? 

12. Two pleney ol* cloth contain each an equal number of 
ards ; the first cost 3 dollars a yard, and the second 5, and 
)th pieces cost 96 doilars : how many yards in each ? 

13. Two pieoe« of cloth contain each an equal number of 
;ards : the firj»t cost Y dollars a yard, and the second 5 ; the fijvt 
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cost GO dollars more than the second : how many yards in 
each piece ? 

14. John bought an equal number of oranges and lemons : 
the oranges cost him 5 cents apiece, and the lemons 3; and 
be paid 66 cents for the whole: how many did he buy of 
each kind ? 

15. Charles bought an equal number of oranges and 
lemons; the oranges cost him 5 cents apiece, and the 
lemons 8 ; he paid 14 cents more for the oranges than for 
the lemons: how many did he bay of each? 

16. Two men work the same number of days, the one 
receives 1 dollar a day, and the other two : at the end of 
the time they receive 54 dollars : how long did they work ? 



LESSON vn. 

1. John and Charles together have 26 cents, and Charles 
has 5 more than John : how many has each ? 

Analysis. — Let x denote the number which John has ; 
then, 05 + 6 will denote the number which Charles has, and 
05 + 05+5, or 205 + 6, will be equal to 26, the number 
they both have. Since 2a5 + 5 equals 25, 2aj will be 
equal to 25 minus 5, or 20, and x wiU be equal to 20 
divided by 2, or 10: therefore, John has 10 cents, aiid 
nharles 15. 

WRITTBN. 

Let X denote the number of John's cents; then, 
05 + 6 = " Charles' cents ; and, 

^ + 05 + 5 = 25, the number they both have ; or, 
205 + 6 = 25 ; and, 

205 = 25 — 5 = 20; hence, 

20 
IB = — =10, John's number; and, 

i 

10 + 5 = 15, Charles' number. 
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Jotm^ 


GbArl60\ 




10 


-h 16 


= 25, the sum. 


CharleB' 


John's. 


• 


15 


- 10 


= 5. the difie] 
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2. James and John have 30 marbles, and John haa 4 more 
than James : how many has each ? 

3. William bought 60 oranges and lemons; there were 
20 more lemons than oranges : how many were there of 
each sort ? 

4. A farmer has 20 more cows than calves ; in all he has 
36 : how many of each sort ? 

5. Lucy has 28 pieces of money in her purse, composed 
|- of cents and dimes ; the cents exceed the dimes in number 

by 16 : how many are there of each sort ? 

6. What number added to itself, and to 9, will make 29 ? 
V. What number added to twice itself, and to 4, wiD 

make 25? 

8. What number added to three times itself, and to 12, 
will make 60 ? 

9. John has five times as many marbles as Charles, and 
. what they both have, added to 14, makes 44 : how many has 

each? 

10. There are three numbers, of which the second is twice 
the first, and the third twice the second, and when 9 ie 
added to the sum, the result is 30 : what are the numbers? 

11. Divide 17 into two such parts that the second shall 
be two more than double the first: what are the parts? 

13. Divide 40 into three such parts that the second shall 
(3 twice the first, and the third exceed six times the first 
Y 4 ; what are the paits? 

18. Charles has twice as many cents as James, and Johr 
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has twice as many as Charles ; if 7 be added to wliat they 
all have, the sum will be 28 : how many has each? 

14. Diyide 15 into three such parts that the second shall 
be 3 times the first, the third tmce the second, and 6 over ; 
what are the nmnbers ? 

15. An orchard contains three kinds of trees, apples, pears, 
and cheiTies; there are 4 times as many pears as apples, 
twice as many cherries as pears, and if 14 be added, thf> 
number wiU be 40 ; how many are there of each ? 
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1. John after giving away 6 marbles, had 12 left: how 
many had he at first ? 

Analysis. — ^Let x denote the number ; then, x minus 6 
will denote what he had left;, which was equal to 12. Since 
X diminished by 5 is equal to 12, x will be equal to 12, 
increased by 5 ; that is, to 17 : therefore, he had 17 marbles. 

WRITTEN. 

Let X denote the number he had at finst; then, 
X — 5 = 12, what he had left; and 

05 = 12 + 6 = 17, what he first had. 

VERIFICATION. 

17 — 6 = 12, what were left. 

2. Charles lost 6 marbles and has 9 left : how many had 
he at first ? 

3. William gave 15 cents to John, and had 9 left: how 
many had he at first ? 

4. Ann plucked 8 buds from her rose bush, and there 
^vere 19 left : how many were there at first ? 
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5. William took 27 cents from his pnrse, and there were 
18 left : how many were there at first ? 

6. The sum of two numbers is 14, and their difference is 2: 
what are the numbers ? 

Analysis. — ^The difference of two numbers, added to the 
less, will give the greater. Let x denote the less number; 
dien, SB + 2, will denote the greater, and 05 + 96 + 2. 
will denote their sum, which is 14. Then, 2a; + 2 equals 
14; and 2x equals 14 minus 2, or 12: hence, x equals 
12 divided by 2, or G : hence, the numbers are 6 and 8. 

VERIFICATION. 

6 + 8 = 14, their sum ; and 
8 — 6 = 2, their difference. 

7. The smn of two numbers is 18, and their difference 5 : 
what are the numbers ? 

8. James and John have 26 marbles, and James has 4 more 
than John : how many has each ? 

9. Jane and Lucy have 16 books, and Lucy has 8 more 
than Jane : how many has each ? 

10. William bought an equal number of oranges and 
lemons ; Charles took 5 lemons, after which William had but 
25 of both sorts : how many did he buy of each ? 

11. Mary has an equal number of roses on each of two 
bushes ; if she takes 4 from one bush, there will remain 24 
on both : how many on each at first ? 

12. The sum of two numbers is 20, and their difference 
i$ 6 : what are the numbers ? 

Analysis. — ^If x denotes the greater number, a — 6 will 
denote the less, and a + jb — 6 will be equal to 20 ; hence, 
225 equals 20 + 6, or 26, a,nd x equals 26 divided by 2, 
eqiuilF 13; hence the numbers are 13 and 7. 
2 * 



26 INTRODUCTION. 

WKI'lTKN. 

Let X denote the greater ; then, 

S5 — 6 = the less ; and 
05 -* a* -- = 20, their sum ; hence, 
?u = 20 + 6 = 26 ; or, 

X = — - = 13 ; and 13—0 :r. 7. 

VERIFICATION. 

13 4 7 = 20; and, 13 — 7 = 6. 

13. Tlie sum of the ages of a father and son is 60 years, 
and tlieir difference is just half that number : what are their 
ages? 

14. The sum of two numbers is 23, and the larger lacks 
1 of being 7 times the smaller : what are the numbers ? 

15. The sum of two numbers is 50 ; the larger is equal to 
10 times the less, minus 5 : what are the numbers ? 

16. John has a certain number of oranges, and Charles 
has four times as many, less seven ; together they have 53 : 
how many has each ? 

17. An orchard contains a certain number of apple trees, 
and three times as many cherry trees, less 6 ; the whole num 
ber is 30 : how many of each sort ? 



LESSON IX. 

1. If a denotes any number, and 1 be added to it, what 
will denote the sum ? Ana. a; 4- 1. 

2. If 2 be added to a, what will denote the sum ? If 8 
be added, what ? If 4 be added ? &c. 

If to John's marbles, one marble be added, twice his num- 
ber will be equal to 10 : how many had he ? 

Analysis. — Let x denote the number ; then, a; + 1 will 
denote the number afler 1 is added^ and twice this number, 
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or 2x + 2, will bo equal to 10. If 2a; + 2 u equal to lO, 
2a will be equal to 10 minus 2, or 8 ; or se will be equal ta4. 

WKITTEN. 

I#et X denote the number of Johifs marbles; thf^n, 

a; 4- 1 = the number, after 1 is added ; and 

2(aj H- 1) r= 2x + 2 = 10; hence, 

8 
235 =r 10 — 2 ; or as = - =4. 

VERIFICATION. 
2(4 + 1) r»= 2 X 5 z= 10. 

4. Write x + 2 multiplied by 3. An8, 3(a: f 2). 

What is the product ? Ans. 3a;-t-G. 

6. Write ar + 4 multiplied by 6. Ana, 5 (a; 4- 4). 

What is the product ? Ans. 6x + 20. 

6. Write a; 4- 3 multiplied by 4. Ans. 4 (as 4- 3). 
What is the product ? Ans. 4a5 4- 12. 

7. Lucy has a certain number of books ; her father givos 
her two more, when twice her number is equal to 14 : how 
many has she ? 

8. Jane has a certain number of roses in blossom ; two 
more bloom, and then 3 times the number is equal to 16 : 
how many were in blossom at first ? 

9. Jane has a certain number of handkerchiefi^ and buyh 
4 more, when 5 times her number is equal to 45 : how many 
had she at first ? 

10. John has 1 apple more than Charles, anl 3 times 
John's, added to what Charles has, make 15 : how many 
has each ? 

/Vnaltsis. — Let x denote Charles' apples ; then x 4- 1 will 
denote John's ; and a; 4 1 multiplied by 3, added to as, or 
da; 4- 3 4- as, will be equal to 15, what they both had; henoo 
4as 4* 8 equals 15; and 4a; equals 15 minus 8, or 12; an<^ 
JB = 4. Write, and verify. 
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1 1. James has two marbles more than William, and twice 
his marbles plus twice William's are equal to 16 : how many 
has each ? 

12. Divide 20 into two such paits that one part shall ex* 
ceed the other by 4. 

13. A fruit-basket contains apples, pears, and peaches; 
there are 2 more pears than apples, and twice as many 
peaches as pears ; there are 22 in all : how many of each 
sort? 

14. What is the simi of » + 3aj -f 2(x + 1) ? 

15 What is the sum of 2{x -|- l) -|- i(a; -f l) f x? 

16. What is the sum of aj -f 5{x -h 8) ? 

17. The sum of two numbers is 11, and the second is equal 
to twice the first plus 2 : what are the numbers ? 

18. John bought 3 apples, 3 lemons, and 3 oranges, for 
which he -paid 27 cents; he paid 1 cent more for a lemon 
than for an apple, and 1 cent more for an orange than for a 
lemon : what did he pay for each ? 

19. Lucy, Mary, and Ann, have 15 cents; Mary has 1 
more than Lucy, and Ann twice as many as Mary ? 



LESSON X. 

1. If a. denote any number, and 1 be subtracted from it, 
what will denote the diflference? Ans. aj — 1. 

If 2 be subtracted, what will denote the difference ? If 
8 be subtracted ? 4 ? &c. 

2. John has a certain number of marbles ; if 1 be taken 
away, twice the remainder will be equal to 12 : how many 
has he? 

Analysis. — Let x denote the number ; then, 05 — 1 will 
denote the number after 1 is taken away; and twice thiis 
n;nnber. or 2 (a- — 1) = 2a5 — 2, will be equal to 12. If 2jr 
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diminifihed by 2 is equal to 12, 2a; is equal to 12 plus 2, ot 
14 ; hence, x equals 14 divided by 2, or 7. 

Let X denote the number; then, 

X — 1 = the number which remained, and 
2(ar — 1) = 2a! — 2 = 12 ; hence, 

14 

2a; = 12 4- 2, or 14 ; and as = -- = 7. 

' ' 2 

VERIFICATION. 

2(7-1) = 14 - 2 = 12 ; also, 2(7-1) = 2 X 6 = 12. 

3. Write 3 times a; — 1. Ans. S{x — 1). 
What is the product equal to ? Ans. 3x — 8. 

4. Write 4 times a; — 2. Ans. 4{x — 2). 
What is the product equal to? Ans. 4aB — 8. 

5. Write 5 times aj — 6. Ans. 5 (a; — 6). 
What is the product equal to ? Ans. 5x — 25. 

6. If a; denotes a certain number, will a; — 1 denote a 
greater or less number ? how much less ? 

7. If a; — 1 is equal to 4, what will x be equal to ? 

* Ans. 4 + 1, or 6. 

8. If a; — 2 is equal to 6, what is as equal to ? 

9. James and John together have 20 oranges ; John has 
6 less than James : how many has each ? 

10. A grocer sold 12 pounds of tea and coffee ; if the tea 
be dinHnishcd by 3 pounds, and the remainder multiplied by 
2, the product is the number of pounds of coffee : how many 
pounds of each ? 

11. Ann has a certain number of oranges ; Jane has 1 less 
and twice her number added to Ann's make 13 : hew many 
has each ? 

ANAi*Ysis.^-Let X denote the number, of oranges which 
Ann has; then, a;— 1 will denote the number Jane has. 
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and » -I- 2aj — 2, or 3a5 — 2, i\t11 denote the number both 
have, which is 13. If 3a; — 2 equals 13, dx vnll be equal 
to 13 + 2, or 15 ; and if 3a; is equal to 15, x will be equal 
to 15 divided by 3, which is 5 : hence, Ann has 6 oranges 
and Jane 4. 

wunTEN. 

Let X denote the number Ann has ; then, 

a — 1 = the number Jane has ; and 

2{x — 1) = 2a; — 2 = twice what Jane has; also, 

a? + 2aj — 2 = 3a; — 2 = 13 ; hence, 

15 
3a; = 13 + 2 = 15; or a; = -- =r 5. 

' 3 

VKEIFICATION. 

6 — 4 = 1; and 2x4 + 6 = 13. 

12. Charles and John have 20 cents, and John has 6 lodt; 
than Charles : how many has each ? 

13. James has twice as many oranges as lemons in his bas- 
ket, and if 6 be taken from the whole number, 19 will re- 
main : how many had he of each ? 

14. A basket contains apples, peaches, and pears; 29 :n 
all. If 1 be taken from the number of apples, the remainder 
will denote the number of peaches, and twice that remainder 
will denote the number of pears : how many are there of 
each sort? 

16. If 2a5 — 6 equals 16, what is the value of aj? 
16. If 405 — 6 is equal to 11, what is the value of a? 
17 If 695 — 12 is equal to 18, what is the value of a; ? 

18. The sum of two numbers is 32, and the greater ex- 
ceeds the less by 8 : what are the numbers ? 

19. The sum of 2 numbers is 9 ; if the greater number 
be diminished by 5, and the remainder multiplied by 3, the 
product will be the less number : what are the numbers? 

20. There arc three numbers such that 1 taken from thf 
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first will give the second ;. the second multiplied by 8 ^iU 
give the third ; and their sum is equal to 26 : what are the 

ambers ? 

21. John and Charles together have just 31 oranges; if 

1 be taken from John's, and the remainder be multiplied by 
5, tlie product will be equal to Charles' number : how many 
has each ? 

22. A basket ia^ filled with apples, lemons, and oranges, in 
all 26 ; the number of lemons exceed the apples by 2, and 
the number of oranges is double that of the lemons : how 
many are there of each ? 



IJSSON XL 



1. John has a certsdn number of apples, the half of which 
IS eqaal to 10 : how many has he ? 

An'alysis. — ^Let x denote the number of apples ; then, 
X divided by 2 is equal to 10 ; if one half of a; is equal to 
10, twice one-half of a^ or jc, is equal to twice 10, which is 
20 ; hence, x is equal to 20. 

Note. — A similar analysis is applicable to any one of tlio 
fractional units. Let each question be solved according to 
tne analysis. 

2. John has a certain number of oranges, and one-third of 
his number is 16 : how many has he? 

8, If one-fifth of a number is 6, what is the number ? 
4. If one-twelfth of a number is 9, what is the number ? 
6. What number added to one-half of itself will give a 
sum equal to 12? 

Analysis. — ^Denote the number by a; "then, x plus one 
half of X equals 12. But x plus one-half of x equals three 
halves of x: hence, three halves of x equal 12. If three 
halves of x equal 12, one-half of x equals one-third of 12, 
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or 4. If one-half of x equals 4, x equals twice 4, or 8, 
hence, x equals 8. 

WRTmiN. 

Let X denote the number; then, 

1 3 

05 + -a = -05 = 12 ; then, 

-05 = 4, or 05 = 8. 

yJERWlCATlON, 

8 + ? = 8-|-4 = 12. 

6. What number added to one-third of itself will give a 
sum eqtald to 12? 

7. What number added to one-fourth of itself will give 
a sum equal to 20 ? 

8. What number added to a fifth of itself will make 24 ? 

9. What number diminislied by one-half of itself will 
leave 4 ? Whj ? 

10. What number diminished by one-third of itself will 
leave 6 ? 

11. James gave one-seventh of his marbles to William, 
and then has 24 left : how many had he at first ? 

12. What number stddcd to two-thirds" of itself will give 
a sum equal to 20 ? 

13. What number diminished by three-fourths of itself 
will leave 9 ? 

14. What number added to five-sevenths of itself will 
make 24 ? 

ifr. What number diminished by seven-eighths of itseli 
will leave 4? 

" 16. What number added to eight ointhft of itself will 
make 84 ? 
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CHAPTER L 

DEFIKniONS AND EXPLANATOBT SIQN8. 

i, QuAiirriTT is anything which can be increased, 
diminished^ and measured; as number, distance, weight, 
time, &c. 

To measure a thing, is to find how many times it con- 
tains some other thing of the same kind, taken as a stand- 
ard. The assumed standard is called the unit of measure. 

3. Mathematics is the science which treats of the 
measurement, properties, and relations of quantities. 

In pure mathematics, there are but eight kinds of quantity, 
and consequently but eight kinds of Untts, viz. : Units of 
Number; Units of Currency; Units of JLength; Units of 
Surface; Units of Volume; Units of Weight; Units of 
l^me ; and Units of Angular Meaeure. 

3. Algebra is a branch of Mathematics in which the 
quantities considered are represented by lctter», and the 
operations to be performed are indicated by signs. 

1. What is quantity f What is the operation of measuring a thing? 
What is the assumed standard called ? 

2. What is Mathematics ? How many kinds of quantity are there ic 
the pure mathematics f Name the unite of those quantities. 

8. WhatisAlgebnf 
!♦ 
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4* The quantities employed in Algebra are of two kinds^ 
Known and Unknown : 

Known Qiuintities are those whose values are given ; 

and 
Unknown Quantities are those whose values are re 

quired. 

Known Quantities are generally represented by the lead 
ing letters of the alphabet, as, a, 6, o, &c. 

Unknown Quantities are generally represented by the 
final letters of the alphabet ; as, as, y, s, Ac. 

When an unknown quantity becomes known, it is often 
denoted by the same letter with one or more accents ; as, 
a/, a/', x". These symbols are read : x prime; x second; 
X thirdy <tc. 

5. The Sign op Addition, +, is called plus. When 
placed between two quantities, it indicates that the second 
is to be added to the first. Thus, a + b^ ia read, a plus 6, 
and indicates that d is to be added to a. If no sign is 
written, the agn + is understood. 

The sign +, is sometimes called the positive sign, and the 
quantities before which it is written are called positive qtum- 
titieSy or additive quantities. 

6. The Sign of Subtraction, — , is called minus. When 
placed between two quantities, it indicates that the second 
IS to be subtracted from the first. Thus, the expression, 

4. How many kinds of quantities are employed in Algebra ? How are 
mey distinguished ? What are known quantities f What are unknown 
quantities ? By what are the known quantities represented ? By what 
are the unknown quantities represented f When a:a unknown quantity 
becomes known, how is it often denoted? 

6. What is the sign of addition called ? When placed betweciii two 
quantities, what does it indicate ? 

6. What is the sign of subtraction called f When placed between two 
qxiaotities, what does it indicate > 
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c — dy read c minus c^ iudicatis tbat^c? ia to be subti-actcd 
0*om c. If a stands for 6, and d tor 4, then a ^ d is equal 
to 6 — 4, which is equal to 2. 

The sign — , is sometimes called the negative sign, and the 
qmmtities before which it is written are called negcUive qtuifp- 
futies^ or subtractive quantities, 

7. The Sign op Multiplication, x , is read, fmiUipHaX 
by^ or into. When placed between two quantities, it indi- 
cates that the first is to be multiplied by the second. Thus, 
a X b indicates that a is to be multiplied by b. If a standh 
for 7, and b for 6, then, a x 6 is equal to 7 x 6, which it? 
equal to 35. 

The multiplication of quantities is also indicated by simply 
writing the letters, one after the other ; and sometimes, by 
placing a point between them ; thus, 

a x b signifies the same thing as o^, or as a,b. 

a X b X c signifies the same thing as abcj or as a,bx. 

8* A FAcrroE is any one of the multipliers of a product. 
Factors are of two kinds, numeral and literal. Thus, in the 
expression, bahc^ there are four factors : the nt/merai &ctor, 
5, and the three literal Actors, a, 6, and c. 

9. The Sign of Division, -s-, is read, divided by. When 
wiitten between two quantities, it indicates that the first it: 
to be divided by the second. 

7. How 18 the sign of multiplication read? When. placed betw'*'*n two 
quantities, what does it indicate ? In how many ways may multiplication 
be indicated ? 

8. What is a factor ? How many kinds of factors are there f How 
many factors are there in Zahc ? 

^. How is the sign of division read ? When written between two quan- 
titieii, what does it indicate? How many ways are there of !ndicatiii|; 
di^Hfiion ? 
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There are three signs tised to denote division. ThnSi 
a -r b denotes that a is to be divided by 6. 

7 denotes that a is to be divided by b. 

a I b denotes that a is to be divided by b. 

10. The Sign op Equalfit, =, is read, equal to. When 
wiitten between two quantities, it indicates that they are 
equal to each other. Thus, the expression, a -h ^ = c, in- 
dicates that the sum of a and b is equal to o. If a stands 
for 3, and b for 5, c will be equal to 8. 

11. The Sign op iNEQUALrrr, > <, is read, greater 
than^ or less than. When placed between two quantities, 
it indicates that they are unequal, the greater one being 
placed at the opening of the sign. Thus, the expression, 
a > &, indicates that a is greater than b ; and the expres- 
sion, c <i dj indicates that c is less than d. 

12. The sign . • . means, therefore^ or consequently, 

18« A CoEFFiciBKT is a number written before a quan- 
tity, to show how many times it is taken. Thus, 

a + a + a + a + a = 5a, 

in which 5 is the coefficient of a. 

A coefficient may be denoted either by a number^ or a 
letter. Thus, 5x indicates that x is taken 5 times, and aa 

10. What is the sign of equality f When placed between two quanti- 
ties, what does it indicate f 

11. How is the sign of inequality read? Which quantity is placed oo 
the side of the opening f 

12. What does .*. indicate? 

18. What is a coefficient? Ho v many times is a taicen in 6a. By 
what may a coefficient be denoteo ? If no coefficient is written, what 
coefficient is understood ? In Sox, ^ow many times is ax taken ? How 
many times is x taken ? 
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indicattis that x is taken a times. If no coefficient is writ 
ten, the coefficient 1 is understood. Thus, a is the same 
as la. 

14. An Exponent is a number written at the right and 
ahoYC a quantity, to indicate how many times it is taken a? 
a &ctor. Thus, 

a X a is written a\ 
a X a X a " a\ 

a X a X a X a ** a\ 

&c,^ Ac, 

m which 2, 3, and 4, are exponents. The exprestdons are 
read, a square, a cube or a third, a fourth ; and if we have 
a", in which a enters m times as a &ctor, it is read, a to 
the mth, or simply a, mth. The exponent 1 is generally 
omitted. Thus, a} is the same as a, each denoting that a 
enters but once as a factor. 

15« A Power is a product which arises from the multi« 
plication of equal factors. Thus, 

a X « = a* is the square, or second power of oi. 
axaxa=^a^\& the cube, or third power of a. 
axaxaxa = a^\& the fourth power of a. 
a X a X • . . . = a" is the mth power of a. 

16. A Root of a quantity is one of the equal Actors. 

The radical sign, ^ , when placed over a quantity, kidi- 
cates that a root of that quantity is to be extracted. The 
root is indicated by a number written over the radical sign. 

14. What is an exponent? In a', how many tunes is a taken as a fao* 
or? Wlien no exponent is written, what is understood? 

16. What is a power of a quantity? What is the third power of 8^ 
Of 4 Of 6? 

16. What is the root of a quantity? What indicates a root? What 
indicates the kind of root? What is the index of tho square root? 01 
the cube root ? Of the mth root ? 
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called an index. When the index is 2, it is generally omit- 
ted. Thus, 

V^» <>r v/^ indicates the square root of a. 

^a indicates the cube root of a. 

\/a indicates the fourth root of a. 

\/a indicates the mth root of a. 

1 1 . An Algebraic Exfbession is a quantity WTitten \\\ 
algebraic language. Thus, 

^ j is the algebraic expression of tl:.<ree tiniee. 

( the number denoted by a ; 
g , j is the algebraic expression of five timch 
( the square of a ; 

/ is the algebraic expression of seven tinien 
7a'^2 / \}^Q the cube of a multiplied by the 
( square of h ; 
is the algebraic expression of the differ- 
%a ^hh\ cnce between three times a and five 
times 6; 
is the algebraic expression of twice the 
Q A AVI J 8<l^^re of a, diminished by three times 
J the product of a by by augmented by 
i four times the square of b, 

18 A Term is an algebraic expression of a single quan- 
tity. Thus, 3a, 2a*, — ba^b\ are terms. 

19. The Degree of a term is the number of its literal 
&etors. Thus, 

o Hs a term of the first degt*ee, because it contains but 
f one Uteral factor. 

17. What is an algebraic expression 

18 What is a term? 

1 9. Wliat If) tUo defi^oe of a term ? What determiuofi the degree of a term ? 



r . 
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.2 J is of the second degree, because it contains two lite- 
( ral factors. 

f is of the fonrth degree, because it contains four literal 
'ia^b < fectors The degree of a term is determined by 
( the sum of the expont;ni8 uf all its letters. 

SO. A Monomial is a smgle term, unconnected with any 
other by the signs + or — ; thus, Sa\ 3^a, are monomialK. 

91. A Polynomial is a collection of terms connected 
by the signs + or — ; as, 

3a — 6, or, 2a^ — 3ft + 4ft». 
93. A Binomial is a polynomial of two terms ; as, 

a 4- ft, Sa^ — c^, dab — c^. 
33« A Trinomial is a polynomial of three terms ; as, 

ahc ^ a^ + i^, ab — gh — f. 

34 • HoMOOENEOXJS Terms are those which contain the 
same number of literal &ctors. Thus, the tenns, (ibcy — a*, 
+ €\ are homogeneous ; as are the terms, oft, — gh. 

95* A Polynomial is homogeneous, when all its terms 
are homogeneous. Thus, the polynomial, abc — a^ + c^, is 
homogeneous ; but the polynomial, ah -- gh ^ f ]& not ho- 
mogeneous. 

SNI. Similar Terms are those which contain the same 
literal fSictors affected mth the same exponents. ThuS| 

7aft + Soft — 2aft, 

20. What is a monomial ? 

21. What is a polynomial? 

22. What is a binomial? 

23. What is a trinomial? 

2i. What are homogeneous terms ? 

25. When is a polynomial homogeneor.8 ? 

26. What are almilar terms ? 
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are similar terms ; and so also are, 

bnt the terms of the first polynomial and of the last, are not 
similar. 

27, The Vinculum, , the Bar \ , the .Parenr 

tJieais^ ( ) , and the Brackets^ [ ] , are each used to oou- 
nect several quantities, which are to be operated upon in thfi 
same manner. Thus, each of the expressions. 



a 



X 

{a + b + c) X a, 



a + ft-Hcxas, fft 

+ c 

and [a + b + c] X Xj 

indicates, that the sum of a, ft, and e, is to be multiplied 
by 05. 

38. Thb Recifbocal of a quantity is 1, divided by that 
quantity; thus. 



a' a + b' d' 
are the reciprocals of 

a, a + b * -• 

c 

99. The Numebical Value of an algebraic expression, 
is the result obtained by assigning a numerical value to each 
letter, and then performing the operations indicated. Thus« 
the numerical value of the expression, 

ab + be + dj 

when, a = 1, 8 = 2, c = 3, and <f = 4, is 

1x2 + 2x8 + 4 = 12; 

by performing the indicated operations. 



27. For what is the Yhioular used ? Point out the other wajs In which 
this may be done ? 

28. What is the reciprocal of a quantity? 

29. What is the numetfcal Jtalut of an al/jfehraical ezprefvionf 
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SZAMPLBS IN WBIXmO ALGEBRAIC BXPB3BBBI0NB. 

1. Write a added to h. Ana, a + & 

2. Write h subtracted from a. Ana. a -~ h. 

Write the following : 

3. Six times the square of a, tiimus twice the square of b. 

4. Six times a multiplied by by diminished by 5 times c 
cube multiplied by d. 

5. Nine times a, multiplied by c plus dy diminished by 

8 times b multiplied by d cube. 

6. Five times a minus by plus 6 times a cube into b 
cube. 

*t. Eight times a cube into d fourth, into c fourth, plus 

9 times c cube into d fifth, minus 6 times a into by into c 
square. 

8. Fourteen times a plus by multiplied by a minus by 
plus 5 times a, into c plus d. 

9. Six times a, into e plus dy minus 5 times by into a plus 
Cy minus 4 times a cube ^ square. 

10. Write a, multiplied by c plus di plus / minus y. 

11. Write a divided hj b + c. Three ways. 

12. Write a — b divided hj a + b. 

13. Write a polynomial of three tenns; of four terms; of 
five, of six. 

14. Write a homogeneous binomial of the first degree; of 
the second; of the third; 4th; 6th; 6th. 

15. Write a homogeneous trinomial of the first degree; 
with its second and third terms negative; of the second 
degree; of the 3rd; of the 4th. 

16. Write in the same column, on the slate, or black-board, 
a monomial, a binomial, a trinomial, a polynomial of foui 
terms, of five terms, of six terms and of seven terms, and all 
of the same degree. 
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INTBRPBBTATION OF ALGBBBAIC LANGUAGE. 

Find the numerial values of the following ezpresnonsi 

when, 

a = 1, ft = 2, c = 3, d =: 4. 

1. ah -^ be. Ana, 8. 

2. a -I- ^0 -h rf. Ans. 11. 

3. ao? -|- ft — c. -'V/c-s. tJ. 

4. aft -f- ftc — cf. A71S, 4. 

5. (a -f ft) c^ - d. ^;i5. 23. 

6. (a + ft) (c? — ft.) ^/w. 6. 

7. (oft + adf) c -f </. -4/*«. 22. 

8. (oft H <j) (a<? — a). _ Aju. 15. 

9. 3a2^2 - 2(a + df f I). w4/w?. 0. 

10. -^-— X (a -h cf) -4«5. 10. 

,, a^ + ft2 ^- c2 a^ -f ft3 4 c' - d 

11. z X ^ Ans. 32. 

7 2 

aft^ — c — a^ 4a2 - ft + fj?' 

12. X 33 A71S. 4. 

Find the nnmencal values of the following expressions, 

when, 

« = 4, ft = 3, c = 2, and <]? = 1. 

a ft 

13. 2 - - -f c - d. Ans. 2. 

16, [(a^i + l)d] ~ {a^b + d). Ans. 1, 

16. 4(a*e - -j X (30c» - aJ^^fjj ^,„ 11088. 

-^ a+6+c , oJcrf . 4a» + 6* - rf» 

»^- -^T+a + -W+ bc + B — ^'"- "»• 

.^ 16(a+<?+M o_c .s 

18. — ^^-^'^ ~ ~2 ^ ^M ^ a'ftVrf'. .4««. 8406. 
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CHAPTER a 

FUNDAMENTAL OPKBAIIONB. 
ADDITION. 

ao. Addition is the operation of finding the simpIoBt 
qnivalent expression for the aggregate of two or more 
Igebndc quantities. Such expression is called their Sum. 



Wlien the tenns are similar and ham like signs. 

4 
31. 1. What is the sum of a, 2a^ 3a, and 4a ? 

Take the sum of the coefficients, and annex the 

literal parts. The first term, a, has a coefficient, 

I, understood (Art. 13). 



a 

-H 2a 
-f 8a 
+ 4a 



2. What is the sum of 2aft, 8a^, 6aft, and ab. 
When no sign is writtten, the sign + is under- 
stood (Art 5). 



Add the following : 

(3.) (4.) 

a 8aft 

a *Jah 



+ 10a 

2a^ 

3a^ 

6a5 

ah 



\2ab 



+ 2a 



\bah 



(6.) 

lac 
bac 

\2ac 



(6.) 

+ 4a^; 
Sabc 



-h *Iabc 



90. What 18 addition? 

81. What is the rule for additioD when the tenns ai-e similar and have 
tiken^nf ? 
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O') (8.) (9.) (10.) 

— Scibc — Sad — 2ad/ -- 9abd 

— 2abc — 2a£[ — 6a^ ~ \5abd 

— 6a&c — 6ac? — 8ad/ — 24adJ 
Hence, when the terms are sunilar and have like signs : 

BULB. 

Add the coefficients^ arid to their sum prefix the common 
siffn ; to this, annex the common literal part. 

BXAHPLBS. 

(n.) (12.) (13.) 

9ab + ax Sac^ — 3J» 15aftV — 12aW 

Bab + Zax 1a(^ — 8^» 12a^V — ISoftc* 

12aft + 400? 3ac» — 9^» a5 V — g^ 

TFAen ^A€ ^6nn« are similar and have unlike signs, 

32. The signs, + and — , stand in direct opposition to 
each other. 

If a merchant writes + before his gains and — before Lis 
losses, at the end of the year the sum of the plus numbers 
will denote the gains, and the sum of the minus numbers 
the losses; If the gains exceed the losses, the difference, 
which is called the algebraic sum, will be plus ; but if the 
losses exceed the gains, the algebraic sum will be minus. 

1. A merchant in trade gained 11500 in the first quarter 
of the year, $3000 in the second quarter, but lost $3000 iL> 
the third quarter, and $800 in the fourth : what was the nv 
Bult of the year's business ? 

1st quarter, -f 1600 3d quarter, — 3000 

2d " 3000 4th ** — 800 

-f 4600 — 3800 

+ 4500 - 3800 = + 700, or $700 gain. 

82. What is the rule when the terms are similar and haT« unlike signs f 
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2. A merchant in trade giuned llOOO in the first quarter, 
and 12000 the second quarter ; in the third quarter he lost 
$1600, and in the fourth quarter |1800 : what was the result 
of the yearns business ? 

1st quarter, -h 1000 3d quarter — 1600 

2d " + 2000 4 th " r- 1800 

+ 3000 — 3300 

4- 3000 — 3300 = — 300, or $300 loss. 

3. A merchant in the first half-yea;* gamed a dollars and 
lost b dollars ; in the second half year he lost a dollars and 
gained b dollars : what is the result of the year's business ? 

1st half-year, -fa — 6 

2d " ' - a + b 

Result, 

Hence, the algebraic sum of a positive and negative qua/n- 
tity is their arithmetical difference^ with the sign of t/te 
greater prefxed. Add the following : 



Bab 


4acb^ 


- 4ff2dV 


Bab 


— Sacb* 


-f ea^b^c* 


— 6ab 


acb^ 


- 2a2*V 



bob — Sacl^ 

Hence, when the terms are similar and have imlike mgns : 

L Write the similar tenns in the sams column : 
IL Add the coefficients of the additive terms^ and also 

the coefficients of the subtractive terms : 
UL Take the difference of these sums^ prejix the sign 

of the greater^ and then annex the literal part, 

BXAMPLBS. 

1. What is the sum of 

2a*ft3 _ 5a263 fTa^fts ^ ^^253 _ iJa»V? 
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Having written the similar terms in the same 
oolunm, we find the sum of the porative coeffi- 
cients to be 15, and the sum of the negative 
ooefficients to be — 16 : their difference is — 1 ; 
hence, the sum is — a^h^. 



2aV 
~ 5a2^ 
•f- la^h^ 
+ 6a2/>3 
~ lla»y 



2. What is the sum of 
3a»ft + ba^b — Za^b + ^ab - 0a*6 - a'6? Ans. 2a^b. 

8. What is the snm of 
1 2a»ftc«— 4a3ftc«+ ^a^bc^- Ba^bc^ + 1 1 a'Ac» ? Ans. 1 ^a^Ac*. 

4. What is the snm of 

4a^b - Sa^A - 9a^b + Ua^b? Ana. — 2a^b 

5. What is the sum of 

labc^ — abc^ — labc^ -f 8a.^c* + Qabc^? Ans. nabc^. 

6. What is the snm of 

9c^- 6c^3_ 8ac*+ 20(*3+ 9ac» — 24€b^? Ans. *- oc. 

7b add any Algebraic Quantities. 

33. 1. What is the sum of 3a, 55, and ^ 2c? 
Write the quantities, thus, 

3a + 6* — 2c; 

which denotes their sum, as there are no similar terms. 

2. Let it be required to find the sum of the quantities, 

2a' 4ab 
Za^ - 3a5 + 5» 
gg6 ~ 5y 

5a2 — 5aA - 45» 



33. What is the rule for the addltioii of any algebzaio qnanftitkB? 
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From the preceding examples, we have, for the addition 
>f algebraic quantities, the following 

RULS. 

L Wriit the quantiiies to be added, plaeing eimilar ierma 
in the same column, and giving to each its proper Hgn : 

TL Add up each column separately and then onneK tht 
dissimilar terms with their proper signs. 

BX A If PLSS. 

1, Add together the polynomials, 

Sd^ — 26» — 4ab, 5a« — ^ -h 2aby aiid 3a* - 80* — 9^. 
The tenn ^^ being similar to 



Sa^y we write 8a' for the result 
of the reduction of these two ^ 
terms, at the same time slightly 
oa*oBsing them, as in the first term. 



3^ ~ 4#* - 21^ 

-{- Sdb - 2p - 3^ 
8a* ^- oA - 6** - 3c> 



Passing then to the terra — 4a*, which is similar to 
-f- 2ab and -f da*, the three reduce to -f a*, which Ib 
phiced afler 8a^, and the terms crossed like the first term. 
Passing then to the terms involving **, we find Uieir sum 
to be — 5*2, after which we write — Z<^. 

The marks are drawn across the terms, that noniv of them 
may be overlooked and omitted. 

(2.) (3.^ (4.) 

labc + 9ax Sax 4 3* 12a - 60 

— 3a*c — 3005 5ax — 9* — 3a - 9c 

iabc -f 6€ia; It^ax — 6* 9a -- iHe 

Nois. — ^If a = 6, * = 4, c = 2, aj = 1, what otq the 
Qomerioal values of the several sums above found ? 
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(».) 


(6.) 


(^.) 


9a +/ 


6ax — Sac 


3«/ + ^ + «» 


6a + ff 


— Voas — 9ac 


€tg — 3a/ — m 


«a-/ 


ox 1 \1ac 


a^ — <ig-{- Sg 


(8.) 




(9.) 


1x ^- Sab + 3e Sa? 4 


9acaj + 13a*»*c« 


- 3a: - Sab 


-5c - ^ar' - 


13aca; -f 14a2^c2 


5ar — Oab 


— 9c — 4ie2 -f 


4aca; — 20a«ft»c» 



(10.) (11.) 

22A — 3c — 7/ + S(; Idah^ + 3a'&* — Sax' 

3A H- 8c — 2/ — 9(7 -f- 5a; — I7a/t* — 9a^b* + 9ax^ 



(12.) (13.) 

7a; — 9y 4- 52 4- 3 — y Sa '\- b 

— 05 — 3y — 8— ^ 2a — h -{- e 

— a;+y — 32+1+7^ — 3a4-* +2<i 

— 2a; -f 6y -f 32 — 1 — ^ — 6* — 3c + 3<? 

14. Add together — ^ -|- 3c — rf — 115c + 6/ — hg, 3ft 

— 2c — 3e; — c + 27/, 5c — 8rf + 3/ — 1g, — 7ft — 6c 
-h 170^+96 - 5/ -1-11^, -_3^ — 6e? — 2c-L6/-9^ + A. 

^n«. — 8ft — 109c -^ 37/ - 10<7 + A. 

16. Add together the polynomials Va-^ft — 3aftc — 8ft*c 

— 9c3 + cd\ Sabc — Sa^ft + Sc^ — 4ft^c -f cd^, and 4a2ft 

— 8c3 -t- Oft^c -- Bd\ 

Ans. 6a^b 4- 5abc — 3ft2c — 14c' + 2cd^ — 3J3. 

16. What IS the Bum of, 5a^bc -h 6fta; — 4a/; — 3a2ftc 
-Ofta? -»- Uafy — a/4- 9fta; + Sa^ftc, + 6a/— Sfta; + ea^ftc? 

-4w«. 10a*ftc + fta; + 15q/I 

17. What is the sum of a^n^ 4- 3a3m 4- ft, — 6a^n^ 
— 6c?m - J, -I- 9ft — 9a3m — 5a^n^ ? 

^n«. - lOa*^* — 12a3in 4- 9ft. 
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18. What is the sum of ^^b^c - \ta*x - 9a£'(2; 

Ans, a^b^c + oor'dL 

19. What is the Bum of - 7^ 4- 3* H- 4^ — 2ft + Sg 

— 3ft +- 2ft? Ans. 0. 

20. What is the sum o^ aft + Sxy — m ^ n^ — 6£E|y 

- • 3wi f lln 4- ce/, 4- 3iBy -f 4m — lOn 4- /i7? 

^7?s. ah -\- cd + fg. 

21. What is the sum of \xy -H ^ 4- 6aa5 4- 0am, — Boy 
4- 671 — 6aa! — 8am, 2xy — In 4* aa: — am ? ^/i«. 4- oas. 

(22.) (23.) (24.) 

2(a 4- ft; - 5(a» — c^) 9(0^ - a/3) 

3(a 4- ft) - 4(a« - c2) 7(c3 - a/^) 

2(a + ft) — l(a^ - Qg) - 10(c3 - g/^) 

7(a 4- ft) «(c3 - a/3) 

Note. The quantity within the parenthesis must be 
regarded as a single quantity. 

25, Add 3a(^» ~ h^) - 2a{g^ - h^) 4- ^a{g^ - h^) 
4- Sa(g^ — A^j _ 2a{g^ - A^). ^n«. lla(^2 - h^). 

26. Add a<;(a2c - ft«) — 9c(a2c - ft*) — 'Jcia^c - ft«) 
4- nc{a^c - ft') 4- c{a^c - ft*). 4n«. 3c(a2c - ft*). 

34. In algebra^ the term add does not always, as in 
aiithmetic, convey the idea of augmentation ; nor the term 
sitfn^ the idea of a number numerically greater than any of 
the numbers added* For, if to a we add — ft, we have, 
a — i, which is, arithmetically speaking, a difference be- 
tween the number of units expressed by a, and the number 

84. Do the >9ords cidd and turn, in Algebra, convey the same ideas aa 
In Arithmetic. What is the algebraic sum of 9 and — 4 ? Of 8 and 
' 2 ? May an algebraic sum be negative ? What is the sum of 5 and 
- 10 ? How are such su^ust distinguished from arithmetical sums f 
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of onits expressed hj b. Consequently, this result is un 
mericallj less than a. To distinguish this sum from an 
arithmetioal sum, it is called the algebraic sum. 



SUBTRACTION. 

35. SfTBTBAcnoN is the operation of finding the differ^ 
ence between two algebraic quantities. 

30. The quantity to be subtracted is called the Subtror 
hend ; and the quantity from which it is taken^ is called thu 

The differefwe of two quantities, is such a quantity as 
added to the subtrahend will give a sum equal to the min- 
uend. 

BXAXPLKS. 

1. From 17a take 6ck 



In this example, I7a is the minuend, and 6a 
the subtrahend: the difference is 11a; becau^ 
llo, added to 6a, giTes 17a. 



OPBBAnOll. 

17a 
6a 

11a 



Tlio difference may be expressed by wriUng the quantities 

thus: 

I7a — 6a = 11a; 

in which the sign of the subtrahend is changed fix>m 4 
to — , 

9. FiH^m 15« take — Hob. 

The il^f^srmet^ or remainder, is sueh a quantity, 
M being added to the subtrahend, -> te, will 
glv^ the minuend, lte« Tbat quantify is 24flB, 
Hud n\Ay be Ibund by rimply ekangmg the sign 24 



l&c 
— 9a 






OPBBATIOB. 

lOax 

+ g - ft 

Rem. lOax — a -|- ft 
add + a — ft 
lOax 
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of the subtrahend, and addhig. Whence, we may writei 

1505 - (- 9aj) = 24ax. 

3. From \Oax take a — 0, 

The difference^ or remainder^ is snch a quantity, aa added 
to a — A, will give the minnend, lOax: what is that qaair 

tity? 

If yon change the signs of both 
terms of the subtrahend, and add, 
you have, lOax — a + ft. Is tliis 
the true remainder ? Certainly. 
For, if you add the remainder to 
the subtrahend, a — ft, you obtain 
the minuend, lOax. 

It is plain, that if you change the signs of all the terms 
of the subtrahend, and then add them, to the minuend, and 
to this result add the given subtrahend, the last sum can be 
no other than the given minuend ; hence, the first result is 
the true difference, or remainder (Art. 36). 

Hence, for the subtraction of algebraic quantities, we have 
the following 

- BULX. 

L Wriie the terms of the subtrahend under those qf the 
vUnuendj placing similar terms in the same column: 

n. Conceive the signs of aUthe terms of the subtrahend 
to be changed from + to — , or from — to +, and then 
proceed as in Addition. 





EXAMFUSa 


OF 


MONOMIALS. 






(1.) 




(2.) 


(8.) 


From 


daft 




6005 


9a6o 


take 


2ab 




3005 


lobe 


Rem. 


oft 




Sax 


2fibc 
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FrODl 



Bern. 



Worn 
take 

Rem. 

10. From 
21. From 

12. From 

13. From 

14. From 
16. From 

16. From 

17. From 

18. From 

19. From 

20. From 

21. From 

22. From 

23. From 

24. From 

25. From 
28. From 

27. From 

28. From 

29. From 



160*6^ 
7a»Wr 

Sax 



14a»&'c 

(8.) 
4abx 
9ac 



(8.) 

24aWsB 
7a»yg 

17aWx 
2<im 



— 8c labx — 9ae 2am 



ax 



9a*» take da>^. 
16a*ry take — ISaVy. 
12a'y» take 8ay. 
19«*-c*y take — 18a*a5^. 
3aW take 3aW. 
7a«6* take 6a*^. 
3a5» take a»^, 
a*y take y^ 
3«y take ay. 
8a^y'^ take a;y& 
9a*ft» take — 3a**». 
14ay take — 20ay. 

— 24a*5* take 16a*^. 

- 13aiV tiake — 14ajy. 

— 41ah^ take — 6aVj/ 

— 94aV take SaV. 
a + a? take — y*. 
a» + ^ take — a^ — ^. 



Ans. 31a^. 
.^in«. 4ay. 

-4n*. 37a*aB^. 
Ans. 3aW — Sa'^. 
Ans. 7a«^ — 8a*^. 

^w«. 3a:y — ay. 

Ans. 120^6^ 

-4?i«. 34a^*. 

-4n«. — 40a*6*. 

^»w. — 42a^as^. 

Ans. — 97aV 

^n«. a •}- a^ + y^, 

Ans 2a' + 2^ 



— 16aWy take - 19aVy. Am. + aa'ac^y. 
a» — a* take a* + a». Ans. — 2a? 



SUBTBAOTION. £8 

OBNSBAL BZAMPLS6. 

(1.) |l| (1.) 

Prom %ac — bob + c' • o| 6ac — bob + c* 

take 3ac -I- 3a^ 4 7c 81?=— Zac — Sod — 7o 

s'fe — 

Rem. 3ac — 8a5 + c^ — 7c.P||1 3ac — 8a* + c» - Tc 

(2.) (3.) 

From 6aa; — a h- 36^ gy^. _ 33^2 + 5* 

take ggg — ag 4- *^ ysc — 3 + a 

Rem. — 3aaj — a + 05 + 26^ 6^ — 3aj* + 8 -j- 66 — €k 

(4.) (5.) 

Froiij 6a3 — 4a26 4- Sft^c 4a*— erf + 3a* 

take — 2a3H-3a2*— 8*%j 6a* - 4crf + 3a» + 6** 

Rem, 7a3 — Va2* -h llft^c. - a* + 3crf-6*2. 

6. From a + 8 take c — 6. -4n«. a — c + 18 

7. From 6a* — 16 take Oa* + 80. Am. — 3a» — 46 

8. From 6ay — 8aV take — Ixy — aV. 

•• Ans. 13ajy — 7aV 

9. From a -{- c take — a — c. Ans. 2a + 2o 

10. From 4(a + *) take 2(a + ft). Ans. 2{a + b) 

11. From 3(a + x) take (a -I- x). Ans. 2(a + x) 

12. From 9(a« — aJ») take - 2(a* — a^). 

Ans. 11 (a* — as?) 

18. From Ca« — 166« take — 3a» -h 9b\ 

Ans. 9a* — 24ft» 

14. From 8a^ — 2ft* take a"» — 2ft*. Ans. 2a'". 

16. From 9c*m* — 4 take 4 — Y<5*fn*. Ans. 16c*m* — a 

16. From 6am + y take 8am — x Ans Sam -f a + y 

17. From 3aas take 800; — y. ^7i«. -> y. 
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18. From — 7/ + 8m — 8a: take — 6/ — 5f» — 2a5 i- 
8rf + 8. Ana. — / + 8m — 6a5 — 8rf — 8. 

19. Prom — a — 6ft + '^c -h (i take 4ft - c -H 2rf + 2*. 

-4w«. — a — Oft + 8c — c^ — 2*. 

20. Prom — 8a + ft - 8c + Ve — 6/+ 3A - 7a5 — 13*/ 
take A? + 2a — 9c + 8c — 7a; + 7/ — y — 3/ — A?. 

^yw. — 6a + ft + c — c — IV* + 3A - 12y + 8A 

21. From 2aj — 4a — 2ft + 6 take 8 — 6ft -h a 4 Gas. 

Ana. — 4a; — 6a + 3ft — 8. 

22. From 3a + ft + c — rf— 10 take c + 2a — rf. 

Ana. a -h ft — 10. 

23. From 3a + ft + c — d— 10 take ft — 19 + 3a. 

Ana. c — rf + 9. 

24. From a^ + 3ft2c -\' di^ -- ahc take ft^ + oft* - aftc 

^/w. a3 + 3ft2c — ft3. 

26 From 12a! + 6a — 4ft + 40 take 4ft — 3a + 4a; + 
8J — 10. Ana. 8a; + 9a — 8ft — 6rf 4- 60. 

26. From 2a; — 3a + 4ft + 6c — 60 take 9a + a; + 6ft 
— 6c — 40. Ana. x — 12a — 2ft + 12c — 10. 

27. From 6a — 4ft — 12c + 12a; take 2a; — 8a + 4ft 
- 6c. Ana. 14a — 8ft — 6c + lOa^ 

38. In Algebra, the term difference does not always, as 
in Arithmetic, denote a number less than the minuend. For, 
if from a we subtract — ft, the remainder will be a + ft ; 
and this is nimierically greater than a. We distinguish 
between the two cases by calling this result the algebraic 
difference. 

88. In Algebra, as in Arithmetic, docs the term tUfferenee denote n 
Qtimber less than the minuend ? How are the results in the twc cases, 
distinfiruiBhed from each other f 



6UBTKAOTIOH. 55 

89. When a polynomial is to be subtracted from an al- 
gebraic quantity, we inclose it in a parenthesis, place the 
minus sign before it, and then write it after the minuend 
Thug, the expression, 

indicates that the polynomial, Sab — 2b^ + 2bCj is to be 
taken from 6a^ Performing the operations indicated, by 
the rule for subtraction, we have the equivalent expression : 

6a^ - 3a6 + 2*» — 2bc, 

The last expression may be changed to the former, by 
changing the signs of the last three terms, inclosing them in 
a parenthesis, and prefixing the sign — . Thus, 

ea" — Bab + 2*» ^ 2bc = Oa* — (dab - 2*» 4- 2bc). 

In like manner any polynomial may be transformed, as in- 
dicated below : 

1a^ — Ba^b - 4b^e + 6^3 _ ^a^ - (Sa^b -f 4*^0 - Bft^) 

= Ya3 — Sa^b - {4b^c - 6*'). 

Sa^ - W + C" d =z Sa^ ^ (W -e-^- d) 

= 8a3 - 7*» - (- c + d). 

9*3 — a + 3a« - c? = 9*3 - (a - Za^ + d) 

= 9ft3 — a - (- 3a» -f d). 

Note. — ^The agn of every quantity is changed when it is 
placed within a parenthesis, and also when it is brought out. 

40. From the preceding principles, we have, 

a — (+ ft) = a — 6; and 
a — (— 6) = a -h i. 

mi ' ■ ^^^B^^M^— M^i^— — ^^^■^■^■^^— ■■■■■ 111 ■ ■■ ■! ■■■——■■■ .^^M. ^« ■ ■ ■ ■■■■ W^i^^— ■ ■■ ■ ■ 

S9. How 18 the subtraction of a polynomial indicated ? How is this 
Indicated operation performed ? How may the result be again put under 
the first form ? What is the general rule in regard to the parenthesis ^ 

40. What 10 the sign which immediately precedes a quantity called f 
What is the sign which precedes the parenthesis caDcd f What is thf 
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The sign immediately preceding h is called the sig^i qf t!vB 
quantity ; the sign preceding the parenthesis is called the 
sign of operation ; and the sign resulting from the combin- 
ation of the signs, is called the essential sign, 

"When the sign of operation is different frora»tlie sign oi' 
the quantity, the essential sign will be — ; when the sign of 
operation is the same as the sign of the quantity, the essen- 
tial sign will be +• 



AnJLTIPLICATION. 

41. 1. If a man earns a dollars in 1 day, how much will 
he earn in 6 days? 

Analysis. — In 6 days he will earn six times as much as in 
1 day. If he earns a dollars in 1 day, in 6 days he will earn 
6a dollars. 

2. If one hat costs d dollars, what will 9 hats cost ? 

Ans. 9d dollars. 

3. If 1 yard of cloth costs e dollars, what will 10 yards 
cost? Ans, lOe dollars. 

4. If 1 cravat costs b cents, what will 40 cost? 

Ans. 40b cents, 
6. If 1 pair of gloves costs b cents, what will a pairs 
cost? 

Analysis. — ^If 1 pair of gloves cost b cents, a pairs will 
cost as many times b cents as there are units in a : that is, 
b taken a times, or ab ; which deletes the product of b 
by a, or of a by b. 

resulting agn called ? When the sign of opeiation is different ftom the 
sign of the quantity, what is the essential sign ? When the sign of ope^ 
ration is the same as the sign of the quantity, what is the essential sign 

41. What is Multiplication? What is the quantity to be multiplied 
called? What is that called by which it is multiplied? What is the 
•TSQlt called? 
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Multiplication is tlie operation of finding thfi product 
of txoo quantities, 

Tbe quantity to be mnltiplled is called the MuUiplica^id ; 
that by which it is multiplied is called the Multiplier ; and 
the result is called the Product. The Multiplier and Multi- 
plicand are called Factors of the Product. 

6. K a man's income is 3a dollars a >\'eck, how murh will 
he receive in 46 weeks ? 

3a X 4ft = 12a6. 

If we suppose a = 4 dollars, and ft = 3 weeks, the pro> 
duct wHll be 144 dollars. 

KoTK. — It is proved in Arithmetic (Davies' School, Ait. 4 8. 
Uiiiversi;,y, Ait. 50), that the product is not altered by chang- 
ing the aiTangement of the ^tors ; thiat is, 

12aft = axftxl2 = ftxaxl2 = axl2xft. 

1CUI,TIPLICATI0N OP POBITIVB MONOMIALS. 

43, Multiply 3a*ft2 by 2a^h. We wnte, 

3a2ft2 X 2a2A = 3x2xa2Xa2xft*xft 

= 3 X 2aaaabbb; 

m which a is a factor 4 times, and ft a factor 3 times : 
hence (Art. 14), 

3a2ft2 X 2a2ft = 3 x 2a*ft3 = 6a*ft3, 

in which we multiply the coeffidentJ together^ and add the 
eacponents of the like letters. 

The product of any two positive monomials may be foimd 
in like manner ; hence the 

BULB. 

I. Multiply the coefficients together for a new coefficient: 
n. Write after this coefficient all the letters in both mo7io- 

48. What id the rule foi multiplying one monomial by another ? 
8* 
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miai*^ giving to each letter an exponent equal to the Bum of 
iU expanenU in the tuiofaetore. 

XXAMPLXB. 

1. 8a'W X 7aM* = sea^^c^c?*. 

2. 21a'^«f X 8aAc» = 168a**3^A 

(4,) (5.) (0.) 

Multiply 3^6 12a^ 6a^ 

by 2a^* 12ar^y ay^g 



6a*6» 144a2jc3y 6ai»^^ 

(7.) (8.) (9.) 

2ay» 9a2^c 353aj«y3 



2a\By 2laW€^ 261a^a:V • 

10 Multiply ba^bh? by 6c*aJ«. -4n«. SOa^A'c^aj®. 

11. Multiply 10a*^c" by 7^^//. Am. lOa^b^c^d. 

12. Multiply 36a«ftVrf*by 20aAV'rf*. ^»«. 720a«y(^rf* 

13. Multiply 6a* by 3a5\ -4n5- 15a*"*"^ft". 

14. Multiply 3a"*3 by ea**". Ans. 18a«+»6»+V 
16. Multiply 6a*ft» by 9a^b\ Ans. 64a- ^" **"+'. 

16. Multiply 6a*** by 2ai»6«. ^««. lOo* +'*" + «. 

17. Multiply 6a**V by 2a6"c. -in*. 10a* + ^6" "^V. 

18. Multiply 6a2**c" by Sa^iV. -4w5. 18a'^J*+2c-+2^ 
10. Multiply 20a^b^cd by 12a^2y, j^ns. 240a''6«c<foj»y. 

20. Multiply 14a**«rf*y by 20a^c^y. A. 280a^ftV(^'aj2y« 

21. Multiply 8a36V ^7 ^«*^*- -^^- 56a'^»<a!y^ , 

22. Multiplv 76rt«v« by 5a^bcdx^y\ Am. Zl^a^beda^h, 



a 
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28. Multiply 64a3,w*a^g by 8a*V. A. h\2a'^b^c^fnWyz. 
24. Multiply Qa^b^c^d^ by \2d^b^c^. Am. lOSa^b^e^d^ 
26. Multiply 216a^V<?» by Sa^ftV. Ans. 64&a*ftVrf* 
26. Multiply lOa^b'^c^dyx by 12a'6*c3d!a;y. 

^rw. 840a»*6iVJ*/8y. 



a — 









c 








oc - 


he 




8 — 


3 


= 


5 


1 . 


• 


• 


7 


56 - 


21 


— 


36 



MULTIPLICATION OT P0LTN0MIAL6. 

4».' 1. Multiply a — 6 by c. 

It is required to take the differefice 
between a and h^ c times; or, to 
take (^ a — b times. 

As we can not subtract b fron» c, 
wc begin by taking a, c times, which 
is (zc ; but this product is too large 
by b taken c times, which is be ; 
hence, the true product is ac — be. 

If a, 6, and c, denote numbers, as a = 8, 6 = 3, and 
c = 7, the operation may be written in figures. 

Multiply a — ft by e — d. 

It is required to take a — ft as 
many times as there are units in 
c — <?. 

If' we take a — b^ e times, we 
have (ze ^ be; but this product is 
too large by a — ft taken d times. 
But a — ft taken d times, is ad—db. 
Subtracting this product fi'om the 
preceding, by changing the signs of 
ite terms (Art. 37), and we have, 



a — 


ft 






c — 


d 






ac— 


• be 






— 


ad + bd 




ae- 


-be - 


ad + bd 


3 - 


- 3 


=: 


6 


1 - 


- 2 


= 


5 



66-21 ' 

— 16 + 6 

66 - 37 -f 6 t= 25 



(a — />) -I- (a — (?) = ah — he — ad 4- bd. 
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Hence, we have the following 

BULB FOB THB SIQNB. 

L When the factors fiave like signs^ the sign of their 
product wiU be 4- .' 

IL When the factors have unlike signs ^ the sign of their 
ivroduct will he — ; 

Therefore, we say in Algebraic language, that + multi- 
plied by -f , or — multiplied by — , gives + ; — multi- 
plied by + or + multiplied by — , gives — . 

Hence, for the multiplication of polynomials, we have the 
following 

BULB. 

Multiply every term of the multiplicand by each term of 
the multiplier^ observing that like signs give +, and unlike 
signs — / then reduce the result to its simplest form, 

BXAMPLES IN WHICH ALL THE TERMS ARE PLUS. 

1. Multiply .... 3a2 + 4a5 4- ft' 
by 2a -f 5b 

Oa3 + Sa^b+ 2ab^ 
The product, after reducing, + 15a2ft+ 20ab^ -f 5b^ 

becomes .... Qa^ + 2da^b+ 22ab^ + 6ft^. 

44* Note. — It will be found convenient to arrange the 
tcnns of the polynomials with reference to some letter ; that 
ij5, to write them down, so that the highest power of that 
letter shall enter the first term ; the next highest, the 
second term, and so on to the last term. 

44. How are the terms of a polynomial arranged with reference to a 
particular letted ? What is this letter called ? It the leading letter in the 
oiolUpIicand and multiplier is the same, which will be the leading lettei 
Id the product ? 
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The letter with reference to which the arrangement is 
made, is called the leading letter. In the above example the 
leading letter is a. The leading letter of the product will 
always be the same as that of the factors. 

2. Multiply x^ -f 2ax -f a^ by aj + a. 

Ana, Qc? -f SflKB* -|- Sa^oj + a' 

3. Multiply 05^ + y^ by 05 -h y. 

Ans, »♦ -f xy^ + v^y + y*, 

4. Multiply 3aft2 + oa^cz by Sad* + Sa^c*. 

^n«. Oa^ft* -f 21a^b^c^ -f 18a*c*. 

5. Multiply aW + c^rf by a + b. 

Ans. aW -f oo^c? + a^b^ + i<^ct • 

6. Multiply Sao* + 90*^ -f c<f '^ by 6aV. 

-^l/w. ISa^c^a;* + 64a3c2d3 ^. 6aV<f*. 

7. Multiply 64a3jB3 + 27a2a; + 9ad by Sa^cc?. 

u4w5. b\2a^cclac? + 216a*c(fe -f 72a*ftc<i 

8. Multiply a^ + 3a*a + Zca? + a^ by a 4- «. 

Ans. a* 4 4a3a5 + %a^ + 40x3 + aj*. 

9. Multiply as* + y* by aj + y. 

Ans. ofi -f ajy* 4- aj^y -h y'. 

10. Multiply a* 4 a^ 4- ^oa; by aa; 4- ^(xx. 

Ans. 6ax^ -h 6aajV + 42a*a? 

11. Multiply a3 + Sa** 4- 3a** -f d^ by a -h *. 

-i/w. a* + 4a3* -f 6a*ft* -t- 4aft3 4. ft*. 

12. Multiply 35^ -f a;*y 4- ajy* 4- y^ by as 4- y. 

Ans. 7^ 4- 2a;3y ^ 2ar^* 4- 2ay3 + y*, 

13. Multiply arM 2ai* + aj 4- 3 by 3a; + 1. 

-47?fi. 3a;* 4 1^ ^ Sa;* f 10a; 4- 8 



/ . 
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GENERAL EXAMPLES. 

). Multiply • 2005 — 8aft 

by 33; ~ b. 

The product Qax^^ 9abx 

becomes after •...., — 2abx + Sab^ 

reducing ... .... eax^— Hate + Bab\ 

2. Multiply a* — 2^3 by a — b. 

Am. a^ — 2(ib^ — a^b -^ 2b\ 
8. Multiply 85* — 3« — 7 by a — 2. 

4. Multiply 3a» — bob 4- 2b'^ by a* - lab. 

Am. 3a* — 26a3d + Zla^b^ — 14a^. 

5. Multiply ^>2 + Z>* + 5« l,y ^2 __ 1^ j^^g ^8 _ ^2. 

6. Multiply a:*— 2ar^y + 4a;2y2__ga.y3^ Igy* y^y x + 2i/. 

Ana. 85* + 32y*. 

7. Multiply 405^ — 2y by 2y. Ans. %x^y •— Ay\ 

8. Multiply 2a; -f Ay by 2a; — 4y. ^ Am. Ax^ — 16y». 

9. Multiply 35^ 4- a;2y ^ ajy2 4. y3 i^y x — y. 

-4n«. SB* — y*. 

10. Multiply 7? -\- xy -\- y^ by a;^ — a;y + y^ 

11. Multiply 2a* — 3aa; + 4a;2 by ba^ — 6aa; — 2a;*. 

Ans. 10a* — 27a3a; + ^Adh? — 18aar* - Ba?*. 

12. Multiply 3a;* — 2a^ + 5 by a;* -f 2a;y — 3. 

Am. 3a;* + 4a;3y — 4a;* — 4a5*y* + 16a!y — 15 

18. Multiply 3a;3 + 2a;V + 3y* by 2a;3 _ 33.2^2 ^ 5^3 

. j 6a;« - 6a;*y* — 6a;*y* -f 6»V + 
^' \ 15a;V - ?«V + 10a5*y^' + \by^ 

14. Multiply 8aa5 — Qab — c by 2a« + aft + c. 

Aris, 16a*a;* — 4aV>a; — Qa'^h'^ -{- 6^/ca — - 7<//>c — 0'. 
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16. Multiply 3a2 - 5b^ + 3c^ by a^ - b'. 

Am. 3a* — Sa^b^ + SaV + sft* -. sftao^, 

16. 3a2 — 5bd + c/ 

- 5a^ + 4M - 8c/ 

I'ro.red. — I5a* -|- S7a^bd—29a^c/-20b^d^^Ubcdf^Bc^f* 

17. Multiply rt"HB — a'^' by a^*. 

If. Multiply «"• -h J* by *.<"• — ^»". A7i8. a^ — 6*". 
19. Multipl} a* 4- ** by «"• + ft*. 



DIVISION. 

45. Di^TSiON is the operation of finding from two quan- 
tities a third, which being multiplied by the second, will 
produce the first. 

The first is called the Dividend, the second the Divisor^ 
and the third, the Quotient, 

Division is the converse of Multiplication. In it, we have 
given the product and one factor, to find the other. The 
rules for Division are just the converse of those for Multi- 
plication. 

To divide one monomial by another^ 

46. Divide 72a* by 8a^ The di\Taion is indicated, 

Uius: 

72a-^ 

8a3 ■ 

The quotient must be such a monomial, as, being multiplied 
by the divisor^ ^t11 give the dividend. Hence, the coeflicient 

45. What 18 diyision ? What is the first quantity called? The Becoud' 
Tbo third ? What is given in diTision ? What is required ? 
46.. What if the rule for the division of monomialfl? 
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of the quotient must be 9^, and the literal part a?- ; for these 
quantities multiplied by 8a^ \^t1I give 72a*. Hence, 

Y2a« 
8a3 

The coefficient 9 is obtained by dividing 72 by 8; and 
the literal part is found by giving to a, an exponent equal 
to 5 minus 3. 

Hence, for dividing one monomial by another, we Lave 
the following 

BULB. 

I. Divide the coefficient of the dividend by the coefficiefU 
of the divisor^ for a new coefficient : 

n. After this coefficient lorite all the letters of the dividend^ 
giving to each an exponent equal to the excess of its expo- 
xx>nent in the dividend over that in the divisor, 

SIGNS IN DIVISION. 

47. fiince the Quotient multiplied by the Divisor must 
produce the Dividend : and, since the product of two factors 
having the same sign will be -f ; and the product of two 
factors having different signs will be — ; we conclude : 

1. When the signs of the dividend and divisor are like, 
the sign of the quotient wiH be +. 

2. When the signs of the dividend and divisor are unlike, 

the sign of the quotient will be — . Again, for brevity, we 

say, 

+ divided by +, and — divided by — , give -h ; 

— divided by +, and 4 divided by — , give — . 

4- oft , , — ab , 

— — = 4-ft; r = 4- a; 

4- « — ^ 

^ ab , -|- aft - 

-- — = - ft; = — ft. 

4- a —a 

47. What ifl the rule for tlie rignii, in divimon ? 



DIVISION. 



S5 



KXAMPLES. 



(1.) 



(2) 






= ^- 2a'b. 
(3.) 






= •{- ^axy. 



+ "Sofic 

5. Diyide 

6. Divide 

7. Divide 

8. Divide 

9. Divide 

10. Divide 

11. Divide 

12. Divide 

13. Divide 

14. Divide 
16. Divide 

16. Divide 

17. Divide 

18. Divide 

19. Divide 
?0. Divide 

21. Divide 

22. Divide 

23. Divide 

24. Divide 

25. Divide 



= - 8a3. 



32a86^ 



(4.) 

= — 4005*. 



ISoosy by — Soy. 
840^305 by 12^. 

— 36a*6V by QaWc. 

— 99a*(&*«* by lla'^^^a^, 

108aj«yV by 64a^2. 
64a;y2« by — 16aj«yV. 

— 96a'ftV by 12a2^c. 

— 38a*ft«<?* by 2a^b^d. 

— 64a«5*c« by 32a*^c. 
128a*sc*^y' by leosey*. 

— 256a*6»c8<?' by IBa^^. 

200a^m2w* by — SOa'^mn. 
300a^y*«2 jjy QOxy^ 

2^a^b^c^ by — 9a^. 

64aV^ ^y 32ayV. 

— 88a»ft«c8 by 11 a^A^c^. 
Ila^y^z!^ by — lla^y^z*. 
84a*ft2^2^ by - 42a*ft^c2<f. 

— 88<i«*V by 8a*5«c«. 
leaj^ by — 8a;. 

— 88a»6^ by lla"'^^. 



Ans. — 5<B"y*. 

^na. 7ate. 

Ans. — 4ai3c. 

-4w«. — 9ab^ 

Ans. 2xi/^z^. 

Ans, — 4xyz, 

Ans. — 8a*ft*c*. 

^n«. — I9abd\ 

Ans. — 2aftV^ 

Ans. 8a^x^j/\ 

Ans. — 16a5Vcr. 

Ans. — 4amn. 

Ans. hT^H. 

Ans. — Za^hc. 

Ans. 2a^yz. 

Ans. — 8a2JV. 

-4w«. — 7. 

Ans. ~ 2. 

J[n«. — lloft. 

Ans. — 2a5. 

Ans. — 8a* -"ft. 
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26. Divide 77a"&* by - 11^'^. Ans. -7a"-«J--» 

• 27. Divide S^a'b'^ by 42a*y. Ans. 2a?— J"— •• 

28. Divide - SSa^h' by 8a"5". Ans. — llflf — J^-*. 

29. Divide dGab^ by 48a'^^. Ans. 2a»— ft'-'. 

30. Divide 1682^y* by 12ar'*y*. -4w5. 14ir— Y"*. 

31. Divide 256aftV by 16a*5'V. ^^. 16a»-"y-V-^ 

MONOMIAL FRACTIONS. 

48. It follows from the preceding rules, that the C2cact 
division of monomials \^Hll be impossible : 

Ist. When the coefficient of the dividend is not exactly 
divisible by that of the divisor. 

2d. When the exponent of the same letter is greater in 
the divisor than in the dividend. 

3d. When the divisor contains one or more letters not 
found m the dixidend. 

In either case, the quotient will be expressed by a fraction. 
A fraction is said to be in its simplest forrn^ when the 
numerator and denominator do not contain a common &ctor. 
For example, \2a'^}p'od^ divided by %a^bc^^ gives 

12aW^ 

which may be reduced by dividing the numerator and de- 
nominator by the common factors, 4, a^, ft, and c, giving 



Also, 



Sa^bc^ 2c 

2ba^b'^d^ _ ba^ 
Ua^b^d^ " Wd 



IS. Under what circumstances will the division of monomials be ini- 
(•ossible ? How will the quantities then be expressed f How is a mona 
oilal fraction reduced to its sinjiplest form f 
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Uenoe, foi the reduction of a monomial fraction to its sun 
plest form, we have the following 



K u I. E . 



Suppress every factor^ whether numerical or literal^ thai 
is common to both terms of the f ruction : the result loiU 5* 
(he redfuced fraction sought. 



(1.) 
^^a^l^ccP 4ad^ 



EXAMPLES. 

(2.) 



(3.) 



: and 



cdso, 



la^b 1 , 

Ua^b^ ■" 2a*' 6ab* 



ea^bc'd^ 6a^d ' 
"" 3*2* 



5. Divide ida^^c^ by Ua^bc*. 

6. Divide Qamn by Sabc, 

7. Divide ISa^i^mn* by I2a*b*cd. 

8. Divide 28a«*V<?» by IQab^cd^m. 

9. Divide 72a3c262 by 12a^c*b^d. 
-10. Divide 100a^**a»W7i by 25a^b^d, 
11. Divide 96a«*V(^ by Iba'^cxy. 



Ans. 
Ans. 
A)is, 
Ans. 
Ans, 
Ans, 



1b^ 
2a 
2mn 
'be' 
Smn^ 
2a^^cd 
la^c^d 
4b^m 

6_ 

a^c^bd 
ia^bxmn 



B2a^b^(^df 
2bxy 



12. Divide SSmWfs^y^ by 16am*w/. A?ts. ^ *^^ / 

1 27' 



13. Di\'ide I27d^a^« by lOcPa^y*. 



Ans, 
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49. In dividing monomials^ it often happens that the 
exponents of the same letter, in the dividend and divisor, 
are equal ; in which case that letter may not appear in the 
quotient. It might, however, be retained by giving to it the 
exponent 0. 

If we have expressions of the form 

and apply the rule for the exponents, we shall have, 

But since any quantity divided by itself is equal to 1, it fol- 
lows that, 

- = a® = 1, ^ = a«-» = a® = 1, Acw ; 

or, finally, If we designate the exponent by m, we have, 

— = a"*"* = a® = 1;.. that is, 
«"• ' 

The power of any qvmitity is equal to 1 : therefore. 
Any quantity may he retained in a term^ or introduced 
into a temij by giving it the exponent 0. 

EXAMPLES. 

1. Divide 6«2jV hj 2a^b\ 

^^-?Tr = 3a2-2^-2^ = 3a"5V = So*. 

2. Divide 8a*ftV by — 4:a*b^c. Ans. — 2a«iV = — 2c*. 

3. Divide - f^^m^nhsh^^ by im^nhey. 

Ana, — SmWxy = — Sxy 



49. When the exponents of the same letter in the dividend and divisor 
are equal, what takes place? May the letter still be retained? With 
what exponent ? What is the zero power of any quantity eqnal to ? 



— = — ; also, — . = a*~* = a""^ by the rule; 
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4. Divide — 96a*6*c» by — 24a***. Ana. ^aPb^c'' = 4o* 

5. Introduce a, as a factor, into 6**6-*. A718, 6a®**c*, 

6. Introduce a*, as factors, into 9c*c?". Ans. Oa^b^c^d*. 
1, Introduce aftc, as factors, into 8<f*/». A. Sa^b^c^dY^. 

50. TV ben the exponent of any letter is greater in the 
divisor than it is in the dividend, the exponent of that letter 
in the quotient may be written with a negative sign. Thus, 

— = — ; also, — : 
a* a3' ' a« 

hence, a"^ = -g- 

' or 

Since, a-^ = -«, we have, b x a-^ = -3; 

Of Or 

that is, a in the numerator, with a negative exponent, is 
equal to a in the denominator, with an equal positive ex- 
ponent; hence. 

Any quarUity having a negative exponent^ is equal to the 
reciprocal of the same quantity with an equal positive ex- 
ponent. 

Hence, also, 

Any factor may be transferred from the denominator to 
the numerator of a fraction^ or the reverse^ by changing the. 
ngn of its exponent. 

^ BXAliPLBS. 

1. Divide S2a^bc by I6a^b\ 



S2a^bc « .«_! 2c 



50. When the exponent of any letter in the divisor is greater than in 
Ihe diTidcnd, how may the exponent of that letter be written in the quo- 
tient ? What is a quantity inth & negative exponent equal to ? How 
may a factor be transferred from the numerator to the denominator of a 
fraction ? 



1 
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2, ^ .,, = 6a"26"'c. Ana, 



3. Reduce ^,_f . • ^n^. -— -, or -- 

4, In bay^x''^ get rid of the negative exponents. 

*• In _3,_5 , get rid of the negative exponents. 

6. Li _ _g _g , get nd of the negative exponents. 

7. Reduce _. »,,. ■ -4na. = , or —z-^ 

14a^0 *c 7 7a* 

9 

8. Reduce 12a^h^ -5- SaW. -4m. 9a~'5-\ or -^- 

^* I"* _g,_^ , get nd of the negative exponents. 

Arts. -X-' 

10. Reduce vz — z-* Ana. ZcUrcr. 

— 5a "^0"' 

To divide a polynomial by a monomial, 

51. To divide a polynomial by a monomial : 

Divide each tefn/i of the dividend^ aeparatelyy by the 
diviaor ; the algebraic aum of the quotienta will be the qvo- 
ticfU aoxight, 

BXAKPLBS. 

1. Divide 8a*8* "^ a by a. Ana. Sab^ — 1. 



6t. How do you divide a polynomial by a monomial? 
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2. Divide Sa^fi* — 26a*d» by 6a'5". Ana. 1 — 5a, 

3. Divide 35aW — 25ab by — 5ai. ^n«, — 7ab + 5 

4. Divide lOab — 15ac by 6a. ^n*. 2d --So. 

5. Divide 6a6 — Soaj -h 4a^ by 2a. 

^n«. d& — 405 + 2ay, 
tt. Divide — 15aa5* + 60^ by — Sx. Afis. box — 208*. 

7. Divide - 2lasy^ + 36a2% - Yc^y by - 1y. 

Ana, 3xy — Sa^ft* 4- A 

8. Divide 40a«ft* + 8a*y — 32a*ft*c* by Sa^ft*. 

Ana, 5a* + ^^ — 4c* 

DIVISION OP POLYNOMIALS. 

59. 1. Divide — 2a + 6a* — 8 by 2 + 2a. 

Dividend, Diviaor, 
6a» — 2a — 8 I 2a + 2 



6a» 4- 6a 3a — 4 QuotienL 

— 8a — 8 

— 8a — 8 

Remainder, 

We first arrange the dividend and divisor with reference 
to a (Art. 44), placing the divisor on the left of the dividend. 
Divide the first term of the dividend by the first term of 
the divisor ; the result will be tho first term of the quotient, 
which, for convenience, we place under the divisor. The 
product of the divisor by this tenn (6a^ 4- 6a), being sub- 
tracted fi"ora the dividend, leaves a new dividend, which may 
be treated in the same way as the original one, and so on to 
the end of the operation. 

62. What is the rule for dividing one polynomial by another ? Wlieii 
\$ the division exact f Wlitn is it not exact t 
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Since all similar cases may be treated in the same way, we 
haA c, for the division of polynomials, the following 

SULB. 

I. Arrange the dividend and divisor with reference to the 
name letter : 

n. Divide th^ first term of the dividend by the first term 
of the divisoTyfor the first term of the quotient. Multiply 
the divisor by this term of the quotient^ and subtract the 
product from the dividend: 

in. Divide the first term of the remainder by the first 
term of the divisor j for ^ the second term of the quotient. 
Multiply the divisor by this term^ and subtract the product 
from the first retnainder^ and so on : 

IV. Continue the operation^ until a remainder is found 
equal to 0, or one whose first term is not divisible by that 
of the divisor, 

NoTB. — 1. When a remainder is found equal to 0, the 
division is exact. 

2. When a remainder is found whose first term is not 
divisible by the first term of the divisor, the exact division 
is impossible. In that case, write the last remainder after 
the quotient found, placing the divisor under it, in the form 
of a fraction. ' 

SECOND IbXAMPLB. 

Let it be required to divide 
5Ia»J2+ lOo* - 48a3J - Ub*+ 4a^ by 4a* - Sa* + Bb\ 

We first arrange the dividend and divisor with reference 
to a. 
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IHvidencL 



26a2ft2-20aA3_i5ft4 



Divisor. 
5a* + 4a6 + 8^ 
2oH Soft — 6ft2 



(8.) 
«* + 35^ + aJ^ + «y* — 2y 

+ aj2y -(- ajy2 



a + y 



JB^-f asy 



2y 



as 4- y 



- 2y 

Here the division is not exact, and the quotient is f rao- 
tlonaL 



(4.) 



1 + o 
1 - o 



1 - a 



1 + 2a + 2o« + 2a^ + , &o. 



4- 2a 

+ 2a - 2a' 

H- 2a» 

+ 2a' — 2a» 

+ 2a3 

In this example the operation does not terminate. It may 
be continued to any extent. 



BXAMPLBB. 



Ana. a -{- X. 



1. Divide a* -h 2aa5 + as* by a f aB. 

2. Divide a' — 3a*y 4 3ay* — y^ by a — y. 

Ana. a* — ikiy 4 y* 
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a. Divide 2^a^h - \2a^cb^ _ 6a^ by — Qdb. 

Ana. — 4a -f 2a^ob + 1. 

4. Divide 6aj* - 96 by Zx — 6. 

Am. 2a!3 4- 435^ -f 8aj -f 16. 

5. Divide a* - 6a*a5 + lOa^a;^ — lOah:^ -h 6aaJ* - ^ 
\yj q} ^ 2aa5 + 35^. ^n.9. a^ — 3a^ + Soaj^ — a?"^. 

6. Divide 48sb3 — 76aaj» — 64a2aj + lOSa^ by 2a: — 3a. 

-4/15. 24ar2 — 2aa5 — SSa^, 

7 Divide y« — 3y*a5« + Sy^jc* — 9:6 by y^ — Sy^aj + 

ZyT?^ — «3. -4yw. y' + 3y^ 4- Sya^ + a^. 

8. Divide 64a*ft« - 25a^b^ by 8a2ft3 4- 5ab*. 

Ana. 8a2ft3 __ 5^54^ 

9. Divide 6a3+ 23a2ft + 22052+563 by 3a2-|- 4a5+62. 

Ana. 2a -I- 55. 

10. Divide 6aaJ« + 6aa52y» + 42a2iB2 by aa 4- Soa. 

^/w. 05* 4- x^ + 7aaJ. 

11. Divide - 16a* 4- Sla^bd - 29a V- 205^<;?2 ^ 44ftc(?^ -' 
- 8cy by 3a2 — 6bd 4- <2A ^/w. — 6a^ + 45<? - 8c/. 

12. Divide aj* + x^y^ + y^ hj a^ — ay -^ y\ 

Ana. 05* 4- ajy 4 y*. 

13. Divide 7^ — y^ by x — y. 

Ana. x^ 4 «V 4- ay'^ 4 y\ 

14. Divide 3a*- 8a*J'4 3aV+ 55*- Sft^o^^ by a»- 5* 

^n5. 3a* - 552 + 8c2. 

15. Divide 6aj« - 5«*y2 - 6a*y*4 6aj3y*4- 15aj3y3- 905^ 
i lOay 4 15y« by 3aj3 + 2a;2y^ 4 3y». 

Ana. 2aj3 - 3ajV + ^y^- 

16. Divide - c«4- 16a2a;2_ ^abc - 4a25a5 - 6a^b^+ 6aca 
by 8aaj — 6aft — c. Ana. 2ax + oft 4- c 

17. Divide Saj* 4- 4a53y - 4aj2 - 4aj2y2 4 16a5y - 15 by 
2ajy + aj^ — 8. Ana. Ba^ — 2xy -\- 5 
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18. Divide a;* -f 32y* by « + 2y. 

JLtw. SB* — 2a5»y + 4aj2y* — Ssey^ -f 16y*, 

19. Divide 3a* - 2Qa^ - 1406^ -f S^a^ft^ i^y 2^2 — Sab 

20. Divide a* - ft* by a^ -f- a^* -*- oft* + fts. 

21. Divide sb^ — Sa^ + y^ by « + y. 

Ans. 05* — 4ajy + 4y« f— • 

« + y 

22. Divide ) + 2a by 1 — a — a'. 

Ana. 1 -f 8a -f 4a« + 7a' + , &a 
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CHAPTER m. 

UGBFUL FOBinTLAS. FAOTOBINa. GBBATBST COMMON BIVIBOB. 

LEAST COMMON MULTIPLE. 

USEFUL FORMULAS. 

53* A FoBMULA is an algebraic expression of a general 
rule, or principle. 

Formulas serve to shorten algebraic operations, and are 
also of much use in the operation of factoring. When trans- 
lated into common language, they give rise to practical rules. 

The verification of the following formulas affords addi- 
tional exercises in Multiplication and Division. 

(1.) 
M. To form the square of a + ft, we have, 

(o + by = (a 4- *) (a + ft) = o* + 2aft -f ft*. 

That is, 

The square of the sum of any two quantities is equal to 
the square of the firsts plus twice the product of the first by 
ihe second, plus the square of the second. 

i. Find the square of 2a + 3ft. We have from the mle, 
(2a + 8ft)a = 4a« + 12aft + 9ft», 

68. What is a formula f What are the uses of formulas ? 

64. What is the square of the sum of two qoacUties equal lot 
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2. Find the square of 5ab + 3ao. 

8. Find the square of 6a* + 8a*ft. 

Am. 25a* 4- 80a*ft 4 64aW 
4. Find the square of 6asB + 9a^*. 






(a.) 
55. To form the square of a difference, a — S, we have, 

(a - ft)2 = (a - *) (a - ft) = a» - 2a6 + ft*. 
That is, 

The square of the difference of any two quantities is 
equcU to the square of the firsts minus twice the product of 
the first by the second^ plus the square of the second. 

1. Find the square of 2a — ft. We have, 

{2a — ft)* = 4a* - 4aft + ft*. 

2. Find the square of 4ao — ftc 

Ans. 16a*c* — Softc* + ftV 
8. Rnd the square of 7a*ft* — 12aft3. 

Ans. 49a*ft* - IGBa^ft* + 144a*ft« 

(8.) 
56* Multiply a + ft by a — ft. We have, 

(a + ft) X (a — ft) = a* — ft*. Hence, 

The sum of two quantities^ mtdtiplied by their difference^ 
ie equal to the difference of their squares. 

1. Multiply 2c + ft by 2c — ft. Ans. 4d* — ft* 

2. Multiply 9ac + Sftc by 9ac — Sftc. 

Ans. 81a*c* - 9ft2c* 

50. What 18 Uie square of the diifierence of two quantilaes equal to? 
(K(. What is the sum of two quantities multiplied by their difference 
equal tot 
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8. Multiply 8a3 + lab^ by Sa^ - ^oft*. 

Am. 64a« — 49a»6' 

59 Multiply a^ -f oft + ^2 by a - ^. We have, 
(a2 + a^ -h l^) (a - ft) = a3 - ft^. 

(5.) 
58. Multiply a^ — ab -\- b!^ hy a -{- b. We have, 

(a2 - oft + 62) (a + ft) = a3 + ft3. 

(6.) 

50. Multiply together, a + ft, a — ft, and a* + ft*. 
We have, 

(a + ft) (a - ft) {a2 + ft^) = a* - ft*. 

60. Since every product is divisible by any of its fectors, 
each formula establishes the principle set opposite its number. 

1. The sum of the squares of any two quantities^ plies 
twice their prodtict^ is divisible by their sum, 

9. The sum of the squares of any two qiuzntities^ minus 
tvnee t?ieir product^ is divisible by the difference of the 
quantities, 

8. The difference of the sqtcares of any two quantities 
is divisible by the sum of the quantities^ and also by their 
difference, 

4. The difference of the cubes of any two quantities is 
divisible by the difference of the quantities; also^ by the 
sum of their sqtcares, plus their product, ,-. 

5. The sum of the cubes of any two quantities is divisi 

60. By what is any product divisible f By applying this principle, what 
foUowB from Formula (1)? What from (2)? What from (3)? What from 
(4)9 What from (5)? What from (6^? 
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hie by the sum of the qitcmtities ; cUso. by the sum of thdf 
squares mimes their product, 

6. The difference between the fourth powers of any two 
quantities is divisible by the sum of the quantities^ by their 
difference^ by the sum of their sqiuzres^ and by the dif 
ference of their sqtiares. 



PAOTORING. 

61. Factoring is the operation of resolving a quantity 
into fectors. The principles employed are'the converse of 
those of Multiplication. The operations of fiustoring are 
performed by inspection. 

1. What are the factors of the polynomial 

ac -h ab + ad. 

We see, by inspection, that a is a common factor of all 
the terms ; hence, it may be placed without a parenthesis, 
ajid the otner parts within ; thus : 

ac -{- a^ -{- ad = a{c -{- b -^ d). 

2. Find the fectors of the polynomial a^b^ -f- a^d — ay. 

A71S. a\b^ ^ d -f). 

3. Find tne factors of the polynomial 3a^b — 6a^b^ 4- b^d. 

Ans, b{Za^ - Qa'^b 4- bd), 

4. Fmd the fectors of Za^b - ^a^c — ISaV^/. 

Ans, Za^{b — 3c ~ Bay). 
6. Find the factors of Sa^cjc - ISaccp^ 4- 2ac*y — SOt/^^c^. 

Ans. 2a('(4aa; — Oa^ -f- c^y -. i5aV). 

6. Factor ZiM^b'^c - GaWd' + 1 Sa'^b'^c^ 

Ans, 6a^^{5ac — c?^ -f- Sc^). 

7. Factor I2e^bd^ — Uc^d* - ec^dy. 

Ans. Sc^d^(4c^ — 5cd - ^). 



CI WhatiFfkctorineV 
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8. Factor Ua^bcf — lOoJc* - 25ab€d. 

Am. 5abc(Say — 2^ - 6(f). 

69. When two terms of a trinomial are squares, and 
positive, and the third term is equal to twice the product of 
their square roots, the trinomial may be resolved into &ctors 
by Formula (l). 

1. Factor a* + 2a6 + ft' Ans. {a + b) (a -h b) 

2. Factor M^ + I2ab + 9b\ 

Am. (2a + Sbj (2a + 8J). 

3. Factor Oa^-f 12a» + 4b\ 

Am. (3a + 2b) (3a + 2b). 

4. Factor 4x^ + Sx + 4. Am. {2x -\- 2) {2x + 2). 

6. Factor 9a^^ + 12a6c + 4c\ 

Am. {Sab H- 2c) {SaS + 2c). 

6. Factor leaj^y* + lexy^ -h 4y*. 

^TW. (4ajy + 2y2) (4ay + 2y»). 

68. When two terms of a trinomial are squares, and 
positive, and the third term is equal to minus twice their 
square roots, the trinomial may be &ctored by Formula 

1. Factor o^ — 2aft + b\ Am. (a — ft) (a — ft). 

2. Factor 4a^ — 4aft + ft*. ^ns. (2a — ft) (2a — ft). 

3. Factor 9a^ — 6ac -f c^. Am. (3a — c) (3a — c) 

4. Factor a^^ — 4aa; + 4. Am. {ax — 2) (oa? — 2) 
6. Factor 4x^ — 4xy + y\ Am. {2x — y) (205 — j,) 

62. When may a trinomial be factored ? 

68. When may a trinomial be factored by this method? 
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6, Factor aeas? — 24flBy + 4y«. 

An%, (6a — 2y) (605 — 2y) 

64. When the two terms of a binomial are squares and 
have contrary signs, the binomial may be factored ' by 
Formula (3). 

1. Factor 4c« — *». Am. (2c + V) (2c — 6) 

2. Factor 81oV — 9ftV. 

^««. (9ao + 3ftc) (9ac — 8ftc). 

3. Factor 64a^&^ — ^h7^\ 

Am. (8a2J2 + 5ay) (8a^ft« - 6ay). 

- 4. Factor 26aV — 9a5*y2. 

^TW. (6ac + 3a5^) (5ac — 8a6^). 

6. Bactor 86a*6*c» - 9a^. 

6. Factor 4to* - 86y*. -A/w. (7aj2 + 6y2) (7aj3 _ ^^2), 

65. When the two terms of a binomial are cubes, and 
have contrary signs, the binomial may be &ctored by 
Formula (4). 

1. Factor Sa^ — c^. Am. (2a — c) (4a* + 2ac + c»), 

2. Factor Vla^ — 64. 

^Tw. (3a - 4) (9a» + 12a + 16). 

3. Factor a^ — 64ft3. 

Am. (a - 4ft) (a* + 4aft + left*). 

4. Factor a^ — 27ft^ Am. (a — 3ft) (a* + 3aft + 9ft*). 

64. When may a binomial be factored ? 

65. When maj a binomial be fROtbrcd by th« method f 

4^ 
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d6. When the terms of a binomial are cubes and have 
like signs, the binomial may be factored by Formula ( 5 ). 

1, Factor Sa^ + c\ Am. (2a + e) (4a» — 2ac -h c*). 

2, Factor 2la^ -f 64. 

Ans, (3a + 4) {9a^ - 12a + 18). 
8. Paotof a^ + 3463. 

Ans. (a -h 46) (a» -^ 4a6 + 16»*). 

4» Factor a» + 2lbK Ans. (a 4- 3J) (a« - 3a» + 9»»). 

67. When the terms of' a binomial are 4th powers, and 
have contrary signs, the binomial may be factored by 
Formula (6). 

1. What are the fiictors of a* — 6*? « 

Ana. (a + b) {a ^ bl (a^ + ja), 

2 What are the fe,ctors of 81a* — 16J* ? 

Am. (3a + 2b) (3a — 2b) (Oa^ 4- 46«). 

3, WTiatarethe factors of 16a*6* — 81c*t?*? 

Am. {2ab + Bed) {2ab - dcd) {^W + dc»<f «). 



GKEATBST COMMON DIVISOR. 

68. A Common Divisor ot two quantities, is a quantity 
that will divide them both without a remainder. Thus, 
3a26, is a common divisor of 9a^b^c and Sd^b^ — 6a^bK 

GC When may a binomial be factored by this method? - 
87. When may a binomial be factored by this method? 
68. What is the common divisor of two quantities f 
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69. A Simple or Pbimb Factor is one that cannot be 
resolved into any other &ctors. 

Every prime factor, common to two quantities, is a com- 
mon divisor of those quantities. The continued product of 
any number of prime fectors, common to two quantities, is 
also a common divisor of those quantities. 

70. The Greatest Common Divisor of two quantities, 
is the continued product of all the prime factors which are 
common to both. 

71. When both quantities can be resolved into prime 
factors, by the method of factoring already given, the great- 
est coimnon divisor may be found by the followinpc 

RULE. 

1. Resolve both qvantities into tJieir prime factors : 
I n. Find tjie contirvued product of all the factors which 

are common lo both / it wiU be the greatest commoii divi- 
sor required. 



EXAMPLES. 

1. Required the greatest common divisor of ^ba^Jtl^c and 
2babd. Factoring, we have, 

^haWc = 3 X 6 X haabbc 
2babd = 5 X babd. 

. *rhe ^Eictors, 5, 5, a and 5, are common ; hence, 

6x6xax6 = 26a^, 

18 the divisor sought. 

69. What is a simple or prime factor ? Is a prime factOfi oommon to 
tKO quantities, a common divisor? 

70. What IS the greatest common divisor f 

71. If both quantities can be resolved into prime factors how do you 
And the greatest common divisor f 
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VBBIFIGATION. 

IhaWc -^ 25a6 t= Zdbo 
25abd -^ 26a& = d; 

and since the quotients have no common &ctor, they cannot 
be further divided* 

2. Required the greatest common divisor of d^ — 2ab -f 
}^ and a* — b\ . Ans. a — b 

8. Required the greatest common divisor of a^ + 2ah -| 
V and a -f J. -^tw. a + b 

4. Required the greatest common divisor of a^ — 4aa 
•I- 4 and oas — 2. Arts, ixx — 2. 

6. Find the greatest common divisor of Sa^b — 9a^c 
" ISa^icy and b^c — 3Jc* — 65cay. JLtw. ft — 3c — 6ay. 

6. Find the greatest conmion divisor of ^a^c — 4a<aj and 
Sa^^ -- Sa(/x. Ans, a{a — a;)* of^a^ — ax. 

7. Find the greatest conmion divisor of 4c^ — \2cx + 9aj^ 
and 4c2 — 935*. -4n5. 2c — 3x. 

8. Find the greatest conmion divisor of ^ — y^ and 
ar.3 «. y2^ ^ns. 05 — y. 

9. Find the greatest conmion divisor of 4c^ + 4dc + b^ 
and 4c' — b^. Ans. 2c + b. 

10. Find the greatest common divisor of 25aV — 9aj*y^ 
and r>acdf' + 36?2aj2y2^ j^^^^ ^q^ ^ Sic^y^. 

NoTB. — ^To find the greatest common divisor of three 
quantities. First find the greatest common divisor of two 
of them, and then the greatest conmion divisor between thifi 
result and the third. 

1. What is the greatest common divisor of Aaa^y^ 16afta^, 
and 24acaj2? Ans. 4005^. 

2. Of 3a;2— 6cc, 2a53- 4iB''«, and ^ij-2Qsy'i Am. x^— 2x 



12. When is one quantity a multiple of another f 
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LEAST COMMON MULTIPLE. ,^d^ 

72. One quantity is a multtplb of another, when it can 
be divided by that other without a remainder. Thus, Sa^d, 
13 a multiple of 8, also of a^^ and of h. * 

78. A quantity is a Common MtUHple of two or more 
quantities, when it can be divided by each, separately, with- 
out a remainder. Thus, 24a^a^, is a common multiple of 
Qax and Ad^, 

M. The Least Common Multiple of two or more quaii- 
tities, is the simplest quantity that can be divided by each, 
without a remainder. Thus, 12a^b^\ is the least common 
multiple of 2a% 4ab\ and Qa^bW. 

75. Since the common multiple is a dividend of each of 
the qu^htities, and since the division is exact, the common 
multiple if^ Contain every prime factor in all the quanti- 
ties ; aSid if the same factor enters more than once, it must 
enter an equal number of times into the common multiple. 

When the given quantities can be &ctored, by any of the 
methods already given, the least common multiple may be 
found by the following 

BULB. 

I. Mesolve each of the quantities into its prime /actors : 
n. Take each factor as many times as it enters ant/ one 
of the quantities^ and form the continued product of these 
factors / it wiU he the least common multiple, 

73. When is a quantity a common multiple of soveral others ? 

74. What is the least common multiple of two or more quantities t 

76. What does the common multiple of two or more quantities cental cij 
^B factors f How may the least common multiple be found t 

•n» DMiiN^ of ftqnanttty, torimpb KdMdtmdwbM^ytVX giveaa enotqnotiaDt 
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SXAHPLE6. 

1. Find the least common multiple of 12a3ftV and 8aW. 

12a35V = 2.2.Z.aadbbcc. 
8a253 =1 2.2.2.aahhb. 

Now, since 2 enters 3 times as a factor, it must enter 3 
times in the' common multiple : 3 must enter once ; a, 3 
times ; 6, 3 times ; and c, twice ; hence, 

2.2.2.Zaadbhhcc = 24a36V, 

is the least common multiple. 

Find the least conmion multiples of the following : 

2. 6a, ba% and 26aftc^ Ans. IbOa^hc^ 

3. 3a2j, 9a&c and 2lahiy^. Ana. %1a^hcai?. 

4. ^a^xh/\ Sa^ajy, 16aV> and 24a V«. ^^ 4Ba^a^j^. 

5. aos — &C, ay — 6y, and a^*. 

-4n5. (a — b)xjx.yy = oos'y* -- &b^*. 

6. a + ft, a^ — ft^, and a^ + 2ah + b\ 

Ans. {a H- by (a - ft). 

7. 3a3ft2^ 9a2aj2, 18aV» 3a V- ^^. ISa^ft^aj^- 

8. 8a»(a 6), 16a5(a - ft)^, and 12a3(a2 - ft^). 

Am. \20a\a - ft)^ (a + h\ 



FRACTIONS. 8 



n 



CHAPTEai IV. 

FBA0TI0N8. 

76 If the unit 1 be divided into any number of equaJ 

parts, aach part is called a fractional unit. Thus, - , j, 

11 ^ * 

^ , 7 , are fractional units. 

10/ 

77»4a FfiAcnoK is a fractional unit, or a collection of 
fractionalWilib-^Thus, - , - , - , |r , are fractions. 

78. Every fraction is composed of two parts, the De- 
nominator and Numerator. The Denominator shows into 
how many equal parts the unit 1 is divided ; and the Nu- 
merator how many of these parts are taken. Thus, in the 

fraction •=■ , the denomuiator 6, shows that 1 is divided into 
o 

b equal parts, and the numerator a, shows that a of these 
parts are taken. The fractional unit, in all cases, is equal to 
the reciprocal of the denominator. 



76. If 1 be divided into any number of equal parts, what is each part 
caned? 

77. What is a fraction t 

78. Of bow many parts is any fraction composed? What are they 
called? What does the denominator show? What the numerator? 
What IS the fractional unit equal to ? 
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79. An Enhbb QnAinrrr is one which contains on 
fractional part. Thus, 7, 11, a^as, iar* — 3y, are entire 
quantities. 

An entire quantity may be regarded as a fraction whose 

denominator is 1. Thus, 7 = -, od = -—• 

HO A Mdced QuAinrrr is a quantity containing both 

entire and fractional parts. Thus, V^V) 8f , a H , are 

c • • 

mixed quantities. 

81* Let 7 denote any fraction, and q any quantity 
whatever. From the preceding definitions, 7 denotes that 
r- is taken a times; also, -^ denotes that v^ taken 
a^ times ; that is, [ \ 



^ = I X q\ hence, <im^..^ 



*^-^ 



* ' 

f 



Multiplying the numerator of a fraction by any qtuzftr 
tity^ is equivalent to multiplying the fraction by that 
quantity. 

We see, also, that any quantity may he muUipHied by a 
fraction^ by multiplying it by the num^ator^ and then 
dividing the result by the denominator, 

82. It is a principle of Division, that the same result will 
be obtained if we divide the quantity a by the product 
of two factors, p x q^ bs would be obtained by dividing ii 

79. What is an entire quantity ? When may it be regarded as a frao 
tion? 

80. What is a mixed quantity ? 

81. How may a fraction be multiplied by any quantity f 
Sft. How may a ftttction be divided by any quantity f 
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first by one of the fitctors, jt>, and then dividmg that result 
by the other &etor, q. That is, 

a /a\ a /a\ , 

— = Iwl "^ S'j <^r> — = \^] -^ Pi hence, 
pq \pf pq \ql ^ 

Multiplying the denominator of a fraction by any quan 
*ity^ 18 equivcUent to dividing the fraction by that quantity 

83* Since the operations of Multiplication and Divitdon 
are the converse <rf each other, it follows, from the preced 
ing principles, that. 

Dividing the numerator of a fraction by any quantity^ 
18 equivalent to dividing the fraction by that quantity ; 
=uid, 

Dividing the dmominator of a fraction by any quantity ^ 
18 equi^lmt to.midtiplying the fraction by that quant ity» 

<■ /' ' . i '•^ 

84. SihfietVqi^Lantity may be multiplied, and the result 
divided^.15y the same quantity, without altering the value, 
it follows that, 

JSoth terms of a fraction may be multiplied by any quanr 
tity^ or both divided by any quantity^ without changing the 
value of the fraction. 



TRANSFORMATION OF FRACTIONS. 

85. The transformation of a quantity, is the operation 
of changing its form, without altering its value. , The terra 
reduce has' a technical signification, and means, to IVaiis^ 
form. 

83. What foUotirs fi^m the preceding principle ? 

84. What operations may be performed withou' filtering the valae of 
a fraction? 

85. What Is the trandPwmation of a quantity ? 
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FIBST TBANSFOBMATION. 

To reduce an entire quantity to a fractioncU form having a 

given denomincUor. ^ 

86 Let a be the quantity, and b the given denomi 
nator. We have, evidently, a = -j-; hence, the 

BULB. 

Multiply the quantity by the given denominator^ and 
^jorite the product over this given denominator, 

a 

SECOND TBANSFOBMATION. 

To reduce a fraction to its lowest terms. 

ST. A fraction is in its lowest terms^ when the numeratoi 
and denominator contain no common factqrs. 

It has been shown, that both terms of a 'fraction may be 
diAdded by the same quantity, without altering its value. 
Hence, if they have any common factors, we may strike 
them out. 

BULB. 

Resolve ea>ch term of the fraction into its prime fac- 
tors ; then strike out aU that are common to both. 

The same result is attained by dividing both terms of the 
fraction by any quantity that will divide them, without a 
remainder ; or, by dividing them by their greatest common 
divisor. 



86. How do you reduce an entire quantity to a fractional form having 
a givei denominator ? 

w How do you reduce a fraction to its lowest terms ? 
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EZAMPLB6. 

1, Rediico — — i to its lowest terms. 
iioaca 

Canceling the* common factors, 6, a, and c, we have, 

16aV Sac 



26acd 6d 



Ans, 



2. Reduce - Ans. *--r* 

166Va^ 3c' 

8. Reduce — -^. ^n.. ^,. 

4. Reduce a^ • Ana. - = a 



'Id^r^- "^- 1 



<"» 



5. Reduce = ; — • Ans. — --—• 

w^ — 1 n + 1 

_. , 05^ — oaJ* . as* 

6. Reduce -= : — =• Ans. 



7? — 2aa5 + «* - « — a 

7. Reduce — -^ ,,, • AshS. — - = — 8* 

„ ^ 245* — 36a** . 46 - 6a 

8. Reduce .^ .,, t^t-tt;;' ^n«. 



48a*Z>* — 66a5ft« * 8a* — lla^ft^ 

9. Reduce -= ■ . . ,« * ^n*. =■• 

a^ — 2a6 + *2 a — ft 

, « ^ 5«^ - lOa^ft H- 6aft2 6(a — h) 

10, Reduce —^ -— rr • ^^^«. -^-— ^« 

"• ^^^^^ 12a*+6a3c^ ' ^'^^^ 4^M^2^ 

^2- ^^^^^^ 3(a^-a^) ' ^'^^ 3?;rr^- 
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THIRD TBANSFOBMATION. 

To reduce a fraction to a mixed quantitf/, 

88. When any term of the numerator is divisible by any 
term of the denominator, the transformation can be effected 
by Division. 

BULB. 

Perform the indicated division^ continuing tJie operation 
as far as possible ; then writs the remainder over the deno- 
minqiior^ and annex the resuU to the quotient found. 

BXAMPLBS. 

1. Reduce • , Ans, a • 

X • X 

ax "■" x^ I 

2. Reduce • -4^w. a — as. 

3. Reduce z • Ans. a 7- • 

. ' 

fA .^ nSL 

4. Reduce • Ans* a •\- x. 

a — X 

6. Reduce ^ "^ ^ • Ans. ^ + xy + y\ 

X- y 

6. Reduce ^— • Ans. 2a; — 1 + —• 

7. Reduce — . . 4aj» — 8 H —- 

9a; 9 

^ x> A l^acf - ebd cf — 2ad 6c 2dc 2 

3a<^ a a 3/ 

9. Reduce --—- — • Ans. a — 1 — 



a; -h 2 a; + 2 

88. How do 70a reduce a firtustion to a mixed quantity ? 
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d?' 4- ft» 26* 

10. Reduce — -~- • An%. a — 6 + 



a + 6 ' a +6 

/^^ 4. 3^ _ 25 ^ 3 

11. Reduce ^ • Ans, 05 + 7 + 



05 — 4 a; — 4 

r 

FOURTH TRANSFORMATION. 

7& reduce a mixed quantity to a fractional form. 

89. This transformation is the converse of the preced- 
ing, and may be effected by the following 

RULE. 

Multiph/ tJie entire part by the denominator of the frao- 
tion^ and add to the 'product the numerator ; lorite the remU 
over the denominator of the fraction. 

BZAMPLBS. 

1. Reduce 64 to the form of a fraction. 

6 X V = 42 ; 42 -f- 1 = 43 ; hence, 6^^ = y 

Reduce the following to fractional forms : 

Q^ -^7? as* — (a» — aj2\ Saj^ — a' 
2. 05 = ^ • Ans. ■ — • 

95 95 95 

095 + 0* .005 — 958 

8. 95 • Ana. — 

2a 2a 

. - , 295 - 7 .1795-7 

4, 5 -^ 7i • Ans. — 

395 39; 

_, flj — o — 1 - 2o — aj-fl 

5. 1 • Ana. 

o a 

n 1 . « « — 8 . 1095* + 4aj + 3 

0. 1+295 — . An$. ^ ^~ 

595 595 

99. How do yoa redaoe a mixed quantity to a fractional form? 
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;. « . X 3(5 + 4 . 16a + 8ft - 3c - 4 

7. 2a + 6 — • An8. 

8 o 

« ^ . r ^<^^ — «^ A l^ahi + 5a& 

8, 6aaj + o • Ana. 

4a ^ 4a 

96a&B* + SOa^ft^iB* - 8 



Arts. 



PEBTH TRANSFORMATIOI^. 

/ 



12a&B* 



?b re^t^o^ frcLctiona having different denominators^ to equt- 
vdlent fractions having the least common denominator, 

90. This traDsformation is effected by finding the least 
common multiple of the denominators. 

1. Reduce -, -, and -—, to their least common denomi- 
3' 4' 12' 

nators. 

The least common multiple of the denominators is 12, 
which is also the least common denominator of the required 
fractions. If each fraction be multiplied by 12, and the result f 
divided by 12, the values of the fractions will not be changed. 

- X 12 = 4, Ist new numerator: 

3 

- X 12 = 9, 2d new numerator ; 
4 

-- X 12 = 6, 3rd new numerator; hence, 
-— , -— , and -- are the new equivalent fractions. 

1 <6 1 A 1 Z 

90. How do you reduce fractions having different denominators^ to eqai 
^filent fractions having the least common denominator ? When the nn- 
merators have no common factor, how do yon reduce them ' 
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BULB. 

L Mnd the least common multiple of the denominators : 
n. MvUiply each fraction by ity and cancel the denoni' 

dnatof.'i 
TEL Write each moduct over the common multiple^ and 

tlis results wiU be the required fractions. 

OBNBBAL BULB. 

Multiply each numera/tor by aU the denominators except 
its own^ for the new numerators^ and aU the denominators 
together for a common denominator, 

BXAMPLBS. 

a c 

1. Reduce -z :fz and — --= to their least common 

a* — 5* a + b 

denominator. 
The least common multiple of the denominators is (a + &) 

a2li2 X (a + ft) (a - ft) = a 
c 



a + ft 



X (a + ft) (« — ft) = c{a — ft; hence, 



a c{a — ^) , . . 

and z ~T-7 — - — 5T<i ^^^ the required 



{a + ft) (a - ft) (a 4- ft) (a - ft) 
fractions. 

Reduce the follo\\'ing to their least common denoininators : 

^ 3aj 4 ^ 12«2 . 45aj 40 48a» 

2. — , - % and • Ans, — • — • 

4*6' 15 60 ' 60' 60 

8ft2 ^ 6c3 . 12a 9ft« 10c3 

8. a, — , an^ .-^- A^is. — , — , -^^ 

, 905 2ft , , . 9«B 4cift 6acd 

4. — - , —- , and d. Ans, - — , r — , -^ — - 

2a' 3o 6ac 6ao' 6ac 
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8 2a! 2a! . 9a 8aa! 12a» + 240! 

6. ; < r: vi> sua tt r^* 

I — a:' (1 — a!)' (1 — as)' 

^'"' (1 - x)3 -' Tr-Tl^ ' *°* (n a!)' 



1. z- , — 7— , and 



Ba' e ' a + b 

ac^ + bc^ ha^c — ha^b + babe — Soft* Sac' 



Sa^kj + 6a*c ' Sa^c + habc * Sa^c + babe 

ex da? , 05^ 

8. , — ; — , and 



a -^ x^ a -\- x^ a + X 



ADDITION OF PBAOTIONS. 

91. Fractions can only be added when they have a com- 
mon unit, that is, when they have a conmion denonmiator. 
In that case, the sum of the numerators will indicate how 
many times that unit b taken in the entire collection. 
Hence, the 

BULB. 

L Beduce the/ractions to be addedy to a common denom^ 
inator: 

n. Add the numerators together /or a new num^rator^ 
and write tJie sum over the common denominator. 



EXAMPLES. 

1. Add o» Q» ^^ 6' ^S®*^®^" 



91. What b the rale for adding fractioiid ? 



» 



I 



ADDITION OF FBAOTIONB. W 

By reducmg to a common denominator, we have, 

6 X 8 X 5 = 90, 1st nmnerator. 

4 X 2 X 6 = 40, 2d numerator. 

2 X 8 X 2 = 12, 3d numerator. 

2 X 8 X 6 = 80, the denominator. 

Henoe, the expression for the sum of the fractions becomes 

90 40 12 _ 142^ 
30 30 "^ 30 ■" 30 ' 

which,.being reduced to the simplest form, gives 4f^. 

2. Find the sum of r^, 3, and ^j.* 

o a J 

Here, a x d x f =: adf \ 

c X b X f =z cbf > the new numerators. 

e X b X d =z ebd ) 
and b X d X f = bcff the common denominatoi. 

Wo^no (^f.cbf.ebd adf :^ cbf + ebd ., „^ 

Add the following : 

8. a — ^ , and b + — • Ana. a -f- ft H r- 

X- X ^ X ' . X 

*• 2' 3' "^^ V ^'*^- *"^12' 

^ 05 — 2 , 4a5 - 1905 — 14 

6. — - — and — • Ans. -— — • 

8 7 21 

.«--2 -^ .2a5 — 3 . ^ lOfiB — 17 
6. asH — and Zx-\ An$AX'{ — — • 

*-^ 2^^ "^^ "2^'^^'''^ + 2^ 

^ 285 7a; , 2a; 4- 1 . ^ 49aj + 12 

8. -— , — -, and — - — • Ans. 2x -t 



8 ' 4 ' 5 • 60 

7a5 - ^ 05 ^ ^ 44a 

— , and 2 H- - Ans. 2 + ^+45 
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10. 8(B + ^ and « - ^. Am. Sx + ^ 

11, oc — —- and 1 -,. 

8a d 

-dfw. 1 4. a<; !._^ — , 

•00* 

^"^- (« - 1)3 



SUBTRACTION OF FRACTIONS. 

9a. Fractions can only be subtracted when they have 
Ihe same unit; that is, a common denominator. In that 
case, the numerator of the minuend, mirms that of the sub- 
trahend, will indicate the number of times that the common 
unit is to be taken in the difference. Hence, the 

BULK. 

I. Hedtcce the two /ractiane to a common denomir 
inator : 

n. Then subtract the nnm,erator of the subtrahend froin 
that of the minuend for a new numerator^ and torite the 
remainder over the common denominator. 

BXAMPLBS. 

3 2 

1. What is the difference between - and - 

7 8 

3 2 24 14 10 5 . 

7 - 8 = 56 ~ 56 = 56 = 28 ^^- 



92. What is the rule for snbtraoting frfiotions 
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2. Find the difference of the fractions — -=— and 

2b 3c 

TT J (aj — a) X 3c = Zcx — Zac \ , ^ 

tLere, i ,^^ , i ^, , , ^- J-the mimerators, 
^ ( (2a — 4aj) x 2ft = 4a^ — 8&b ) 

and, 2ft X 3c = 6ftc the common denominator. 

_ Seas— 3ac 4aft— 8fta; 3ca;— 3ac— 4aft4-8&B . 

Eence, — -= -^ = -^ ' • Ans. 

6ftc 6ftc 6ftc 

8. Required the difference of -r- and —- • Arts, — — • 
^ 7 6 36 

4 Required the difference of by and -^ • Ans. -—^ 

6. Requiied the difference of — and -—• Ana. -— • 

6. From ^ ^ subtract ^-^^. ^w«. • , ^ » 

aj — y a; + y x^ — y^ 

1 1 V + 2 — 1 
Y. From subtract -r r» Ans. - — = =- • 

y — z y* — 2* y*— 2^ 

Find the differences of the following : 

^3aj-f-a ,2a;+7 . 24a; -h Sof — lOfta; — 35ft 

8. — -^ — and — - — • Ans. -rr^ 

5ft 8 40ft 

^ ^ .* J 35 — a . ^ ^ ex -{- bx — at 

9. 3aj -h 7 and x • Ans. 2x + j- 

1/v ,a — aj j« + aj. 4aj 

10. a H — 7 r and —7 : • Ans. a — 



a(a 4- a;) a{a — x) a* — a? 



MUTTIPLIOATTON OF FRACTlONa 

93. Let T and -^, represent any two fractions. It haii 
bren shown (Art. 81), that any quantity may be multiplied 

■ ■! ^ ^^ rm - — 1 — ■■ ■!■ iiiiii -I I - - - - - - — , — „ ,,, , - |- 

93. What is the rule for the multipltcation of fractions ? 
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by a fraction, by first multiplying by the numerator, and 
then dividing the result by the denominator. 

To multiply r ^7 j» w® ^^^ multiply by c, giving -r 
then, we divide this result by d^ whioh is done by multiply* 

ingthe denominator by d\ this gives for the product, j-j\ 

that Ib, 

a c ' ac . 

BULB. 

L Jff^ there are mixed quantUteSy reduce them to a ^raty 
Uonai form; then^ 

n. Multiply the numerators together for a new numerO' 
toTy and the denominators for a new denominator. 

BXAMPLBS. 

1. Multiply a H 1^7 3* 5™t, a H = , 

a a a a 

. a^ •\' hx e a^c + hex . 

hence, x -^i = = — • Ans. 

a a ad 

Find the products of the following quantities : 

^ 2x Sab ^ Sac a ^ 

2. — , — , and —z- Ans. 9aa, 

«».**j« -oft + te 

3. + — and -• Ans. • 

ax X 

, 01? —ft* , a;» + ft* - aj* — ft* 

4. — r — and -= — ; — • Ans. 7= — r~i~i • 

be ft + c .ft*c + ftc^ 

_ ,aj + l 05 — 1 . oo!^— aa5 + «?r-l 

6 « + , and — —-r- Ana. =— — 1 

a ' a -*- ft • a^ + at 

6. a f and — : — r- Ans. ---t- 

a — X 054-05* fl5 + ar 
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^ Tur w ^ 2a - a* — ft* 

1 Multiply ^— ^ by — 

We have, by the rule, 

2a d^-V _ 2a(a» - ft») _ 2 a(a + ft) (a - ft) 

a - ft ^ 8 " 3(a - ft) ■" 8(a - ft) 

= 'i(a + i). 

After indicating the operation, we factored both numeraf 
tor and denominator, and then canceled the common fitctors, 
before performing the multiplication. This shotdd be done% 
wheneveT'there are common factors. 

2 , 85* - y* . 2(a5 + y > 

8. by sL. ^ns. ^ ^^ ' 

85 — y •' a a 

9. — r — by — r^' ^tw. — ^-— ^ 

3 *^ + 2 8 

y' «- 1 y 

13. a. + J^ by a,-.^^ 

2a ~ ft - 6a — 2ft 
' • 4a ^y ft»-2aft 

14. «-^ by ? + ?^. 

"^ y « 





^n«. as^. 


^fM. 


ft - 8a 
2aft 


^fM. 


«*-y* 
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DIVISION OF FEAOnONS. 
P 1 

M Since - =: /> x - , it follows that, dividing by a 
qoantity is equivalent to multiplying by its reciprocal. But 
the reciprocal of a fraction, -^, is - (Art. 28); conse- 
quently, to divide any quantity by a fraction, we invert the 
terms of the divisor, and multiply by the resulting fraction. 
Hence, 

a ^ c a d ad 

b ' d ^ b c '^ be 

Whence, the following rule for dividing one fraction oy 
another : 

BULB. 

I. jReduce mixed qrmntities to fra>etion(il forma : 

n. Invert the terms of the divisor^ and mtdtiply th/e 
dividend by the resulting f reaction. 

Note. — ^The same remarks as were made on factoring 
and redttcing^ under the head of Multiplication, are appli- 
cable in Division. 

EXAMPLBS. 

1. Divide a — — by -• 

2c ^ g 

_ A — ^^ — ^ 
2c "" 2c 

Hence, a _ A + / = £^ x g = ^^-T-^. Ane 
' ^c g 2c f 2€f 

94. What ifi the rule for the division of fractions? 
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2. Divide H^+J') by ^^U^. 

g(» + y) ^ a _ 2(g -t- y) g 

« aj»-y* a (« + y) (« - y) 

Am. 



« — y 



3. Let ^ be divided by || • 4n«. — 

6 '18 60 

4. Let -r- be divided by 505. Atis. — 

7 36 

5. Let ?4^ bedividedby ??. -^ ^+^ 

8. Let be divided by - • 

7. Let -- be divided by -=■ • 

B. Let -r— i- t)e divided by -7-= **,««. 

Divide tlie following fractions: 

^4aj2-8aj,aj2— 4 ^ 4fl! 

9. by — - — • Ans. 







Ax 


Ana. 




2 


X 


- 1 


Ans, 


5&K 

2a 


Anji. 


X 


-d 



3 -^ 3 a -h 2 

1^- ::2i n>^ , »o by =-• Ana. x -\ 

. x^ — 2&B -f ^ "^ a; - 5 a? 

31. 2«(« + «) by J^^. ^-^^' 

12. t^ by ^^il^^ ^,«. ^^fil 

y » - 1 y' 

g^-ag , 8(<5-«) 4a(a» - a!») 

'^- bc + bx ^^ 4(a + «) ^" ■ 3J(c«-aj») 
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14. 



1 -» 



by 



16 «? by « — 



I + X 
a + X 



Ana. 



1 - a^ 



a?- y 



,^ ft — 3a - 6a — 2ft 

16. ^ - by 



2aft 



ft^-2aft 



Ana* 



U. ?Lri^ by ? + y 



18. m» + 1 T -^ by w + i + 1. 



Ana. 



2a- ft 
4a 

«*— y* 



-4n«. m + — — 1 

971 



ao. ^ + ^ + ?) by (^±^--4-). ^ 1 
«-f-y y/'^Vy x + yl 



I 
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CHAPTER V. 

BQUATIONS OF THB FIB8T DBGBBB. 

95. An Equation is the expression of equality between 
two quantities. Thus, 

as = & 4- e, 

is an equation, expressing the &ct that the quantity x^ is 
equal to the sum of the quantities b and c 

96. Every equation is composed of two parts, connected 
by the sign of eqaality. These parts are called members: 
the part on the left of the sign of equality, is called the Jlrst 
meml>er; that on' the right, the second m^ember. Thus, in 
the equation, 

05 + a = 6 — c, 

X + a is the first member, and ft ~ e, the second member 

97* An equation of the ^«^ degree is one which inyolvcs 
only the first power of the unknown quantity; thus, 

6aj + 8a; — 6 = 18; (1) 

and ax + bx -{■ e z=. d\ (2) 

are equations of the first degree. 

96. What is an equation? 

96. Of how many parts is eyery equation composed f How are the 
parts connected? What are the parts called? What is the part on the 
left called? The part on the right ? 

97. What ip an equation of the first degree 

6* 
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98. A NTTMEBiCAL EQUATION is One in which the coeffi- 
cients of the unknown quantity are denoted by numbers. 

99. A UTEBAL EQUATION is One in which the coefficients 
of the unknown quantity are denoted by letters. 

Equation ( 1 ) is a numerical equation ; Equation ( 2 ) is a 
iitoraJ equation. 

tCsfcUATTQNS OP THE FIRST DEGREE CONTAINING BUT ONK 

UNKNOWN QUANTFTY. 

1 00. The Transformation of an equation, is the opera- 
tion of changing its form without destroying the equality 
of its members. 

101. An Axiom is a self-evident proposition. 

lOd. The transformation of equations depends upon the 
following axioms: 

1. J^ equal quantities be added to both members of an 
eqtiation^ the eqtmlity will not be destroyed, 

2. If equal quantities be subtracted from both m^embers 
of an equation^ the equality wiU not be destroyed, 

8. If both members of an equation be m/uUiplied by the 
sam/e quantity^ the equality will not be destroyed, 

4. If both members of an equation be divided by the same 
qicantity, the eqitality wiU not be destroyed, 

6. Idke powers of the two members of an equation are 
equal, 

6. Like roots of the two members of an equation are 
equal, 

98. What is a numerical equation ? 

99 What is a literal equation ? 
100. What is the transformation of an equation ? 
101 What is an axiom ? 

102. Name the axioms on which the transformation of an equation 
depends. 
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103. Two principal transformations are employed in the 
solution of equations of the first degree: Clearing of frcuy 
HofiSy and Transposing. 

CLBABING OF FSACnONS. 

1. Take the equation, 

2x Zx X 

The least common multiple of the denominators is 12. If 
we multiply both membei*s of the equation by 12, each term 
will reduce to an entire form, giving, 

8a; — 9a5 + 2a5 = 132. 

Any equation may be reduced to entire terms in the same 
manner. 

104. Hence for clearing of Iractions, we have the fol- 
lowing 

BULB. 

L I^ind the least common mvltifle of the denominatora . 
n. Multiply both m&mhers of the eqv4xiion by ity redao- 
ijig the fractional to entire terms. 

Note. — 1. The reduction will be effected, if we divide the 
least common multiple by each of the denominators, and 
then multiply the corresponding numerator, dropping the 
denominator. 

2. The transformation may be effected by multiplyiDg 
each numerator into the product of all the denominators 
except its own, omitting denominators. 

108. How many transformations we employed in the solution of equa- 
ttons of the first degree? What are they? 

104. Give the rule for clearing an equation of fractions ? In what three 
ways may the reduction be effected ? 
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8. The transformation may alM be effected, by 9m<ft^^»^^ 
both members of the equation by cmy mfuUiph of the de- 
nominators. 

BXAMPLB8. 

dear the following equations of fractions: 

1. ? + ? — 4 = 3. Ans. 7a5 -h 6« — 140 = 106 
6 7 

^^ft ^^B #^B 

2. r + r — rr = 8. -4n«. 9» + 6a5 — 2« = 482. 
6 9 27 

flB flB a; a; 

3. - + - — - + — = 20. 
2^8 9 ^ 12 

uln^. ISas + 120 — 48d + 8as = 720. 

4. r + = — X = 4. -4n«. 14aj + lOa? — Z6x = 280. 
5 7 2 

ft. 7 - I + I = 15. -4n«. 15aj - 12aj + lOas = 900 

4 o o 

3 ~6 "■ 8* 

Ans. —205+8—05 + 2 = 10 

X 8 

7. r + 4 = -• Ans. 5« + 60 — 2005 = 9 — 8o5. 

8 — 05 5 

05 05 05 95 

«• 4-6 + 8 + = ^^- 

Ans. 1805 — 1205 + 905 + 805 = 864. 

9. i ~ 5 + / = ^- -^^' «rf — ft<5 + 6^ = ft^ 
-^ 005 2o'a5 . , 4b(!Px 5a? . 2c* 

The least common multiple of the denominators is a'ft* 
(i*6a?— 2a«»c*05 + 4a*^ = 4^ A? - 5a« + 2a2ft*c» - 3aW 



+ 4a = —5 ^ + 85. 

a* ft* a 
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TBAN8P06INO. 

105. Transposition is the operation of ciianging a tenn 
from one member to the other, without destroying the 
equality of the members. 

], Take, for example, the equation, 

5a5 — 6 = 8 + 205. 

I^ in the first place, we subtract 2x from both membera 
die equality will not be destroyed, and we have, 

605 — 6 — 2« = 8. 

Whence we see, that the term 2as, which was additive in 
the second member, becomes subtractive by paanng into 
the first. 

In the second place, if we add 6 to both members of 
the last equation, the equality will still exist, and we have, 

6« — 6-2aj + 6 = 8 + 6, 

or, dnce — 6 and + 6 cancel each other, we have, 

te — 205 = 8 + 6. 

Hence, the term which was subtractive in the first member, 
passes into the second member with the sign of addition. 

106. Therefore, for the transposition of the terms, we 
have the following 

RULE. 

Any term may be transposed from one member of an 
tquoHan to the other^ if the sign he changed. 

106. Whatid transposilioii? 

106. What is the rule for the traDspocdtioD of the terms of an eqnatiofil 
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BXAMPLB8. 

Transpose the anknown terms to the first member, and 
the known terms to the second, m the following : 

1. 3a5 + 6 — 6 = 2a; — 7. Ans. 3a; — 2a5 = — 7 6-1-6. 

2. ax + b = d ^ ex. Alls, ax -^ ex = d — h. 

3. 4a; — 3 = 2a; -f 6. Atis. 4a; — 2a; = 6 -h i3. 

4. 9a; + c = ca; — <f. Ans. 9x — ex = — rf — c*. 
6. ax + / = dx -{- b. Ans. ax — dx = b — f. 
6. 605 — c = — oas -h ^. Ans. 6a; -h tflWJ = A + c* 



SOLUTION OF EQUATIONS. 

107. The Solution of an equation is the operation ot 
finding such a value for the unknown quantity, as wiU 
siUisfy the equation ; that is, such a value as, being sub- 
stituted for the miknown quantity, will render the two mem- 
bers equal. This is called a boot of the equation. 

A Root of an equation is said to be verifiedy when being 
substituted for the unknown quantity in the given equation, 
the two members are found equal to each other. 

I. Take the equation, 

^-4 = %!^ + 8. 
2 8 

Clearing effractions (Art. 104), and performing the opera 
lions indicated, we have, 

12a; — 32 = 4a; — 8 + 24. 

107. When is the solution of an equation? What is the found value 
of the unknown quantity called ? When is a root of an equation' sni^ tc 
be verified. 
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rrausposing all the unknown terms to the first member, 
juiil the known terms to the second (Art. 106), we have, 

12a; — 4x = — 8 -f 24 -f- 32. 

Reducing the terms in the two members, 

805 = 48. 

Dividuifif both members by the coefficient of a:, 

aj = --- = 6. 
8 

VERIFICATION. 
3X6 ^ 4(6 - 2) , ^ 

--2--^= 8—-+:^' or, 

-1-9-4 = 24-3 = 6. 
Hence, 6 satisfies the equation, and therefore, is a root. 

108. By processes similar to the above, all equations of 
the first degree, containing but one unknown quantity, may 
be solved. 

BULB. 

I. Clear the eqitation of frtzctions^ and perform all the 
indicated operations : 

n. IVanspose all the unknown terms to the fvrst member^ 
and qU the known terms to the second msniber : 

in. Reduce aU the terms in the first member to a singU 
term, one factor of which wiU he the unknown quantity, 
and the other factor wiU he the algebraic sum of its coeffi- 
(ne9its : 

TV. Divide both msml>ers by the coefficient of the unkrvovyn 
quantity : the second member wiU th&n be the value of th^ 
unknown quantity, 

108. Give the rule for sohisg equations of the first degree with one 
unknown qjuantity. 
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BZAMPLB8. 

1. Solve the equation, 

12 8 8 6 * 

Clearing of fractions, 

lOas — 32« — 312 = 21 — 52flJ. 

By transpoang, 

1005 — 32a; + 62a; = 21 + 312. 

By redndms;, 30a5 = 363; 

, 333 111 

henoe, x = —— = —— = 11.1: 

^ 80 10 ' 

a result which may be verified by substituting it for x in 
the given equation. 

2. Solve the equation, 

(8a — a;) (a — 6) + 2aa5 = 46(a5 + a). 

Performing the indicated operations, we have, 

3a* — 005 — 3a^ + bx + 2ax =: 4bx + 4a5. 
By transposing, 

— ax + bx + 2ax — 4&b — 4aft + 8aft — 3a*. 
By reducing, ax — Sbx = lab — 3a* ; 

Factoring, (a — 36)a5 = lab — 3a*. 

Dividing both members by the ooeffident of x^ 

lab - 3a» 
a — 36 

3. Given 3flB — 2 + 24 ^ 31 to find x. Ans. as = 3. 

4. Given as + lSsrdas — 5to find x Ans. a; =r 11 1 
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6. Given 6 — 2as+10 ^ 20 — das— 2, to find as. 

An8. X = 2, 

6. Given « + ^ + Jos = 11, to find x, Ans. as = 6. 

7. Given 2as — ^os + 1 = te — 2, to find as. 

An^. as =z f 

Solve the Allowing equations: 

2 6a — 26 

9 

— Sas flB — 19 
9. — ^ + 3 = 20 Ans. x = 28^- 

,^85 + 3, as . as — 5 , 

10. —^ h g = 4 —• Ans. X = Sfy' 

as das 4as . 

11. 7 — ;r + « = "^ — 3. .an«. as = 4. 

4 2 o 

erf "^ Sad — 26c 

flB — a 2x — 86 a — x 

18. — — — — = 10a + 116. 

8 5 2 

ultM. X = 25a + 246. 

,.05 8 — asS+aj.ll ^ . 

12 8 ~ + "4" ~ • * ~ 

,*« + <^.« — <5 26* . af—b 

15. — ; = -^ -r ^tw. as = 

a + asa— as a* — as^ c 

,^ 800 — 6 86 — c ^ - 

16. = ^r — = 4 — 6. 

1 2 

56 + 96-70 

uiltw m = --T 

16a 

,^ a 08 — 2 , as 13 - 

17 T — + :; = -^ • -4tw. ae = 10 

6 3 2 3 
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X X X X 

18. - - - f ? - - = /. 
abed 



. abcdf 



bed — occi? 4- abd — o^ 

NoTB. — ^What is the numerical value of as, when a = 1 , 
/ = 2, c = 3, rf = 4, and / = 6 ? 

as 8a; SB — 3 
19. r — — z— = — 12H • -^wa. aj = 14. 

3aj — 6 405 — 2 , . 

20 X 1 — = 05-1-1. Aruf. 05 = 6. 

lo 1 1 

05 05 as 

21. oj -I- - -I- - — - = 2a; — 43. Ans. x = 60. 

4 5 6 

«« « 4a; — 2 3a; — 1 . 

22. 2o5 z — = — - — • Ans. x = S 



«««.^ — rf A Sa -^ d 

23. 3o5 -I- — -; — = 05 + a, Ans. x = ^ , , 

8 6 -1- ft 

^^ 005 — 6. a te bx ^ a 

2^- -nr--^3 = Y--3— ' 

3ft 



^7i«. 05 = 



3a— 26 



^, 4a; 20 - 4a; 16 . ^2 

26. = — Ans. X = 3--- • 

6 — a; 05 05 11 

^^ 2a; -f 1 402 — 3a; ^ 471 - 6a; 

26. — rr— 77i = 9 r • 

29 12 2 

ulfia. a; = 72 

«N (a -h ft) (a; -ft) ^ 4aft-ft» « . a*-fta 

27 ^ — \ - 3a = --^ 2a; H 1 

a — ft a-(- ft ft 

a* -f- 3(X36 + 4a^b^ — 6aft3 + 2ft* 



Ans. X = 



?^(2/i« -I- flrft - ft2) 
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PROBLEMS, 

109. A Problem is a qnestioD proposed, requiring a 

solution. 

The Solution of a problem is the operation of finding s 
<j':antity, or quantities, that will satisfy the given conditions. 

"^riie solution of a problem consists of two parts : 

I. The STATEMENT, wMch consists in ea^essijig^ cUgebriMr 
icaUyy the relatio7i between the know-n and the required 
quantities, 

n. The SOLUTION, which cofisists in finding the valuea 
of the unknown quantites^ in terms of those which are 
hfiowit. 

The statement is made by representing the unknown 
.quantities of the problem by some of the final letters of the 
alphabet, and then operating npon these so as to comply 
with the conditions of the problem. The method of stating 
problems is best learned by practical examples. 

1. What number is that to which if 5 be added, the sum 
will be equal to 9 ? 
Denote the number by x. Then, by the conditions, 

a; -h 6 = 9. 
This is the statement of the problem. 

To find the value of x^ transpose 5 to the second member; 

then, 

a; = 9 — 6 = 4. 

This is the solution of the equation. 

VERIFICATION. 

a; 4- 6 = 9. 

109. What is a problem ? What is the eolation of a problem ? Of 
how manj parts does it consist^ What are they? What is the state 
ment? What is the solution ^ 
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2. Find a nnmber such that the Bum of one-hal^ one-third, 
and one-fonrth of it, augmented by 45, shall be equal to 448 

Let the required number be denoted by o^ 

Then, one-half of it will be denoted by -, 



X 

m 

^ • 

4' 



one-tlurd " " by 

one-fourth " " by 

and, by the oonditions, 

XXX 

-4._ + _ + 45 = 448. 

4 

This is the statement of the problem. 

Clearing of fractions, 

6(6 + 4fl) + 3a; + 540 = 5376 » 
Transposing and collecting the unknown terms, 

Idas = 4836; 

u ^836 

hence, x = -—■ = 372. 

13 

YBBIFICATION. 

872 372 372 

^ -f 4- + 4" -+ ^^ = 1®^ + 124 4. 98 -♦ 46 = 448. 
2 o 4 

3. What number is that whose third part exceeds its 
fourth by 16? 

Let the required nxmiber be denoted by ce. Then^ 

^ = the third part, 

jX = the fourth part 
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and, by the oonditionB of the problem, 

-05 — -fl5 = 16. 

3 4 
Tliis 16 the statement. Clearing of fraotions, 

ix — Sx = 192, 
and henoe, as = 192. 

VERIFICATION. 

102 192 

=^ - i^ = 64 - 48 = 16. 
3 4 

4. Divide $1000 between A^ J?, and (7, so that A shaU 
have $72 more than £y and G $100 more than A. 

Let X denote the number of dollars which JB received. 

TTien, x = B^s number, 

as + 72 = A^8 number, 
and, 85+172 = G^s number; 

and their sum, 3a5 + 244 = 1000, the number of dollars. 

This is the statement. By transposing, 
3a; = 1000 - 244 = 766 ; 

and, « = ^ = 262 = B^s share. 

Hence, 85+ 72 = 262 + 12 =: 324 = A*b share, 
snd^ 85+172 = 262 + 172 = 424 = G'a share. 

VEBIFICATION. 

252 + 324 + 424 = 1000. 

5. Out of a cask ot wine which had leaked away a third 
part, 21 gallons were aflerwards drawn, and the cask being 
then gauged, appeared to be half full : how much did it 
hold? 
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Let X denote the number of gallons. 

Then, - = the number that had leaked away. 

and, 5 -I- 21 = what had leaked and been drawn, 

rience, by the conditions, - + 21 = - • 

This is the statement. Clearing of fi-actions, 

2x -h 126 = 3a, 
and, — X = — 126 ; 

and by changing the signs of both members, which does not 
destroy their equality (since it is equivalent to multiplying 
both members by — 1 ), we have, 

X = 126. 



VBBIFICATION. 
126 , 12fi 

— + 21 = 42 -f 21 = 63 = Y . 



6. A fish was caught whose tail weighed 9 lbs., his head 
weighed as much as his tail and half his body, and his body 
weighed as much as his head and tail together : what was 
the weight of the fish ? 

Let 2x = the weight of the body, in pounds. 

Then, 9 -|- a j= weight of the head ; 

n I) d since the body weighed as much as both head and taO 

2a; = 9 -f- 9 + aj, 
which is the statement. Then, 

2q5 — flB = 18, and x = 18. 
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Henoe, we have, 

2x = SQlb. = weight of the body, 
9 -I- a; = 21lb. =. weight of the head, 
9^. = weight of the tail ; 

hence, 72Z6. = weight of the fish, 

7. The snm of two numbers is 67, and their difference 19 . 
what are the two numbers? 

Let X denote the less number. 

Then, a; -f 19 = the greater; and, by the conditionfi, 

2aj -f 19 = 67. 

This is the statement. Transposing, 

2a; = 67 — 19 = 48 ; 

48 
henoe, a; = --- = 24, and as -♦- 19 = 48. 

VESIFICA.TIO'S, 

48-1-24 = 67, and 48 - 24 = 19. 

ANOTHKK SOLUTION. 

Let X denote the greater number. 

Tlien, 35—19 will represent the less, 
and, 2a; — 19 = 67; whence 2ar = 67 4- 19. 

Therefore, a; = — - ~ 43; 

and, consequently, a — 19 = 43 - 19 = 24. 

GlENBRAL SOLUTION OF THIS PBOBIAM. 

The earn of two numbers is Sy their difference is d' what 
are the two numbers ? 
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Let X denote the less nombtr. 

Then, x + d will denote the greater, 
and 2x + d = «, their snm. Whence, 

* "" ""T" "■ 2 "2* 
and, consequently, 

2 2 2 2 

As these two results are not dependent on particniar 
values attributed to « or d^ it follows that: 

1. TJh$ greater of two numbers i^ equcU to half their sunL 
plus half their difference : 

2. The less is equal to half their sumj minus haff their 
difference. 

Thus, if the sum of two numbers is 32, and their differ- 
ence 16, 

32 16 
the greater is, ---4--^ = 16 + 8 = 24; and 

the less, - — y=^^""®= ®« 

VBBnnCATTON. 

24 + 8 = 32 ; and 24-8 = 16, 

8. A person engaged a workman for 48 days. For each 
day that he labored he received 24 cents, and for each day 
that* he was idle, he paid 12 cents for his board. At the 
end of the 48 days, the account was settled, when the laborer 
received 604 cents. Required^ ths number of working daysy 
and the number of days he was idle. 

If the number of working days, and the number of idle 
days, were known, and the first multiplied by 24, and th<> 
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second by 1 2, ik6 difference of these products would be 
504. Let us indicate these operations by meane of algebraic 
signs!. 

Let X denote the number of wo? king days. 

Then, 48 — a; = the number of idle days, 
24 X 05 = the amount earned, 
and, 12(48 — a;) = the amount paid for board. 

Then, 24a; - 12(48 — «) = 604, 

what was received, which is the statement. 

Then, performing the operations indicated, 

24'* — 676 4- 12a; = 504, 
or, 86a; = 604 -f 676 = 1080, 

and, X = -— - = 30, the number of working days; 

36 4 

whence, 48 — 30 =18, the number of idle days. 

VERIFICATION. 

Thirty days' labor, at 24 cents I 3^ ^ 24 = 720 oenta. 
a day, amounts to ) 

And 18 days' board, at 12 cents ) ^ ,^ ._ . ' 
- \ ^ ' >• 18 X 12 = 216 cents, 
a day, amounts to V 

The difference is the amount received .... 604 cents. 

GENERAI. SOLUTION. 

This problem may be made general, by denoting the whole 
number of working and idle days, by n ; 

The amount received for each day's work, by a ; 

The amount p^d for board, for each idle day, by ft ; 

And what was due the laborer, or the balance of the 
account, by c. 
6 
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As before, let the number of working days be denoted 
by a% 

The nomber of idle days will then be denoted by « — as. 

Hence, what is earned will be expressed by oa, and ' the 
sum to be deducted, on account of board, by b(n — as). 

The statement of the> problem, therefore, is, 

ax — b{n ^ x) — c. 
Peiformmg indicated operations, 

(IX -- bn -h bx = Cy or, (a + b)x = c + 6n 

whence, .« = r = number of working dayB • 

n c-hbn an-^ bn—c—bn 
and, w — a; = 7i~--— r- = —-j- , 

€tTh — — C 

or, n — X =. =- = number of idle days. 

Let us suppose n = 48, a -= 24, 6 = 12, and c = 504 ; 
these numbers will give for x the same value as before 
found. 

9. A person dying leaves half of his property to his wife, 
one-sixth to each of two daughters, one-twelflh to a servant, 
and the remaining $600 to the poor ; what was the amount 
of the property ? 

Let X denote the amount, in dollars, 

■^ 1= 'h.. 1, left « M. w«. 

X 

- = what he left to one daughter, 

2tD X 

and, — = - what he left to both daughters, 

also. ^= what he left to his servant, 

and, 1600 = what he left to the poor. 
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Then, by the conditions, 

XXX 

- -I- - + — -h 600 = OS, the amount of tbepioperty, 

2 o } 2 

^hich gi\iB8, X = $7200. 

10. ^ and .8 plaj together at cards. A sits down with 
$84, and JB with $48. Each loses and wins in turn, when 
it appears that A has five times as much as JB» How much 
did A win ? 

Let X denote the number of dollars A won. 

Then, A rose with 84 -h « dollars, 

and JB rose with 48 — a; dollars. 

But, by the conditions, we have, 

84 -f aj =. 6(48 - ar), 

hence, 84 -h x = 240 — Sac; 

and, 6a; = 156, 

consequently, x = 26 ; or ^ won $26. 

VERIFICATION. 

84 + 26 = 110 ; 48 - 26 = 22; 
110 = 6(22) = 110. 

11, -4 can do a piece of work alone in 10 days, jS in 13 
days ; in what time can they do it if they work together ? 

Denote the time by se, and the work to be done, by 1. 
Then, in 

1 day, A can do — ^^ ^® work, and 

JB can do —- of the work ; and in 
13 

X 

X days, A can do — of the work, and 

X 

B can do —- of the work. 
18 



124 KLBMBNTAKY ALGBBKA. 

Hence, by the conditions, 

X X 

— + TT = 1 which gives, 13a; -f- lOos = 130; 

130 
hence, 2Sx = 130, x = — - = 6|| days. 

12 A. fox, pursued by a hound, has a start of 60 of \m 
own leaps. Three leaps of the hound are equivalent to 1 of 
the fox ; but while the hound makes 6 leaps, the fox makes 
9 : how many leaps must the hound make to overtake the 
fox? 

There is some difficulty in this problem, arising from the 
different units which enter into it. 

Since 3 leaps of the hound are equal to 1 leaps of the fox, 

7 
1 leap of the hound is equal to - fox leaps. 

Since, while the hound makes 6 leaps, the fox makes 9, 

9 3 

while the hound makes 1 leap, the fox will make ^i or - 

leaps. 

Let X denote the number of leaps which the hound makes 
before he overtakes the fox ; and let 1 fox leap denote the 

unit of distance. 

1 
Since 1 leap of the hound is equal to - of a fox leap, x 

1 3 

leaps will be equal to ^ fox leaps ; and this will denote the 

distance passed over by the hound, in fox leaps. 

3 

Since, while the hound makes 1 leap, the fox make£ - 

3 
leaps, while the hound makes x leaps, the fox makes -as leaps ; 

and this added to 60, his distance ahead, will give 

3 

-a ^- 60, for the whole distance passed over by the fox 
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Henoe, from the conditions, 

-a = -a -h 60 ; whenoo, 

3' 2 

14aj = 935-4- 860 ; 
a = 12. 

The hound, therefore, makes 72 leaps before overtaking 

3 
the fox ; in the same time, the fox makes 72 X - = 108 

leaps. 

VERIFICATION. 

108 + 60 = 168, whole number of fox leaps, 

7 
72 X - = 168. 

13. A £kther leaves his property, amounting to $2520, to 
four sons. Ay JB, (7, and D, (7 is to have $360, JB as much 
as G and D together, and A twicQ as much as J?, less $1000 : 
how much do -4, J?, and D i eceive ? 

Am. J, $760; J?, $880; i>, $&20. 

14. An estate of $7500 is to oe divided among a widow, 
two sons, and three daughters, so that each son shall receive 
twice as much as each daughter, and the widow herself $500 
more than all the children: what was her share, and what 
the share of each child ? 

{Widow's share, j|4000. 
Each son's, 1000. 

Each daughter's, 500. 

15. A company of 180 persons consists of men, women^ 
and children. The men are 8 more in number than the 
women, and the children 20 more than the men and women 
together : how many of each sort in the company ? 

An8. 44 men, 36 women, 100 children. 
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16. A fether divides $2000 among five sous, so that each 
elder should receive $40 more than his next younger bro- 
ther : what is the share of the youngest? Ans. $320. 

17. A purse of $2850 is to be divided among three per 
sons, A^ JB, and C. A's share is to be to J5'« as 6 to 11, 
and (7 is to have $300 more than A and JB together : what 
is each one's share ? A's, $450 ; JB^s, $825 ; C^«, $1575. 

18. Two pedestrians start from the same point and travel 
in the same direction ; the first steps twict as fitr as the 
second, but the second makes 6 steps whiie the first makes 
but one. At the end of a certain time they are 300 feet 
apart. Now, allowing each of the longer paces to be 3 feet, 
bow &r will each have traveled ? 

Ans. 1st, 200 feet; 2d, 500. 

19. Two carpentered 24 journeymen, and 8 apprentices 
received at the end of a certam time $144. The carpenters 
received $1 per day, each journeyman, half a dollar, and 
each apprentice, 26 cents : how many days were they em- 
l^ojed? ^^, 9 days. 

j20. A capitalist receives a yearly income of $2940 ; four- 
tifths of his money bears a i interest of 4 per cent., and the 
«-emainder of 6 per cent. : how much has he at interest ? 

Am: $70000. 

21. A cistern containing 60 gallons of water has three 
unequal cocks for discharging it ; the largest will empty it 
in one hour, the second in two hours, and the third, in three : 
in what time wiU the cistern be emptied if they all run to- 
^^^^^^^ Ans. 82Amin. 

22. In a certain orchard, one-half are apple trees, one- 
fourth peach trees, one-sixth plum trees; there are also, 120 
cherry trees, ,«d 80 pear trees: how many trees in the 
^^^^^^d ^ Am. 2400. 

23. A former being asked how many sheep he had, 
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answered, that he had them in five fields ; m the Ist ho had 
i^ in the 2d, ^, in the dd, j, and in the 4th, ^, and in the 
5th, 450: how many had he ? Ans. 1200. 

24. My horse and saddle together are worth $132, and 
the horse is worth ten times as mnch as the saddle : what 
is the value of the horse f Ans. $120. 

25. The rent of an estate is this year 8 per cent, greater 
than it was last. This year it is $1890 : what was it last 
year? Ans. $1750. 

26. What number is that, fi-om which if 5 be subtracted, 
§ of the remainder will be 40? Ans. 65. 

27. A post IS I in the mud, ^ in the water, and 10 feet 
above the water: what is the whole length of the post ? 

,Ans, 24 feet. 

28. After paying } and ^ of my money, I had 66 guineas 
lefk in my purse : how many guineas were in it at first ? 

Ans. 120. 

29. A person was desirous of giving 3 pence apiece to 

some beggars, but found he had not money enough in his 
pocket by 8 pence; he therefore gave them ^swjh 2 pence 
and had 3 pence remaining : required the number of beg- 
gars. Ans. 11. 

30. A person, in play, lost j^ of his money, and then won 
3 shillings ; after which he lost ^ of what he then had ; and 
this' done, found that he had but 12 shillings remaining: 
what had he at first ? A9is. 20s. 

31. Two persons, A and JBj lay out equal sums of money 
in trade; A gains $126, and £ loses $87, and A^s money 18 
then double ofB^s : what did each lay out? Ans, $300. 

32. A person goes to a tavern with a certain sum of 
money in his pocket, where he spends 2 shillings : he then 
borrows as much money as he had left, and going to another 
tavern, he there spends 2 shillings also; then borrowing 
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again as much money as was left, he went to a third tavern^ 
where likewise he spent 2 shillings, and borrowed as much 
as he had left : and again spending 2 shillings at a fourth 
tavern, he then had nothing remaining. What had he at 
first ? Ans. 3^. 9(2. 

88. A tailor cut 19 yards fi-om each of three equal pieces 
of cloth, and 17 yards from another of the same length, 
and foimd that the four renmants were together equal to 
142 yards. How many yards in each piece? Ans. 54. 

34. A fortress is garrisoned by 2600 men, consisting of 
infantry, artillery, and cavalry. Now, there are nine times 
as many infantry, and three times as many artillery soldiers 
as there are cavalry. How many are there of each corps? 

Ana, 200 cavalry; 600 artillery ; 1800 infantry. 

35. All the joumeyings of an individual amounted to 2970 
miles. Of these he traveled 3^ times as many by water as 
on horseback, and ^\ times as many on foot as by water. 
How many miles did he travel in each way ? 

Ans. 240 miles; 840 m.; 1890 m. 

36. A sum of money was divided between two persons, 
A and J5. A}b share was to B*s in the proportion of 5 to 3, 
and exceeded five-ninths of the entire sum by 60. What 
was the share of each? Ana. A^a share, 460; J5'«, 270. 

37. Divide a number a into three such parts that tho 
second shall be n times the first, and the third m times 9Jt 
great as the first. 

0> ^3 '^ aJ3 ''Ml 

ist, -— r— 5 2d, , . _ . ^ ; Sd, 
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38. A father directs that $1170 shall be divided among 

hjtf three sons, in proportion to their ages. The oldest is 

twice as old as the youngest, and the second is one-third 

older tlian the youngest How much was each to receive ? 

Arts. $270, youngest; $300, second; $540, oldest 
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39. Three regiments are to furnish 594 men, and each to 
fiimish in proportion to its strength. Now, the strength of 
the first is to the second as 3 to 5 ; ^.nd that of the second 
to the third as 8 to 7. How many must each furnish ? 

Am, 1st, 144 men ; 2d, 240 ; 3d, 2^0 

40. Five heirs, -4, J5, C. D^ and -£*, are to divide an inher- 
taiice of $5600. J5 is to receive twice as much as -4, and 
1200 more; (7 three times as much as A^ less $400 ; D the 
half of what B and G receive together, and 150 more ; and 
E the ft)urth part of what the four others get, plus $475. 
How much did each receive ? 

^'5, $500; B*s^ 1200; C"«, 1100; i>'5, 1300; E's^ 1500. 

41. A person has four casks, the second of which being 
filled from the first, leaves the first four-sevenths fuU. The 
third being filled fi-om the second, leaves it one-fourth full, 
and when the thud is emptied into the fourth, it is found to 
fill only nine-sbcteenths of itr But the first will fill the third 
and fourth, and leave 15 quarts remaming. How many 
gallons does each hold ? 

Ans. 1st, 35 gal. ; 2d, 15 gal. ; 3d, \\\ gaL ; 4th, 20 gal. 

42. A courier having started from a place, is pursued by 
a second after the lapse of 10 days. The first travels 4 
miles a day, the other 9. How many days before the 
second will overtake the first ? Ans, 8. 

43. A courier goes Z\\ miles every five hours, and is fol- 
lowed by another after he had been gone eight hours. The 
second travels 22J nules every three hours. How many 
hoxirs before he wiU overtake the first ? An%. 42. 

44. Two places ar6 eighty miles apart, and a person leaves 
one of them and travels towards the other at the rate of 8^ 
miles per hour. Eight hours after, a person departs from 

6* 
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the second place, and travels at the rate of 5^ miles per hour 
How long before they will be together ? 

Ans. 6 houra 

EQUATIONS CONTAINING TWO UNKNOWN QUANTTTIBB. 

no. If we have a single equation, as, 

2a; -f 3y = 21, 

containing two unknown quantities, x and y, we may find 
the value of one of them in terms of the other, as, . 

a = 2 (^-i 

Now, if the value of y is unknown, that of x will also be 
unknown. Hence, from a single equation, containing two 
unknown quantities, the value of x cannot be determined. 

Kwe have a second equation, as, 

6a; -f 4y = 36, 

we may, as before, find the value of aj in terms of y, giving, 

35 — 4y , ^ . 

X = g-^ (2.) 

Now, if the values of x and y are the same in Equations 
( 1 ) and ( 2 ), the second members may be placed equal to 
each other, giving, 

?LzJy = ?i:ziy, or 105 - Ifiy = 70 - 8y; 
2 6 

from which we find, y = 6. 



110. In one equation containing two unknown quantities, can you find 
the value of Cither ? If you have a second equation involving the same 
two unknown quantities, can you find their values ? What are such eqiuu 
tions called f 
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Subtituting this value for y in Equations ( I ) or ( 2 ), we 
find a = 3. Such equations are called Sim/idtaneoua 
equcUio7i8, Hence, 

111. Simultaneous Equations are those in which the 
values of the unknown quantity are the same in both. 

ELIMINATION. 

112. Elimination is the operation of combining two 
equations, containing two unknown quantities, and deducing 
tlierefrom a single equation, containing but one. 

There are three principal methods of elimination : 

Ist. By addition or subtraction. 
i2d. By substitution. 
3d. By comparison. 

We shall consider these methods separately. 

JSlimincUion by AddUio?i or Subtraction, 

1. Take the two equations, 

3aj — 2y = 7, 

8a; 4- 2y = 48. 

It* we add these two equations, member to member, we 

obtain, 

lloj = 65; 

which gives, by dividing by 11, 

a; = 6 ; 

and substituting this value in either of the given equations, 
we find, 

y = 4. 



111. What &re simultaneoiis equations? 

112. What is elimination? How many methods of eliminatioD are 
there ? What are they ? 
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2. Again, take the equationfly 

8aj + 2y = 48, 
3a5 -h 2y = 23. 

If we subtract the 2d equation from the 1st, we obtain, 

6a; = 26; 

which gives, by dividing by 6, 

05 = 6; 

and by substituting this value, we find, 

y = 4. 

3. Given the sum ot two numbers equal to «, and their 
difference equal to d^ to find the numbers. 

Let X = the greater, and y the less number. 

Then, by the conditions, as + y = «. 

and, X — y -= d. 

By adding (Art. 102, Az. 1), 2x = s + d 

By subtractuig (Art. 102, Ax. 2), . . , 2y ^. s ^ d. 

Each of these equations oontams but one unknown quantity. 
From the first, we obtain, x :^ — -1- — , 

and from the second, ly = - H — 

These are the same values as were found in Prob. 7, page 
120. 

4. A person engaged a workman for 48 days. For each 
day that he labored he was to receive 24 cents, and for each 
day that he was idle he waa to pay 12 cents for his board. 
At the end of the 48 days the account was settled, when the 
laborer received 604 cents. Required the number of work 
tng days, and the nimiber of days he was idle. 
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Let X = tik^e nimibar of ii^orking days, 

y = thi number of idle days. 

Then, ' 24a; = what he earned, 
and, 12^ =. wk^t he paid for his board. ' 

Then, by the conditions o ' the question, we have, 

05 + > '.- 48, 
and, 242 — 12y ■.■ 504. 

This is the statement of the problem. 

It has abeady been shown (Art. 102, Az. 8), that the two 
members of an equation inay be multiplied by the same nnm> 
ber, without destroying the equality. Let, then, the first 
equation be multiplied by 24, the. coefficient of a; in the 
second ; we shall then have, 

24a; 4- 24y = 1152 
24a; — 12y = 504 

and by subtracting, SQy =. 648 



• • 



Substituting this value of y in the equation, 

24o5 — I2y = 504, we have, 24a5 — 216 = 504; 

which gives, 

240 — 504 + 216 = 720, and a; = ^ = 80. 

24 

VBREBIGATION. 

m + y = 48 gives 30 + 18 = 48. 

24a; - 12y = 504 gives 24 x 30 — 12 X 18 = 504. 



134 
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113. In a similar maimer, either miknown quantity may 
be eliminated from either equation ; hence, the foUowing 



BULB. 



I. JPrepare the equcUions so that the coejficients of the 
quantity to he eliminated shall be numerically/ equal: 

n. If the signs are unlike^ add the equations^ member 
to member ; if alike^ subtract thern^ member from member. 
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Find the values of x and y^ by addition or subtraction, 
in the following simultaneous equations : 

385 - y = 

y 4- 205 

— 7v = — 22 



^ J 385 - y = 3 ) 

( y 4- 205 = 7 J 

^ Uo5-7y = -22) 
( 505 + 2y = 37 ) 

^ j 205 + 6y = 42 ) 

* ( 8o5 — 6y t= 3 f 

( 605 — 3y = 485 ) 

g U4a5 - 15y = 12 ) 

* ( 705+ 8y = 87 ) 



2^ + 3^ = 
10. < 



tV = 6 



U. 



1.1 

3^ + 2^ = ^* 

«- » = - 2j 



Ans. 05 = 2, y = 8. 



Ans. 05 = 5, y = 6. 



Ans. 05 = 4|, y = 5^« 



Ans. 05 = i, y = i- 



Ans. 05 = 3, y = 2. 



Ans. 



05 = 6, y = 9. 



A.ns. < « = 14, y = 16. 



113. Wh&( ie) the rule fbr elimination by addition or subtraction 7 
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12. Says A to -S, you give me $40 of your money, and 
[ shall then have five times sCb much as you will have left. 
Now they both had $120 : how much had each ? 

Atis. Each had $60. 

13 A fether says to his son, " twenty years ago, my age 
was four times yours ; now it is just double : " what were 
Iheir ages? . j Father's, 60 yeai-a. 

' ( Son's, 30 years 

14. A &ther divided his property between his two sons. 
At the end of the first year the elder had spent one-quarter 
of his, and the younger had made $1000, and their property 
was then equal. After this the elder spent $500, and the 
younger made $2000, when it appeared that the younger had 
just double the elder: what had each from the &ther? 

j Elder, $4000. 
^' \ Younger, $2000. 

15. If John give Charles 15 apples, they will have the 
same number; but if Charles give 15 to John, John will 
have 15 times ss u)any, wanting 10, as Charles wHl have left. 
How many has each ? j J J^^^j ^^• 

^' ( Charles, 20. 

16. Two clerks, A and -5, have salaries which are together 
equal to $900. A spends ^^ per year of what he receives, 
and £ adds as much to his as A spends. At the end of the 
year they have equal sums : what was the salary of each? 

Elimination hy SubstitiUion. 
' 114* Let us agam take the equations, 

5aj -h 7y = 43, ( I,) 

llaj+ 9y *= 69. (2.) 

114 Give the rale fbr elimination by substitntion. When is this method 
x^ed to thp pro&tD(;t advantage f 



. , -. „ - $500. 
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Vind the value of as in the first equation, which gives, 

5 

SubstittUe this value of as in the second equation, and we 
have, 

II K — -^ 4- 9y = 69; 

D 

or, 473 - 11y -f- 45y = 346 ; 

or, — 32y = — 128. 

Here, ar has been eliminated by substitiUion. 

In a similar manner, we can eliminate any unknown quan- 
tity ; hence, the 

BULB. »> / 

I. Find from either equation the vcilMe ^of^Kti miknown 
quarUity to he eliminated : % ^ ^ 

n. Substitute this value for that qiumtity*ih the other 
equation, 

NoTB.— This method of elimination is used to great advan- 
tage when the coefBdent of either of the unknown quantities 
is 1. 

BXAMPLBS. 

Find, by the last method, the values of x and y in the 
following equations : 

1. 3a5 — y = 1, and 3y — 2a5 = 4. 

Ans. as = 1, y = 2 

2. 5y — 4a5 = — 22, an^ 3y -f- 4a5 = 38. 

Ans. as = 8, y = 2. 

d. CD + 8y = 18, and y — das = • 29. 

Ans. as = 10, y =r I 
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2 
4. to - y = 13, and 805 -}- ^y = 29. 

Ana. a; = 3^, y = 4^ 

5 lOoj - I = 69, and lOy - ^ = 49. 

5 7 

i4/w. aj = 7, y = 5. 

6. fl8 + -a; — ^ = 10, and ? + -^ = 2. 
^2 6 ' 8 10 



.^ln«. aj = 8, y = 10. 

»• f - 1 + « = 2, « + 1 = in. 

^n«. a; = 15, y = 14. 

«• i+i+»=«*' ^^ !-f =^ 



h 

^ 

*. 



9. I? « ? 4- 6 = 5, and — — ^ = 0. 
8 4 - ' 12 16 • 



Ans. as = 12, y = 16. 

10. f " T ■" ^ = " ^» ^^ ^* — if = 29. 

-47W. a? = 6, y = 7. 

11. Two misers, A and -B, sit down to count over their 
money. They both have $20000, and B has three times as 
mnoh as A : how much has each ? , . Ar/^/^/^ 

'^'**- I ^,$16000. 

12. A person has two purses. If he puts 17 into the first, 
the whole is worth three times as much as the second purse : 
but if he puts $7 into the second, the whole is wor^ fiv^e 
times as much as the first : what is the value of each purse ? 

Ana. iBt, $2; 2d, (3. 



138 ELISMBNTABY ALOEBBA. 

13. Two nnmbers have the following relations: if the 
first be mnltiplied by 6, the product will be equal to the 
second multiplied by 5 ; and 1 subtracted from the first 
leaves the same remainder as 2 subtracted from the second : 
what are the numbers ? Arts. 5 and G 

14. Find two numbers with the following relations : the 
first increased by 2 is 3^ times as great as the second; 
and the second increased by 4 gives a number equal to half 
the first: what are the numbers? Ans. 24 and 8. 

15. A father says to his son, " twelve years ago, I was 
twice as old as you are now: four times your age at that 
time, plus twelve years, will express ray age twelve yearp 
hence : ** what were their ages ? 

( Father, 7jJ years. 

Elimination by Comparison, 

115. Take the same equations, 

6a5 4- '7y = 43 
1105 + 9y = 69. 

Finding the value of x from the first equation, we have, 

43 - 1y 

X = ■ « 

5 ' 

and finding the value of x from the second, we obtain, 

69 — 9y 



X = 



11 



116. Give the rule for elimination by comparison. 
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Let these two values of x be placed equal to each other, 

and we have, 

43 — 7y _ 69 — 9y 

6 "" 11 

Or, 473 — 77y = 346 — 45y; 

or, — 32y = — 128. 

Hence, y = 4. 

. , 69 — 36 ^ 

And, X = — — — = 3. 

This method of elimination is called Uie method by oom^ 
parisoTiy for which we have the following 

RULE. 

L Find, frotn each equation^ the value of the same 
uiiknown quantity to he eliminated: 

n. Pla^Uhese Raines equal to ea/ih other. 

EXAMPLES. 

i^^d, by the last rule, the values of x and y, from the 
following equations, 

1. 3aj + I -h 6 = 42, and y - ^ « 144. 

Ana, SB = 11, y = 15. 

2. I _ I + 8 = 6, and | + 4 = ^ + «. 

Ana. a? = 28, y =r 20. 

t/ X 22 

3. ^ - 4 -»- y = 1* ^^ 3y - aj = 6. 

Ana. a; = 0, y z=. b. 

1 ^ X A- V 

4h. y - 3 = -a; f 6 and —^ = y ~ 34. 

Ans» as :-= 2, y rr 9 
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5. y-^ 



^. ? = y _ 2, and f ^- ? = a; - 13. 
^2 8 7 



3 

^/w. a; = 16, y = 7 

6. lL±^4-^ = a>-f. and « + y = 16. 

4/w. « = 10, y = 6. 

-4/w. as = 1, y = 3. 

8. 2y + 3a5 = y -f 43, y - ^-^ = y - g. 

-4725. a; = 10, y = 13. 

9. 4y — ^ 7 ^ = «+ 18, and 27— y :^ a;4-y + 4. 

2 

-4/wj. aj = 8, y = 7. 

V — a; V a; 

10. 1 - ^^-^— + 4 = y - 161, I ~ 2 = - . 

^715. a; = 10, y = 20. 

116 Having explained the principal methodfi of elimina- 
tion, we shall add a few examples which may be solved by 
any one of them ; and often indeed, it may be advantageous 
to employ them all, even in the same example. 
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Find the values of x and y in the following omultaneous 
equations : 

I. 2aj + 3y = 16, and 3a; — 2y = 11, 

Ana, as = S, y =s 2. 
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9 - 8aj 2y 

— , and — -h — = 



61 

120 
1 



Ans. « = -, y = 5 



1 
8 



3- f + Vy 



99, and ? + 7a; = 61. 

7 



^/w. SB = 7, y = 14. 



-4/w. as = 60, y = 40. 



5. ^ 



a - iy + y = 6} 



« — y 



4- 7aj = 41 



6. -^ 



g-y . g + y _ oj 



lia;-3,H-4iy = 12^ 



^ 3y - g , 2aj - y ^ 



7. < 



8 — 2a; 
6aj - y + — j — = 43i 



8. <^ 



9. 



3a; — 8 v — 6 

—J- + ^-j- + y = 18A 

6 — V 
8a; — 3 — — —^ = 79 



4a5 — 4 y — 6 . ^ 

— — - ?4_ + 6 = 12| 

4« - iy + ^^ = f 



Ans. H 



SB = C. 



y = 8 



Ans. i 



ly = 



as =: 



5. 
8. 

9. 



-4n«. •< 



y = 8. 



► ^w». •« 



X = 10. 



y= 12 



^72«. •< 



a; = 6. 



==5. 
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10- 



OOB — ^ = C 



a — y -I- 05 = c? 



'' c^- ah" bd 

05 = - 



An%. 



y = 



a — ft 

a* + c — flwf 
a — ft 



( 2a; + Jy -= 1 ) ( y = 60. 

12 i(« + 5){y+7) = (a!+l)(y-9)H-112) . ^ i « = 3. 
* • (2o;+10 = 3yH-l f ^'^'ly^S. 

OB = fty 

18. •< \ Ana, 



aj + y = c 



y = 



14. ^ 



oa; + fty = c 
/« 4- ^ = A 



05 = 






^n«. 



a 



15. <^ 



^n«. ' 



16. < 



ft 4- y 8a + aj 
005 -4- 2fty = (/ 

ftco5 = cy — 2f> 



a(c3 - fts) 2ft3 ^ , 



05 = 



y = 



a-f ft 

a-hft' 

eg — bh 
ag ^hf 

_^ ah — cf 

W — 6a^ + cf 
8a 

8a^ — ftg + c? 
8ft 



► AnB, -< 



a 



y = 



a + 2A 



ir. ■< 






$B 






- 2ft/« 



Anx. 



y = 



6+/ 
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PBOBLEMS. 

1. What fraction is that, to the numerator ol which if 1 

he added, the value will be - , hut if 1 he added to its 

1 
d^ominator, the value wiU be j? 

4 

Let the fraction be denoted by - • 

y 

Then, by the conditions, 

aj + 1 1 , X 1 

:= - , and, = - • 

y 3' ^ y + \ 4 

whence, 3a; -f 3 = y, and 4a5 = y +!• 
Therefore, by subtracting, 

X —3 = 1, and as = 4, 
Hence, 12 -h 3 = y; 

.-., y = 15. 

2. A market-woman bought a certain number of eggs at 
2 for a penny, and as many others at 3 for a penny ; and 
having sold them all together, at the rate of 5 for 2c^ found 
that she had lost ^di how many of both kinds did she buy ? 

Let 2aj denote the whole number of eggs. 

Then, a; = the number of eggs of each sort. 

Then will, -x = the cost of the first son, 

and, -a? = the cost of the second sort. 

But, by the conditions of the question, 

4a; 
5 : 2a5 : : 2 : --- ; 

5 

4flB 

henoe, -— will denote the amount for which the eggs 
were sold. 
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Bitty by the 



therefore, 16a; + lOa? — 24fl5 = 120; 

X = 120 ; the nmnber of eggs of each sort. 

3. A person possessed a capital of 30,000 dollars, for 
which he received a certain interest ; but he owed the sum 
of 20,000 dollars, for which he paid a certain annual interest. 
The interest that he received exceeded that which he paid 
by 800 dollars. Another person possessed 35,000 dollars, for 
which he received interest at the second of the above rates ; 
but he owed 24,000 dollars, for which he paid interest at the 
first of the above rates. The interest that he received, an- 
nually, exceeded that which he paid, by 310 dollars. Re- 
quired the two rates of interest. 

Let X denote the number of units in the first rate ol 
mterest, and y the uuit in the second rate. Then each may 
be regarded as denoting the interest on $100 for 1 year. 

To obtain the interest of $30,000 at the first rate, denoted 
by Xy we form the proportion, 

,^^ «rvrv^^ 30,000a; 

100 : 30,000 :: X : ' , or 300a. 

And for the interest of $20,000, the rate being y, 

20,000v 
100 : 20,000 : : y : ^ , or 200y. 

But, by the conditions, the difference between these two 
amoxmts is equal to 800 dollars. 

We have, then, for the first equation of the problem, 

300a; — 200y =r 800 
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By expressing, algebraically, the second condition of the 
problem, we obtain a second equation, 

360y — 24005 = 310. 

Both members of the first equation being divisible by 100 
and those of the second by 10, we have, 

305 — 2^ = 8, 35y — 24a5 = 81. 

To eliminate Xy multiply the first equation by 8, and then 
fidd the result to the second ; there results, 

19y = 96, whence, y = 6. 

Substituting for y, in the first equation, this value, and 
that equation becomes, 

835—10 = 8, whence, a; = 6. 

Therefore, the first rate is 6 per cent, and the second 5. 

VKRIFICATION. 

$30,000, at 6 per cent, gives 80,000 X .06 = $1800. 
$20,000, 5 " " 20,000 X .05 = $1000. 

And we have, 1800 — 1000 = 800. 

The second condition can be verified in the same manner. 

4. What two numbers are those, whose difference is 7, 
And sum 38 ? Ans. 13 and 20. 

5. Divide the number 75 into two such parts, that three 
times the greater may exceed seven times the less by 15. 

Ans. 64 and 21. 

6. In a mixture of wine and cider, ^ of the whole plus 25 
gallons was wine, and \ part minus 5 gallons was cider : how 
many gallons were there of each ? 

Ans. 85 of wine, and 35 of dder 

•7 
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7. A bill of £120 was paid in guineas and moidoies, and 
the number of pieces used, of both sorts, was just 100. li' 
the guinea be estimated at 21^, and the moidore at 27«, how 
many pieces were there of each sort ? Ana. 60. 

8. Two. travelers set out at the same time from London 
and York, whose distance apart is 160 miles. One of thera 
travels 8 miles a day, and the other 7 : in what time wiU 
they meet? Ans, In 10 daya 

9. At a certain election, 376 persons voted for two candi- 
dates, and the candidate chosen had a majority of 91 : how 
many voted for each ? 

Aii8. 233 for one, and 142 for the other. 

10. A person has two horses, and a saddle worth £60. 
Now, if the saddle be put on the back of the first horse, it 
makes their joint value double that of the second horse ; 
but if it be put on the back of the second, it makes their 
joint value triple that of the first : what is the value of each 
horse ? Ans, One £30, and the other £40. 

11. The hour and minute hands of a clock are exactly to- 
gather at 12 o'clock : wnen will they be again together? 

Ans. Ih. 6-i^m- 

12. A man and his wife usually drank out a cask of beer 
in 12 days ; but when the man was from home, it lasted the 
woman 30 days : how many days would the man alone be 
in drinking it ? Ans. 20 days. 

18. If 32 pounds of sea-water contain 1 pound of salt, how 
much fresh water must be added to these 32 pounds, in order 
that the quantity of salt contained in 32 pounds of the new 
mixture shall be reduced to 2 ounces, or | of a pound ? 

Afis. 224 lbs. 

14. A person who possessed 100,000 dollars, placed the 
greater part of it out at 5 per cent interest, and the other 
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at 4 per cent. The interest which he recei\ ed for the whole, 
amounted to 4640 dollars. Required the two parts. 

Ana. 164,000 and $30,000. 

15. At the close of an election, the successful candidate 
had a majority of 1600 votes. Had a fourth of the votes of 
the unsuccessful candidate been also given to him, he would 
have received three times as many as his competitor, want- 
ing three thousand five hundred : how many votes did each 
receive? . j 1st, 6500. 

^"^^ I 2d, 5000. 

16. A gentleman bought a gold and a silver watch, and a 
chain worth |25. When he put the chain on the gold watch* 
it and the chain became woith three and a half times more 
than the silver watch ; but when he put the chain on the 
silver watch, they became worth one-half the gold watch 
and 15 dollars over : what was the value of each watch ? 

J j Gold watch, $80. 
^''^' (Silver « $30. 

1 7. There is a certain number expressed by two figures, 
which figures are called digits. The sum of the digits is 11, 
and if 13 be added to the first digit the sum will be three 
times the second : what is the numfeer ? Ana, 56. 

18. From a company of ladies and gentlemen 15 ladies 
retire; there are then left two gentlemen to each lady. 
After which 45 gentlemen depart, when there are left 5 
ladies to each gentleman : how many were there of each at 
first ? J j ^^ gentlemen. 

( 40 ladies. 

19. A person wishes to dispose of his horse by lottery. 
If he sells the tickets at $2 each, he will lose $30 on hi& 
boTpe ; but if he sells them at $3 each, he will receive $30 
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more than his horge cost him. What is the value of the 
horse, and number of tickets? . (Horse, $160. 

( No. of tickets, 60. 

20. A person purchases a lot ot wheat at $1, and a lot of 

rye at 76 cents per bushel ; the whole costing him $117.60. 

He then sells ^ of his wheat and ^ of his rye at the same rate, 

and realizes $27.60. How much did he buy of each ? 

. ( 80 bush, of wheat. 
Ana, 



'■\ 



60 bush, of rye. 

21. There are 62 pieces of money in each of two bags. A 
takes from one, and B from the other. A takes twice as 
much as B left, and B takes 7 times as much as A left. 
How much did each take ? . j ^4, 48 pieces. 

( B^ 28 pieces. 

22. Two persons, A and B^ purchase a house together, 
worth $1200. Says A to j5, give me two-thirds of your 
money and I can purchase it alone ; but, says B to A^'iS 
you will give me three-fourths of your money I shall be able 
to purchase it alone. How much had each ? 

Ans, A, $800 ; J9, $600. 

23. A grocer finds that if he mixes sherry and brandy in 
the proportion of 2 to 1, the mixture will be worth 78«. per 
dozen ; but if he mixes them in the proportion of 7 to 2, he 
can get 79«. a dozen. What is the price of each liquor per 
dozen ? Ana. Sherry, 81«. ; brandy, 72«. 

trquationa containing three or more unknovm quantities 

117. Let us no\i consider equations involving tbr^ or 
more unknown quantities. 
Take the group of simultaneous equations, 



117. Give the role for solving any group of simultaneous eqoatioDfi? 
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5aj — 6y + 42 = 15, . . (1.) 

7aj -h 4y - 325 = 19, . . (2.) 

2aj + y + 6a = 46. ... (3.) 

To eliminate z by means of the first two equations, multi- 
ply the first by 3, and the second by 4 ; then, since the 
coefficients of z have contrary signs, add the two results 
together. This gives a new equation : 

43sB — 2^ = 121 (4.) 

Multiplying the second equation by 2 (a ^tor of the 
coefficient of 2 in the third equation), and adding the result 
to the third equation, we have, 

16a; -f 9y = 84 (6.) 

The question is then reduced to finding the values of x 
and y, which will satisfy the new Equations (4) and (5). 

Now, if the first be multiplied by 9, the second by 2« and 
the results added together, we find, 

41te = 1257 ; whence, as = 3. 

We might, by means of Equations (4) and (5) deter- 
mine y^ in the same way that we have determined x ; but 
the value of y may be determined more sunply, by substi- 
tuting the value of a; in Equation ( 5 ) ; thus, 

48 + 9y = 84. . • . y = — '^ = 4. 

In the same manner, the first of the three given equation^) 
becomes, by substituting the values of x and y, 

15 - 24 + 4« = 15 .•. « = ?/^ = 6. 

In the same way, any group cf simultanbous equations 
may be solved Hence, the 
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Kiri*S. 

L Ccmbmt one equation of the group with each of iht 
otherey by dominating one unknown quantity ; there wUk 
reeuU anew group eoniaining one equation le»s than the 
original group: 

IL Combine one equation of this new group with earh 
cf the others^ by eUndnating a second unknown quantity; 
there will resuUanew gro^ eoniaining two equations less 
than the original group: 

TEL Continue the operation until a single equation is 
founds containing but one unknown quantity: 

TV. Find the value of this unkiwwn quantity by the 
preceding rules ; substitute this in one of the group of 
two equations, and find the value of a second unknown 
quantity; substitute these in either of the group of thrte^ 
finding a third unknown quantity ; and so on, till the 
values ofaU are found 

Notes. — 1. In order that the yalne of the unknown quan> 
titiefl maj be determined, there must be just as manj inde- 
pendent equations of condition as there are unknown quan- 
tities. If there are fewer equations than unknown quantities, 
the resulting equation will contun at least two unknown 
quantities, and hence, their values cannot be found (Art. 1 10). 
If there are more equations than unknown quantities, the 
conditions maybe contradictory, and the equations impossible. 

2. It often happens that each of the proposed equations 
does not contain all the unknown quantities. In this ca^e, 
with a little address, the elimination is very quickly per- 
formed. 

Take the four equations involving four unknown qnanti 
ties: 

2flj - 8y + 225 = 13. (1.) 4y + 22 = 14. (8.) 

4tt - 2aj =r 80. ( 2.) 6y + 3w = 82. ( 4.) 
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By inspectiiig these equations, we see that the eluninatioii 
of z m the two Equations, ( I ) and ( 3 ), will give an equa- 
tion involving x and y\ and if we eliminate u in Equa- 
tions ( 2 ) and ( 4 ), we shall obtain a second equation, in* 
volving X and y. These last two unknown quantities may 
therefore be easily determined. In the first place, the 
elimination of z from ( 1 ) and ( 8 ) gives, 

7y — 205 = 1 ; 

That of u from (2) and (4) gives, 

20y + 605 = 88. 

Multiplying the first of these equationfi by 8, and adding, 

41y = 41; 

Whence, y = 1. 

Substituting this value in 7y — 2aj = 1, we find, 

a; = 8. 

Substituting for x its value in Equation (2 ), it becomes 

4w — 6 = 30. 

WTience, w = 9. 

And Bobstituting for y its value in Equation (8), thero 
re6nlt6, 

2 = 5. 

BZAMPLBS. 



r «+ y4- 2 = 29' 

, n- J a? + 2y + 3a = 62 
1. Giv^en •< , , , > 



2« + 3^ + :^ = 10 



to find as, y, and a 



1.1.1 

Ana, 05 = 8, y = 9, e = 12. 
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2. Given 



> to find Xy y^ and z. 



2a5 4- 4y — 32 = 22 
4a5 — 2y -f 625 = 18 
6aj + 7y — 2 = 63 ^ 

Arts. 05 = 3, y zr: '^^ « = 4. 



"^ 2^ 3 



32 



3. Given \\x + \y -^\z =^ n 

o 4 5 



1.1 1 

^« + gy + -2 = 



12 



> to find X, y, and 2 



-47W. a; =r 12, y = 20, 2 = 30, 

rx + y + z = 29J^ 
:. Given -( aj 4- y — 2 = 18J V to find aj, y, and 2. 
I aj - y + 2 = 13} J 

Ans. a; = 16, y = 7}, 2 = 5^ 

3ai -f 6y = 161 ^ 
6. Given -{ Yas + 22 = 209 > to find a;, y, and 2. . 
2y + 2 = 89 J 

Ans. aj = 17, y = 22, « = 4li. 



n 1 

- + - = a 



6. Given •< 



» to find a^ y, and 2. 



? + ! = * 

a; 2 

- +- = c 

y « 
2 '_ 2 _ 



b+c-^a 



Note. — ^In this example we should not proceed to clear 
the equation of fractions; but subtract immediately the 
second equation from the first, and then add the third : we 
thus find the value of y. 
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PROBLEMS. 

1. Divide the number 90 into four such parts, that the 
first increased by 2, the second diminished by 2, the third 
multiplied by 2, and the fourth divided by 2, shall be equal 
each to each. 

Ti^ problem may be easily solved by introducing a new 
unknown quantity. 

Let Xy 1/j Zy and Uj denote the required parts, and desig- 
nate by m the several equal quantities which arise from tho 
conditions. We shall then have, 

u 
a5-h2=m, y — 2 = m, 22 = m, -=m. 

From which we find, 

a;=:m — 2, y=:m+2, 2 = —, w = 2nk 

And, by adding the equations, 

vn 

as + y-h2-hw = m-hm + — + 2m = 4Jm. 

And since, by the conditions of the problem, the first 
member is equal to 90, we have, 

4|m = 90, or fm = 90; 

hence, m = 20. 

Having the value of m, we easily find the other values; 

viz.: 

85 = 18, y = 22, 2 = 10, u = 40. 

2. There are three ingots, composed of dijfferent metals 
mixed together. A pound of the first contains 7 ounces of 
silver, 3 ounces of copper, and 6 of pewter. A pound of 
the second contains 12 ounces of silver, 3 ounces of copper, 
and 1 of pewter. A pound of the third contains 4 ounces 
of silver, 7 ounces of copper, and 5 of pewter. It is required 

7* 
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ta find how much it will take of each of the three ingots to 
form a fouith, which shall contain in a pound, 8 ounces of 
silver, 3J of copper, and 4J of pewter. 

Let QSj y^ and 2, denote the number of oiuices which it 
is necessary to take from the three ingots respectively, in 
order to form a pound of the required ingot. Since there 
are 7 ounces of silver in a pound, or 16 ounces, of the first 
ingot, it follows that one ounce of it contains ^ of an ounce 
of silver, and, consequently, in a number of ounces denoted 

by 85, there is -- ounces of silver. In the same manner, 

16 

we find that, --^, and — -, denote the number of ounces 
' 16 ' 16 

of silver taken from the second and third ; but, from the 

enunciation, one pound of the fourth ingot contains 8 ounces 

of silver. We have, then, for the first equation, 

16 ^ 16 16 * 

or, clearing fractions, 

*lx + 12y + 4a = 128. 

As respects the copper, we should find, 

335 -f Zy -h V2 = 60 ; 
and with reference to the pewter, 

6a5 + y -f 62 = 68. 

As the coefficients of y in these three equations are the 
most simple, it is convenient to eliminate this unknown 
quantity first. 

Multiplying the second equation by 4, and subtracting the 
first from it, member from member, we have, 

to + 242 s 112. 
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Multiplying the third equation by 3, and subtracting the 
second from the resulting equation, we have, 

16a; +825 = 144. 

Multiplying this last equation by 3, and subtracting the 
preceding one, we obtain, 

40aj = 320; 
whence, a? = 8. 

Substitute this value for. as in the equation, 

15as + 8s; = 144 ; 
it becomes, 120 + Qz = 144, 

whence, g = 8. 

Lastly, the two values, as = 8, s = 3, being substituted 
in the equation, 

6a5 -f y + 6a = 68, 

give, 48 4- y + 16 = 68, 

whence, y = 6. 

Hierefore, in order to form a pound of the fourth ingot, 
we must take 8 ounces of the first, 6 ounces of the second, 
and 3 of the third. 

YEBIFICATION. 

If there be 7 ounces of silver in 16 ounces of the first 
ingot, in eight ounces of it there should be a number of 
ounces of silver expressed by 

7x8 

-l6"- 
In like manner, 

12 X 6 ,4x8 

• and . 

16 • 16 • 

will express the quantity of silver contained in 6 ounces of 
the second ingot, and 8 ounces of the third. 
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Now, we have, 

7X8 12 X 6 4 X 3 128 
16 ^ 16 ^ 16 16 • 

therefore, a pound of the fourth ingot contaius 8 ounces of 
silver, as required by the enunciation. The same conditions 
may be verified with respect to the copper and pewter. 

3. A^8 age is double -S'd, and J9'« is triple of C% and the 
sum of all their ages is 140 : what is the age of each ? 

Am. A'8 = 84; B^a = 42; and 0^8 = 14. 

4. A person bought a chaise, horse, and harness, for £60 ; 
the horse came to twice the price of the harness, and the 
chabe to twice the cost of the horse and harness : what did 
he give for each ? ( £13 68, Sd. for the horse. 

Ana. < £6 13^. 4d. for the harness. 
( £40 for the chaise. 

5. Divide the number 36 into three such parts that ^ of 
the first, ^ of the second, and ^ of the thii*d, may be all 
equal to each other. Ana, 8, 12, and 16. 

Q, If A and JB together can do a piece of work in 8 days, 
A and C together in 9 days, and JB and G in ten days, how 
many days would it take each to perform the same work 
alone? Ana, A, 14J^; JB, \1\\\ (7, 23/r. 

7. Three persons, -4, J9, and (7, begin to play together, 
having among them all $600. At the end of the first game 
A has won one-half of JB'a money, which, added to his o\vn, 
makes double the amount B had at first. In the second 
game, A loses and J9 wias just as much as C had at the be- 
ginning, when A leaves off with exactly what he had at first i 
now much had each at the begiuning ? 

Ana, A, $300 ; J?, $200 ; $100. 

8. Three persons. A, i?, and (7, together possess $3640. 
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II* Ji gives A $400 of his money, then A will have $320 
more than JB\ but if B takes $140 of G^s money, then B 
and C williave equal sums : how much has each ? 

Ana. Aj $800 ; B, $1280; Gj $1560. 

9. Three persons have a bill to pay, which neither alone 
is able to discharge. A says to J?, " Give me the 4th of 
your money, and then I can pay the bill." B says to G 
" Give me the 8th of yours, and I can pay it." But G says 
to Ay " You must give me the half of yours before I can 
pay it, as I have but $8 " : what was the amount of their 
bill, and how much money had A and B ? 

J j Amount of the bill, $13. 
•(^ had $10, and J? $12. 

10. A person possessed a certain capital, which he placed 
out at a certain interest. Another person, who possessed 
10000 dollars more than the first, and who put out his capital 
1 per cent, more advantageously, had an annual income 
greater by 800 dollars. A third person, who possessed 
15000 dollars more than the first, putting out his capital 2 
per cent, more advantageously, had an annual income greater 
by 1500 dollars. Required, the capitals of the three per- 
sons, and the rates of interest. 

J j Sums at interest, $30000, $40000, $45000. 
* ( Rates of interest, 4 5 6 pr. ct. 

11. A widow receives an estate of $15000 fi*om her de- 
ceased husband, with directions to divide it among two sons 
and three daughters, so that each son may receive twice as 
much as each daughter, and she herself to receive $1000 
more than all the children together : what was her shai*e, 
and what the share of each child ? 

The widow's share, $8000 

Ans. ^ Each son's, $2000 

Each daughter's, $1000 
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12. A certain sum of money is to be divided between 
three persons, -4, j5, and (7. -4. is to receive $3000 less 
than half of it; B $1000 less than one-third parfi; and G to 
receive $800 more than the fourth part of the whole : what 
\A the sum to be divided, and what does each receive ? 

Sum, $38400. 

A receives $16200 
$11800. 
$10400. 



Ans. 



I jB. recer 
I C « 



13. A person has three horses, and a saddle which is worth 
$220. If the saddle be put on the back of the first horse, it 
will make his value equal to that of the second and third ; 
if it be put on the back of the second, it will make his value 
double that of the first and third ; if it be put on the back 
of the third, it will make his value triple that of the first 
and second : what is the value of each horse ? 

Ana. 1st, $20; 2d, $100; dd, $140. 

14. The crew of a ship consisted of her complement of 
sailors, and a number of soldiers. There were 22 sailors to 
every three guns, and 10 over ; also, the whole number of 
hands was five times the number of soldiers and guns to- 
gether. But after an engagement, in which the slain were 
one-fourth of the survivors, there wanted 5 men to make 
18 men to every two guns: required, the number of guns, 
soldiers and sailors. 

Ans. 90 guns, 55 soldiers, and 670 sailors. 

15. Three persons have $96, which they wish to divide 
equally between them. In order to do this, A^ who has the 
most, gives to B and C as much as they have already ; then 
B divides with A and C in the same manner, that is, by 
giving to each as much as he had after A had divided with 
them * C then makes a division with A and By when it !£ 
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found that they all have equal gums : how much had each 
at first? ^n^. 1st, $52; 2d,|28; 3d, $16. 

16. Divide the number a 'into three such parts, that the 
first shall be to the second as m to n, and the second to the 
third 9S pto q. 

amp anp cmq 

a = — , V = ^ , z = -^, — 

mp-hnp+nq ^ mp-^-np-hnq mp-^np-\-nq 

17. Three masons, A^ j9, and (7, are to build a wall. A 
and B together can do it in 12 days ; B and (7 in 20 days ; 
and A and (7 in 15 days : in what time can each do it alone, 
and in what time can they all do it if they work together ? 

Ans, ^ in 20 days; JS, in 80 ; and C, m 60 ; all« in 10. 
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CHAPTER VX 



FORMATION OF POWEBB 



118. A Power of a quantity b the product obtained by 
taking that quantity any number of times as a factor. 

If the quantity be taken once as a &ctor, we have the first 
power;, if taken twice, we have the second power; if three 
times, the third power; if n times, the n*^ power, n being 
any whole number whatever. 

A power is indicated by means of the exponential mgn 

thus, 

a = a^ denotes first power of a.* 

axa = a^ " square, or 2d power of a* 

a x-a xa = a^ " cube, or third power of a. 

axaxaxa = a* " fourth power of a. 

axaxaxaxa = a^ " fifth power of a. 

axaxaxa..,. = cT " m** power of a. 

In every power there are three things to be considered : 

1st. The quantity which enters as a factor, and which is 
called the first power. 

2d. The small figure which is placed at the right, and 
a little above the letter, is called the exponent of the 

* ffinoe a* ~ 1 (Art 49^ a* X a = 1 X a = a^ ; so that the two 
fiictors of a\ are 1 and a. 

{18. What is a power of a quantity? What is the power when tbc 
quantity is taken once as a factor ? When taken twice ? Three times * 
n times? How is a power indicated ? In every power, how many thingp 
are ooncidered ? Kame them. 
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power, and shows how many trmes the letter enters as a 
&ctor. 

3d. The power itself which is the final product, or result 
of the multiplications. 

POWERS OF MONOMIALS, 

1 19. Let it be required to raise the monomial 2aW to 
the fourth power. We have, 

{2a^h^Y = 2a3ft2 x 2a^li^ X 2a^l>^ x 2a3^, 

which merely expresses that the fourth power is equal to 
the product which arises from taking the quantity four 
times as a factor. By the rules for midtiplication, this pro- 
duct is 

from which we see, 

1st. That the coefficient 2 must be raised to the 4tii 
power; and, 

2d. That the exponent of each letter must be multiplied 
by 4, the exponent of the power. 

As the same reasoning applies to every example, we havp., 
for the raising of monomials to any power, the foUowmg 

RULE. 

I. liaise the coefficient to the required power : 

n. Multiply the ea^on^ent of each letter by the eotpaneni 
of the power, 

BXAMPLBS. 

1. What is the square of 3ah/^ ? Ans. 9ay 

119. What is the rule for raising a monomial to any power ? Wheo 
the monomial is poritiye, what will be the sign of its powers ? Wheo 
negatiyey what powers will be plus? what minus? 
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2. What is the cube of ea^f/^? A718, 216a^yaj* 

3. What is the fourth power of 2aV*°^ lOa^^yw^M 

4. What is the square of a^b^y^ ? Ana. a*6^y, 

6 Wliat is the seventh power of a^bcd^? 

Am. a^^Vc'd^' 

fl. What is the edxth power of a^b^c^d? 

Ana. a^^b^^c^\ 

) What is the square and cube of — 2a^V^^ 

Square. Cube. 

— 2a^b^ - 2a^b^ 

— 2a^b^ - 2aW 



+ 4a*ft*. 4- 4a*6* 

- 2a2J» 



— 8a«5«. 



By observing the way in which the powers are formed^ 
we may conclude, 

1st. When the monomial ia poaitivey all the powera wiU 
be poaitive. 

2d. W7i£n the monomial ia negative^ all even powera tmll 
bepoaitivey and aU odd will be negative. 

8. What is the square of — 2a*ft* ? Ana. 4a»ft*«. 

9. What is the cube of — ba*b^ ? Ana. — I25a^lfi. 

10. What is the eighth power of — a^* ? 

Ana. + a^a^y^* 

11. What is the seventh power of — a^ft*c ? 

Ana. — a^^V^d^ 

12. What is the sixth power of 2ab^y^ ? 

Ana. 64a«yV* 
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18. What is tne ninth power of — a»^ ? 

Am. - a»«ft»c". 

14. What is the sixth power of — Zail^d ? 

Arts. 1'l^c^JA^d\ 

16. What is the square of — lOa"'^"^^ ? 

16. What is the cube of - 9a-5*jy^? 

Am. — 729a3-53^rfy», 

17. What is the fourth power of — 4a*5V(?* ? 

Am. 256a205^2c"rf» 

18. What is the cube of - 4a«"52-c3rf? 

Am. — 64a«*5««c»df* 

19. What is the fifth power of 2a^Vhcy ? 

Am. 32a«fti«{B«y«. 

20. What is the square of 20«"jrc*? Am. 400a?y^c^^. 

21. Wliat b the fourth power of Za*b^*c^^ 

Am. 81a^*b^*c^\ 

22. What is the fifth power of — c*d^^^y^ ? 

Am. — c*"^i*^i®y^^ 

23. What is the sixth power of — a"ft2«c« ? 

24. What is the fourth power of — 2a^(^d\ 

Am. 16aVrf». 

POWBES OF FBACnONB. 

IfiO. From the definition of a power, and the rule for 
the multiplication of fractiors, the cube of the fraction -zj is 

written, 

(ay _ a a a ^ a^ 



IdO. What ia the rale for raismg a fraction to any pow«r 9 
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and sinGe any fraction raised to any power, may be written 
under the same form, we find any power of a fraction by 
the following 

BULB. 

liaise the nv/me/rator to the required power for a new 
numereUoTj and the denominator to the required power fof 
a new denominator. 

The rule for signs is the same as in the last article. 

BXAMPLBS 

Find the powers of the following fractions . 

- {£}'■ -- .^• 

^ I dxV . d^ 

8. Poarth power of ^^ Am. -^. 

9. Cube of '"-^. Am. '^Z^lT^lZK- 

x + y x^ + 8aj^ + Say* + y* 



\ 
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10. Fourth power of • Ana. ,^ ., .^ 

11. Fifth power of — tt-th* -4^* - o^ K,^n ' 

POWEES OF BINOMIALS. 

Id] • A Binomial, like a monomial, may be raised to any 
power by the process of c<Mitinued multiplication. 

1. Find the fifth power of the binomial a 4- ft. 

a + ft Ist power, 

3 + ft 
a^ -h oft 
+ oft 4- 6^ 

a^ + 2aft -h ft* 2d power. 

g -h ft ^ 

a3 + 2a2ft + oft* 

4- a^b 4- 2aft* + ft^ 

a3 +- 3a2ft + 3aA2 -f- ft^ . . . . 8d power. 

g 4- ft 

g* + 3a3ft 4- 3a2ft« 4- gft^ 

4-' g^ft 4- 3ggft» 4- Sgft^ 4- ft* 
g* -T 4a3ft 4- ^a^h^ 4- 4gft3 4- ft* 4th power. 

g 4- ft 

g« 4- 4g*ft 4- ea^ft* 4- 4g2ft3 -(- aft* 

4- q*ft 4- 4g3ft» 4- Bg^ft^ -h 4gft^ 4- ft* 
g» 4- Sg'ft 4- 10g3ft2 4- lOg^ft^ -h 6gft* 4- ft* Am. 

12T. How may a bicomial be raised to any power? 

122. How does the number of multiplications compare with the ex 
ponent of the power ? If the exponent is 4, what is the number of 
mtiltiplicationfl? How many when it is m? How many things are oocv 
sidered in the raising of powers ? Name them. 
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NoTB. — laa. It will be observed that the number oi 
mnltiplioations is always 1 less than the units in the expo 
nent of the power. Thus, if the exponent is 1, no multipli- 
cation is necessary. K it is 2, we multiply once ; if it is 3, 
twice ; if 4, three times, Ac. The powers of polynoraialf 
may be expressed by means of an exponent. Thus, to 
egress that a -^ b is to be raised to the 5th power, we 

write 

(a 4- 6)*; 

if to the mth power, we write 

(a + *)*. 

2. Find the 5th power of the binomial a — b. 

a " b .1st power. 

a — b 



a^ -- ab 

- oft -h »* 

a' — 2ab -f- ft* ....... 2d power. 

a - 6 

a3 - 2a^b 4- ab^ 

- a^b 4- 20^2 - ft3 

a^ ^ 3a2j 4- sab^ - ^ .... 8d power. 
a — b 

^4 _ 3^3^ ^ 3^2J2 _ ab^ 

— a^b H- Sa^b^ - SaP 4- b" 

«4 _ 4^3 J ^ 5cr2^2 _ 4^^3 ^ ^4 . 4th power. 
a -b 

a^ — 4a*5 4- 6a3ft2 _ 4a^^ 4- a^* 

— a^b + 4a3*2 ~ 60^^ 4- ^ab* - ^ 

a« — 5a*6 4- lOa^J* — lOa^b^ 4- 6a^ — *" -An« 
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In the same way the higher powers may be obtained. By 
examining the powers of these binomials, it is plain that four 
thmgs must be considered : 

1st. The number of terms of the power. 
2d. The signs of the terms. 
3d. The exponents of the letters. 
4th. The coefficients of the terms. 

Let us see according to what laws these are formed. 

Of the Terms. 

193. By examining the several multiplications, we shall 
observe that the first power of a binomial contains two terms; 
the second power, three terms ; the third power, four terms ; 
the fourth power, five ; the fifth power, six, &c. ; and hence 
we may conclude : 

TJhot the number of terms in any power cf a biriomial, 
is ffrecUer by one than the es^onent of the power. 

Of the Signs of the Terms. 

Id4. It is evident that when both terms of the given 
binomial are plus, cUl the terms of the power wiU be plus. 

K the second term of the binomial is negative, then ali 
the odd termSy cou7ited from the lefty wiU be positive^ and 
qU the even terms negative. 



128. How many terms does the first power of a biuomialcontidn? The 
second It The third ? The nth power ? 

124. If both terms of a binomial are posittre, what will be the signe 
of the tenns of the power ? If the second term is nrigative, how are the 
signs of the terms ? 



»m» 
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Of the .Exponents. 

The letter which occupies the first place in a bino- 
TiiaL is called the leading letter. Thus, a is the leading 
letter in the binomials a -{- b^ and a — b. 

Ist. It is evident that the exponent of the leading lettei 
in the first term, will be the same as the exponent of the 
power; and that this exponent will diminish by one in each 
term to the right, until we reach the last term, when it will 
be (Art. 49). 

2d. The exponent of the second letter is in the first 
term, and increases by one in each term to the right, to the 
last term, when the exponent is the same as that of the given 
power. 

3d. The sum of the exponents of the two lettera, in any 
term, is equal to the exponent of the given power. This 
last remark will enable us to verify any result obtained by 
means of the binomial formula. 

Let us now apply these principles in the two following 
exaiaples, in which the coefficients are omitted : 

(a -{- by . . . a« -h a^b -h a^b^ -h a^^ + a^b* + a*« 4- b\ 
{a — by . . . a« - a^b + a*b^ - a^^ -h a^b* - abP -^ ¥. 

As the pupil should be practised in writing the terms with 
their proper signs, without the coefficients, we will add a 
few more examples. 

126. Which is the leading letter of a binomial ? What io the exponent 
of this letter in the first term ? How does it change in the terms towards 
the right ? What is the exponent of the second letter in the second term I 
How does it change in the terms towards the right f What is it in the 
last term ? What is the sum of the exoonents in any term equal to ^ 
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1. (a + by . . a-'-^a^b+ab^ f b\ 

2. {a -by. . a^-a^b-^-a^b^-^ ab^ + b*. 

3. (a + by . . a'^+a^b+a^b^'\-a^b^'\'ab* + b^. 

4. (a —by . • a'— a6^+a5^2__^4^3_|.^3^*__^2^5^^6_5o 

Of the Coefficients. 

126. The coefficient of the first term is 1. The coeffi 
cient of the second term is the same as the exponent of the 
given power. The coefficient of the third term is foimd by 
multiplying the coefficient of the second term by the expo- 
nent of the leading letter in that term, and dividing the 
product by 2. And finally : 

If the coefficient of any term Oe mvltiplied by the expo- 
nent of th£ leading letter in that term^ and the product 
divided by the number which m^irks the plaice of the term, 
from the lefty the quotient wiU be the coefficient of the 
n£xt term. 

Thus, to find the coefficients in the example, 

{a-by . . . a''- a^b + a^b^- a*^3-|- a^b*- a^¥ -h aJ«— b\ 

we first place the exponent 7 as a coefficient of the second 
term. Then, to find the coefficient of the third term, we 
multiply 7 by 6, the exponent of a, and divide by 2. The 
quotient, 21, is the coefficient of the third terra. To find the 
coefficient of the fourth, we multiply 21 by 6, and divide 
the product by 8 ; this gives 35. To find the coefficient of 
the fifth term, we multiply 35 by 4, and divide the product 
by 4 ; this gives 35. The coefficient of the sixth term, found 

126. What is the coefficient of the first term ? What is the coefficient 
of the second term ? How do you find the coefficient of the third term 
How do yon find the coefficient of any term ? What are the coefficients 
of the first and last terms ? How are the coefficients of the exponent? 
of any t^o terms equally distant from the two extremes? 
P 
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in the same way, is 21 ; that of the seventh, 7 ; and that 6t 
the eighth, 1. Collecting these coefficients, 

(a - by = 

tf ~ l€^b -I- 2la^b^-S5a'b^ + Sba^b* - 21aW -h lab* — b\ 

NoTB.-^We see, in examining this last resnlt, that the 
co^cimts of the extreme terms are each 
ooefficienta of terms eguaUy distant from^ti 
are e^^ual. It will, therefore, be sufficient to 
dents of the first half of the terms, and fronP^hese the 
others may be immediately written. 




f ^ 



BXAMPLBS A 

1. Find the fourth power of a -f- & 



Ans. a^ + 4a^b + eaW^ MMM ¥. 

2. Find the fourth power ot a — b. y \ ™ 

Ans. «♦ — .4a3A ^ %a^^ — mO^ + ft*. 

8. Find the fifth power of a + Z>, '^ I. 

Ans. a* + 5a*ft + lOa^ft^ -f lOa^K -f 6W« -h 6^. 

4. Find the fifth power of a — ft. J 

Ans. a* - 5a*ft + \OaW — lOfe^ft^-l- %fih — ft*. 

5. Find the sixth power of a -|- ft, 

a« + 9a*ft + 15a*ft2 + ^OaW + 16a'6^ + 6a6* + ft*. 

d. Find the sixth power of a — ft. 

a« — 6a«ft + 15a*ft2 - 20a3ft3 + 15fl^A< — 6aft* + ft*. 

1^7. When the terms of the binomial have coefficients, 
we may still write out any power of it* by means of the 
Binomial Formula. 

7. Let it be required to find the cube of 2r + 8<2» 
(a + by = a» + Sa^ft -f 8aft» + fts 



/ 



1 
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Here, 2c takes the place of a Id the formiila, and Zd the 
place of b. Hence, we have, 

(2(5+3€?)3 = (2c)3+3.(2c)2.3c^+3(2c)(3<^)»+(3€?)3 . (1.) 

and by performing the indicated operations, we have, 

(2c + 3rf)3 = 8c3 + 36c2rf 4- ^^cd^ + ^*id\ 

, 11 we examine the second member of Equation ( 1 ), we 
see that each term ib made up of three &ctors: 1st, the 
numerical factor; 2d, some power of 2c; and 3d, some 
power of Sd. The powers of 2c are arranged in descend- 
ing order towards the right, the 1^ term involving the 
power of 2c or 1 ; the powers of 3d are arranged in ascend- 
ing order from the first term, where the power enters, to 
the last term. 

The operation of raising a binomial involving coefficients, 
is most readily effected by writing the three fectors of each 
term in a vertical colmnn, and then performing the multipli* 
cations as indicated below. 

Find, by this method, the cube of 2c + Bd. 

OPBRATION. 

1-1-3 +3 +1 Coefficients, 
8c* + 4c' 4- 2c 4- 1 Powers of 2c 
1 + 3ef -\- 9d^ + 27^3 Powers of 3d 



(2c + dy = 8c3 + 36c^d -\- h4cd^ -f 2ld^ 

The preceding operation hardly requires explanation. In 
the first line, write the numerical coefficients corresponding 
to the particular power ; in the second line, write the de* 
Bcending powers of the leading term to the power ; in the 
third line, write the ascending powers of the following term 
from the power upwards. It will be easiest to commence 



-H 4 


-f 1 


-1- 3a*c 


+ 1 


- 8b^d^ 


+ leb^d . 
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the second line on the right hand. The moltiplicatioD fihonld 
be performed from above, downwards. 

8. Find the 4th power of 3a*« — 2bd. 

{a -h by = a* + 4a^b 4- ^a^b^ 4- ^ah^ -h **. 

1+4 +6 

81 aV + 27a«c« + 9a*c» 
1 - 2ftc? + ^b^d^ 

91aV — 216aVftc?+ 216aV52c?2 — Wa^cb^d^ -f 16i*rf*.* 

9. Wliat is the cube/)f Saj ~ 6y ? 

-4m. 27a^ — 162a?^ + 824ay» - 216y». 

10. What is the fourth power of a — 3ft? 

Am. a* — 12a3ft 4- 64a2^2 — lOSab^ + 81ft*. 

11. What is the fifth power of c — 2d? 

Ans. c* - 10c* J + 40c3J2 - BOc^d^ + 80c J* — 32i^*. 

12. What is the cube of 5a — 3d? 

Ans, 125a3 — 225a'J + lS5ad^ - 21d\ 



*TUs lDg<SDloiis method of writing fhe development of e binomial is doe to 
Vta^^aoar Wixxiam O. Fkuc, of Oolombta Oollege. 
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CHAPTER Vn. 

SQUABB BOOT. BADICAL8 OF THB 8BC0ND 

DBGBBB. 

Id8. Thb Squarb Root of a number is one of its two 
equal Actors. Thus, 6 x 6 = 36 ; therefore, 6 is the square 
root of 36. 

The symbol for the square root, is ^ , or the fractional 
exponent \ \ thus, 

^o, or a I 

indicates the square root of a, or that one of the two equal 
&ctors of a is to be found. The operation of finding such 
£ictor is called, Extracting the Sqicare Hoot. 

129. Any number which can be resolved into two equal 
irUegrcU factors^ is called Sk perfect square. 

The following Table, verified by actual multiplication, in- 
dicates all the perfect squares between 1 and 100. 

TABLB. 

1, 4, 9, 16, 25, 36, 49, 64, 81, 100, squares 
1, 2, 3, 4, 5, 6, 7, 8, 9, 10, roots. 

128. What is the sqnare root cf a number ? Whs is the operation of 
finding the equal &ctor called ? 

129. What is a perfect square ? How manj perfect squares are there 
between I and 100, incHding both numbers ? What are they? 



174 BLBMBNTABY ALOBBBA. 

We may employ this table for finding the sqaare root of 
any peifeet square between 1 and 100. 

Look for the number in the first line; if it is found 
there^ its square root toiU be found immediately under it» 

If the given number is less than 100, and not a perfect 
square, it wiUfaU between two numbers of the upper line^ and 
its square root wiU be found between the two numbers directly 
bdow ; the lesser of the two wHl be the entire part of the 
rootj and wiU be the true root to within less than 1. 

Thus, if the given number is 55, it is found between the 
perfect squares 40 and 64, and its root is 7 and a decimal 
fraction. 

NoTB.— There are ten perfect squares between 1 and 100, 
if we include both numbers ; and eight, if we exclude both. 

If a number is greater than 100, its square root will be 
greater than 10, that is, it will contain tens and units. Let 
N denote such a number, x the tens of its square root, and 
y the imits; then will, 

i\r = (a? + y)2 = aj» + 2a5y + .y' = «=* + (2a; -h y)y. 

That is, the number is equal to the square of the tens in its 
roots, plus twice the product of the tens by the units^ plus 
Oie square of the units. 

BXAMPLB. 

1. Extract the square root of 6084. 

Since this number is composed of more than 
two places of figures, its root will contsdn more 60 84 

than one. But since it is less than 10000, which 
is the square of 100, the root will contain but two figures* 
that is, units and ten& 
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Now, the square of the tens must be found in the two 
left-hand figures, which we will separate from the other two 
by pnttiag a point over the place of units, and a second over 
the place of hundreds. These parts, of two figures each, 
are called periods. The part 60 is comprised between the 
two squares 49 and 64, of which the roots are 1 and 8 ; hence^ 
7 eaepresses the number of tens sought ; and the required 
root is composed of *l tens and a certain number of units. 

The figure *l being found, we 
write it on the right of the given 60 84 

number, from which we separate 40 



78 



it by a vertical line : then we 7 X 2 = 14 8 1 118 4 
subtract its square, 49, from 60, 118 4 

which leaves a remainder of 11, 

to which we bring down the two 

next figures, 84. The result of this operation, 1184, con- 
tains twice the product of the tens by the units^ plus the 
square of the units. 

But since tens multiplied by units cannot give a product 
of a less unit than tens, it follows that the last figure, 4, can 
tbrm no part of the double product of the tens by the units , 
this double product is therefore found in the part 118, which 
we separate from the units' place, 4. 

Now if we double the tens, which gives 14, and then 
divide 118 by 14, the quotient 8 toiU express the unitSy or a 
number greater than the units. This quotient can never be 
too small, since the part 118 will be at least equal to twice 
the product of the tens by the units ; but it may bo too 
large, for the 118, besides the double product of the tens by 
the units, may likewise contain tens arising from the square 
of the units. To ascertain if the quotient 8 expresses the 
right number of units, we write the 8 on the right of the 14, 
wliich gives 148, and then we multiply 148 by 8. This 
multiplication being effected, gives for a product, 1 1 84. a 
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number equal to the result of the first operation. Hav* 
ing subtracted the product, we find the remainder equal 
to ; hence, 78 is the root required. In this operation, 
we form, 1st, the square of the tens; 2nd, the double 
product 01 the tens by the units; and 3d, the square of 
the units. 

Indeed, in the operations, we have merely subtracted froip 
the given number 6084 : 1st, the square of 7 tens, or of 70; 
2d, twice the product of 70 by 8 ; and, 3d, the square of 8 ; 
that is, the three parts which enter into the composition of 
the square, 70 + 8, or 78 and since the result of the sub- 
traction is 0, it follows tha'j 78 is the square root of 6084. . 

130« The operations in the last example have been per- 
formed on but two periods, but it is plain that the same 
methods of reasoning are equally applicable to larger num- 
bers, for by changing the order of the units, we do not 
change the relation in which they stand to each other. 

Thus, in the number 60 84 95, the two periods 60 84, 
have the same relation to each other as in the number 
60 84 ; and hence the methods used in the last example are 
equally applicable to larger numbers. 

131. Hence, for the extraction of the square root of 
nnmbers, we have the following 

BULB. 

I. Point off the given number into periods of VuoofigwreA 
edch^ beginning at the right hand: 

n. Note th^ greatest perfect square in the first period on 
the left^ and place its root on the rights after the manner of 

ISl. Giye the rule for the extraction of the square toot of numbers? 
What is the first step ? What the seccmd ? Whal the third ? What the 
fourth ? Wliat the fifth ? 
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a q^iotient in division ; then Bvhtract the square of this 
root from the first period^ and bring down the^ second period 
for a remainder : . 

HL Double the root already founds and fiance the restdi 
on the left for a divisor. Seek how mayty times the divisor 
is cofUained in the remainder j exclusive of the right-hand 
figure^ and place the figure in the root and also at the right 
of the divisor : 

rV. Midtiply the divisor^ thus augmented^ by the last 
figure of the rootj and subtract the product from the re- 
mainder^ and bring down tlte next period for a new remaUir 
der. But if any of the products should be greater than 
the remainder^ diminish the last figure of the root by one : 

Y. DoutiU the whole root already founds for a n0w di- 
visor^ and continue the operation as b^ore^ until aU the 
periods are brought down. 

132. NoTB. — 1. I^ after all the periods are brought 
dowiij there is no remainder, the given number is a perfect 
square. 

2. The number of places of figures in the root will always 
be equal to the number of periods into which the given 
number is divided. 

3. If the given number has not an exact root, there will 
be a remainder after all the periods are brought down, in 
which case ciphers may be annexed, forming new periods, 
for each of which there will be one decimal place in the root. 



132. What takes placo when the ^Tec number is a perfect square ? 
now many places of figures will there be in the root? If the given num- 
ber is not a perfect square, ^hat may be done after all the periods are 
brought dowu f 
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EZAMlPLES. 

1. What is the square root of 36729 ? 



In this example there are 
two periods of decimals, 
and, hence, two places of 
decimals in the root. 



3 67 29 191.64+ 
1 



29 



267 
261 



381 


629 
381 


382 6 


24800 
22956 


3832 4 


184400 
163296 



31104 Rem. 



2. To find the square root of 7225. 

3. To find the square root of 17689. 

4. To find the square root of 994009. 

5. To find the square root of 85673636. 

6. To find the square root of 67798756. 

7. To find the square root of 978121. 

8. To find the square root of 956484. 

9. What is the square root of 36372961 V 
10. What is the square root of 22071204 ? 
n. What is the square root of 106929? 

12. What of 12088868379025 ? 

13. What of 2268741 ? 

14. What of 7696796 ? 
16. What is the square root of 96 ? 
16. What is the square root of 153 ? 
IT. What is the square root of 101 . 



Ana. 85. 

Ana. 133. 

Ana. 997. 

Ana. 9266. 

Ana. 8234. 

Ana. 989. 

Ana. 978. 

Ana. 6031. 

Ana. 4698. 

Ana. 327. 

Ana. 3476905. 

Ana. 1506.23 + 

Ana. 2756.22 + 

Ana. 9.79796 f 

Ana. 12.36931 +. 

Am. 10.04987 -f . 
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18. What of 285970396644 ? Am. 534762. 

19. What of 41605800625 ? Ans. 203975. 

20. What of 48303584206084 ? Am. 6950078. 

BXTBACnON OF TUB SQUABS BOOT OF FBACTIONS. 

188. Since the square or second power of a fraction is 
obtained by squaring the numerator and denominator sepa* 
rately, it follows that 

The square root of a fraction wiU be equcU to the square 
root of the numerator divided by the square root of the 
detumiinator. 

For example, the square root of ^ is equal to -ri for, 

a « __ «^ 

b^ b'^T^* 

1. What is the square root of 7? Aths^ - 

8. What is the square root of -- ? Ans. - 

__ . , ^ 266-, ^ 16 

4. What IS the square root of — - r Ans. — 

5. What is the square root of —- ? Ans. - 

^ 64 2 

6. What is the square root of :rr-— r ? Ans. -— 

^ 61009 247 

y» What is the square root of ? Ans. ^^^ 

188. T>> what is the aqoare root of a fraction equal f 
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134* If the numerator and denominator are not perfect 
sqnareB, the root of the fraction cannot be exactly found. 
We can, however, easily find the approximate root. 

RULE. 

Mvltiply both terms of the fraction by the denominator : 
Then extract the square root of the numerator^ a7vd divide 
this root by the root of the denominator ; the quotient, toiU 
be the approximate root. 

1. Find the square root of - • 

Multiplying the numerator and denominator by 5 

hence, (3.8729 -f ) -^ 5 = .7746 + = Am. 

2. What is the square root of j ? Ans. 1.^2287 -f- 

14 
8. What is the square root of — ? Ans. 1.24721 4-. 

4. What is the square root of Ht^? -4w«. 3.41869 f. 

5. What is the square root of 7— ? Ans. 2.71313 +. 

16 

6. What is the square root of 8— ? Ans. 2.88203 + . 

'TV 

7. What is the square roct of — - ? Ans. 0.64649 +. 

g 

8. What is the square root of 10-- ? Ans. 3.20936 +, 

184. What 16 the role when the oumerator and denominator are not 
perfect squares J 
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139. Finally, instead of the last method, we may, if we 
please, 

CJiange the common fraction into a decimcUy and continue 
the division untU the number of decimal placea is double 
the number of pltxces required in the root. Then extract 
the root of the decimal by the last rule. 

BXAMPLBS. 

1. Extract the square of -7 to within .001. Thisnum 

14 

ber, reduced to decimals, is 0.785714 to within 0.000001 ; but 
the root of 0.785714 to the nearest unit, is .886; hence, 

0.886 is the root of —r to within .001. 

14 

2. Rnd the v/s^ to within 0.0001. Am. 1.6931 +• 

8. "What is the square root of 7= ? Ana. 0.24253 4-. 

7 
4. What is the square root of - ? Ana, 0.93541 + 

g 

6. What is the square root of - ? Ans. 1.29099 -(-. 

3 



SXTBACrnON OF THB SQUASB SOOT OF MONOMIALS. 

136. In order to discover the process for extracting the 
square root of a monomial, we must see how its square i£ 
formed. 

By the rule for the multiplication of monomials (Art. 42]t 
we have, 

(5a2ft3c)2 = 5a^b^c X 5a^b^c = 26a*5V ; 

185. What IS a second mcihod of finding the approximate root ? 

186. Give the nile for extracting the square root of monomials? 
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that is, in order to square a monomial, it is necessaiy to 
square its coefficient and double the escponent of each of the 
letters. Hence, to find the square root of a monomial, we 
have the following 

BULB. 

1 Metract the square root of the coefficient for a new 
coefficient: 

n» Divide the exponent of ea/ch letter by 2, aaid then 
annex aU the letters with their new exponents. 

Since like signs in two &ctors give a plus sign in the pro- 
duct, the square of — a, as well as that of + a, will be 
+ a^*f hence, the square root of a^ is either + a^ oi 
— a. Also, the square root of 25d^b\ is either + Soft*, 
or — 5a6^. Whence we conclude, that if a monomial is 
positive, its square root may be affected either with the sign 
+ or — ; thus, VOo* = ± Sa* ; for, + Sa^ or — Sa\ 
squared, gives + 9a^. The double sign ±y with which the 
root is affected^ is read plus and minus. 

BZAMPLBS. 

1. What IS the square root of 64a^&*? 

V^64a«^ = H-8a3^»; for +8a3J»x +8a3J»= +64a^&» 
and, ^QAc^b* = —SaW; for -Sa^J^X -Sa^ft^sr +64a«ft* 
Hence, ^64a^b* = ± Qa^bK 

m 

2. Find the square root of ^25a^b^cfi. ± 26aiV. 

3. Find the square root of 6Y6a*6V. ± 24a^b^c*. 

4. Find the square root of 196fic^yV. ± \43i?yz\ 
6. Find the square root of 441a®^«<j^®cf »•. ± 2ia*5Vc^^ 

6. Find the square root of iB^a^W^c^^d^ ± 28a«6Vci 

7. Find the square root of 81a®6V. ± 9a*ftV 
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Notes. — IST. 1. From the preceding rule it follows, 
that when a monomial is a perfect sqnare, its numerical 
coefficient is a perfect sqiiarey and aU its exponents even 
numbers. Thus, 25a^b^ is a perfect square. 

2. If the proposed monomial were negative^ it would be 
imposfflble to extract its square root, since it has just been 
shown (Art. 136) that the square of every quantity, whether 
positive or negative, is essentially positive. Therefore, 

are algebraic symbols which indicate operations that cannot 
be performed. They are called imaginary quarUitieSj or 
rather, imaginary expressions^ and are fi*equently met witt 
In the resolution of equations of the second degree. 

QiPEBFECr SQUABES. 

138. When the coefficient is not a perfect square, or 
when the exponent of any letter is uneven^ the monomial is 
an imperfect square: thus, 98ab* is an imperfect square. 
Its root is then indicated by means of the radical sign; thus, 



Such quantities are called, radical quantities^ or radicals of 
the second degree : hence, 

A RADICAL QUANTEnr, is the indicated root of an imperfect 
power. 



187. When b a monomiAl a perfect square? What monomials are 
these whose square roots cannot be extracted f What are such exprc«> 
tions called? 

188. When is a monomial an imperfect square ? What are each qnao 
tSties colled t What is a radical quantity ? 
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TRANSFORMATION OF RADICALS. 

139. Let a and b denote any two numbers, and p 
the product of their square roots: then, 

-l/a X V^ = p (1.) 

Squaring both members, we have, 

a X b ^ pl^ .... (2.) 

Then, extracting the square root of both members of (2), 

V^ = P (3.) 

And since the second members are the same in Equation:) 
( 1 ) and ( 3 ), the first members are equal : that is, 

JTie square root of the prodicct of two gruantities is equal 
to the product of their square roots. 

140. Let a and b denote any two numbers, and q 
the quotient of their square roots; then, 

^ = q (1.) 

■/ft 

Squaring both members, we have, 

1 = *' W 

then extracting the square root of both members of (2), 

\/! = ? («) 

and since the second members are the same in Equations ( 1 ) 
and ( 3 ), the first members are equal ; that is, 

189. To what is the square root of the product of two quantities equal) 
140. To what is the square root of the quotient of two quandties 
equal? 
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Th& square root of the quotient of two quantitiea is equal 
to the quotient of their square roots. 

These principles enable us to transform radical expres- 

sions, or to reduce them to simpler forms ; thus, the exDres- 

sion, 

98a6* = 49ft* X 2a; 

henoe, ^9Sab* = -y/Adb^ x 2a; 

and by the principle of (Art. 139), 

^495* X 2a = VS9ft* X -v/2a = WV2a. 
In like manner, 

^/iSa^^c^d = ^^a^hH^ x hhd = ^ahc^/lb3^ 

t/864a?ft«c" = -v/l44a26*c^» x 6ftc = \2ah^c^^/^. 

The COEFFICIENT of a radical is the quantity without the 
dgn ; thus, in the expressions, 

Tft^V^ ^abc^/tbd, I2ab'^c^^/Qbc^ 

the quantities 7 A*, 3aie, 12aftV, are coefficients of the 
rc^dicals, 

141. Hence, to simpliiy a radical of the second degree, 
we have the following 

RULE. 

I. Divide the eo^ession under the radical sign into two 
factors^ one of which shaM be a perfect square : 

n. Me^act the square root of the perfect square^ and 
then multiply this root by the indicated square root of the 
remaining factor. 

^ ■ ■■ M ' I ■■■■■■ ^— — I ■ ^ — ■■■■ ■■■■■ ^. I Ml 11 ■■■ 11 I ^^^^»^^.^— ^— M^.^— ■— ^Pii— — ^iW^ 

141. Give the rule for simplifying rad\2a]s of the second degree. How 
do you determine whether a given number has a factor which is a perfect 



186 



BLBMBNTAST ALOBBSA. 



Note. — ^To determine if a given number has any fiictof 
which is a perfect square, we examine and see if it is divi- 
sible by either of the perfect squares, 

4, 9, 16, 25, 36, 49, 64, 81, &a; 

if it is not, we conclude that it does not contain a fiurtor 
which is a perfect square. 

EXAMPLES. 

Reduce the following radicals to their sunplest form : 
1. -^iSa^bc, 



2. ^12Sb^a^d\ 

3. VS2aWc. 

4. -v/266a2ftV. 
6. -/l024aWc*. 
6. -/mcWc^rf. 

8. VuiSo^c^rf*. 

9. VlOOSa^rfW. 

10. V'2166aiWc». 

11. V^406a'i«rf8. 



Ans, ba^^dbc* 

Ana. 8ft«a3(fv^. 

Ans. 4a^b*^2ac 

Ans. 16a^V, 

Ans. d2a^b^c^^abc. 

Ans. 2la^^€^^abd. 

Ans. I5a^b^c^/Sabd. 

Ans. llac^d^^^a. 

Ans. \2a^dhn^^nad. 

Ans. 14a«ftV'v/ir 

Ans. ^a^l^d^^^ba. 



142. Notes. — 1. A coefficient^ or a factor of a coeffi' 
cient^ may be carried under the radical sign, bf/ squaring it 

Thus, 

1. Sa^y/bc = ^{3a^Y X be = y/9c^bc 

2. 2abyd = 2^/cWd = ^/^a^bH. 



142. How may a coefficient or factor be carried under the radical sign 
To what is the square root of a negative quantity equal f 
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8, 4{a+b)^/a^=4V{a'\'bY(a--b)=4^{a^-b^){a+b) 

2. The square root of a negative quantity may also be 
simplified; thus, 

and, -/— 4a2 = y/io^ x -/— 1 = 2a\/— 1 ; also 

/— Sa^d = y4a*x —25 = 20-1/— 25 = 2av^ X \/^i 

diat is, the square root of a negative quantity is equal to 
the. square root of the same quantity with a positive sign, 
mtdtiplied into the square root of — 1. 

Reduce the following: 

1. ^— 64a2ft2. Ans. Sab^/^^. 

2. V^— 128a*5». Ans. 8a^^^/2b'/^. 
8. i/— 72a«5V. -4iM. ea^^V-v/So^-/^. 
4. -/— 48a36c*. -4/w. 4ac*>/3a5cv^i 



ADDITION OF RADICALS. 

148. SiMiLAB Radicals, of the second degree, are those 
in which the quantities under the sign are the same. Thus, 

the radicals 3y^, and Sc-y/^ are dmilar, and so also are 

9^/2, and 7^2. 

144« Radicals are added like other algebraic quantities, 

hence, the following 

—— — ^ — , 

148. What are similar radicals of the second degree ? 

144. Give the role for tfie addition of radicals of the second degree ? 
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BULB. 

L If the radicals are similar^ add their coeffidentSj amd 
to the sum annex the common radical : 

n. If the radicals are not similar^ connect them together 
with their proper signs, 

Tims, Sa-y/* -H 6c V6 = (3a -t- 5c)y/b. 
In like manner, 

7v'2a 4- zV^a = (7 + 3)y/2a = lO\/2a. 

Notes. — 1. Two radicals, which do not appear to be smi 
ilar at first sight, may become so by transformation (Art. 
141.) 

For example, 
•v/48ad^ -h by/l5a = 4iv^ + 5b^Sa = 9b^/Ba\ 

2^45 + 8-v/6 = 6-v/5 + Sy^ = 9^5. 

2. When the radicals are not similar, the addition or sub- 
traction can only be indicated. Thus, in order to add 3 y^ 
to by/ay we write, 

6-v/a + 3V^. 



Add together the following : 


~ 


1. -/27a2 and /48a«. 


Ans. ^a^. 


2. y/50a*b^ and ^12a*b\ 


Ana. l\a^b^/2. 


o- /3a2 - /a2 
^•V5 ^^Vl5- 


Ans. ^^YYg* 


4. -v/125 and -/600a«. 


Ane. (5 + 10a) i/S 


^ /so , /lOO 
'• V 147 ^* V 294 


2lw*. ^^y/S 
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6. >/98a^ and -/sear* — sea\ 

Ans, ^a-y/^x + oyic* — «'• 

7. -/OSa^aj and v^88a*a5«. Ana. (1a+ I2ahi^^^^ 
a v^ and i/T28- ^^- 14 y^. 
9. x/ri and vTiY. -4n«. 10\/(L 

11. 2v/a^ and 3v^64&b*. -4n«. (2a + 24a52)y/^, 

12. -^/243 and 10^/363. -47W. 119 v/?. 

13. -|/320a2^ and -v/246a^. Am. {Sab + 7€^b^)y/5. 

14. V^SoW and V300a«i«. ^w«. (Sa^*^ ^ 10a3ft2)y/a6; 



8UBTRA0nON OF RADICALS. 

145. Radicals are subtracted like other algebraic qoan* 
titles ; hence, the following 

BULB. 

I. J^ the radicals are similar^ subtract the coefficient of 
the sicbtrahend/rom that of the minuend^ and to the differ- 
ence annex the common radical: 

TL If the radicals are not similar^ indicate the operation 
by the minus siffn, 

BXAMPLB8. 

1. What is the difference between Sa^ and ay^? 
Here, Say^ — ay^ = 2aV^. Ans. 



146. Give the rnle for the subtraction of radicatB. 
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2. Prom 9ay/2W subtract day/^W. 
Kret, 9aV2W = 27aJ V^* and 6a V2W = Idofti/S ; 
and, 27a6v^ "" IS^ftV^ = Oafty^. -4/w. 

Find the differences between the following: 

8. \/76 and y^. Ans. y^ 

4. V^io*^ and ySi^. 4n«. (2aft — 3j2)y/6. 

6. y/? and y^A. Ans.^Vu. 

6. Vl28aW and V52a». ^n«. (8aJ — 4a*) y^ 

7. V48aW and y^o^. Ans. \ahy/Zc^ — 3y^ 

8. V242aW and y^2a3J3. ^wr. (llaW — ab)y/2ab. 

9. y J and y g- ^ns. -y/^. 



10. '/320a* and ^SOa\ Ans. 4a y^. 

11. y^720a3ft3 and >/245afto»rf». 

-4/M. (12a6 — 1cd)y/6cA. 

12. VoeSo^P and VSoOo^J^. -4n«. 12aftv5] 
18. VTl2aW and V28aW. -4n«. 2a*J3-^ 



MULTIPLIOATION OF RADICALS. 

146. Radicals are mnltiplied like other algebraic quan. 
(ities; hence, we have the following 

BULB. 

L Jlt<ft^9^^co4^ct€n^«to^6^Aer/(>ran6too(>^^Z(?r^ni: 

146. Giro the rale for the multiplication of radicals. 
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IL MvUiply together the quantities under the radicdl 
elgns: 
HL Tlien reduce the result to its simplest form, 

1. Multiply Say/bc by 2y/ai. 

Sa^be X 2^^ab = 3a x 2 x y^ x \/a^« 
which, by Art. 139, = 6aVi^ = Cody^ 

Multiply the foUowing : 

2. 8-v/6ai and 4'v/20a. Ans. UOay/b 
8. 2ay/bc and Sa-^be. Ans. ea^bc. 

4. 2a V^-M^ and - Bay/a^+ b\ A. — da'Ca* -f b\) 

5. 2ab^a + J and acya — 6. -^tw. 2a^bc^a^ — 6*. 

6. 8-v/2 and 2V^. ^n«. 24, 

7. iVfo^ and tVv1[^' ^^' i^abcy/\b 

8. 2aj + v^ and 2x — y%. -4n«. 4jb» — ft 

9. ya -h 2y^ and ya — 2y^. Ans. y^a* — 46, 
10. 8ai/27a' by \/2a. Ans, 9a*V5^ 



DIVISION OF RADICALS. 



147. Radical quantities are divided like other algebraic 
quantities ; hence, we have the following 



BULK. 



L Divide the coefficient of the dividend by the coqffLdenl^ 
qf (he divisor^ for a new coefficient : 

147. Give the rale for the diTision of radicala 
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n. Divide the quantities under the radiccUe^ in the same 
manner : 

in, Tfven reduce the reeuU to its simplest form. 

BX AMPLB8. 

L Dmde 8a y^ by 4a y^. 

— = 2, new coefficient. 
4a 

hence, the quotient is 2 x - = — • 

2. Divide ^ay/b by 2h\/c, Ans, ^v/-- 

3. Di^'ide \2ac'\/e^bc by ^c^/ib. Ans. Sa-y/^c. 

4. Divide 6a-v/965* by ^^/^. Ans. 4aftv^. 
6. Divide ^a^y/b^^ by 2a»v^- ^^«- Si^yl^ 
6. Divide 26a3ft'v/81a2^ by 13av/9aft. -4. Ba^^V^** 
». Divide Ua^lAy/21ac by 42a*V3«- ^- ^oJ^h^Vc 

8. Divide vT^ ^7 V^- -4^**- t^ 

9. Divide QaWy/20c^ by 12 V^a. ^/w. aW 

10. Divide eay^lOp by syT. Ans. 2ah^. 

11. Divide 48J*V^ by 2j2y^ ^/w. geoft^ 

12. Divide Sa^ft^cSy^ by 2aV'2a5. ^tw. idb^c^d. 

13. Divide 96aVV986* by 48a5cv^, A, 14a»5c*. 
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14. Divide 2»a»&«V21a3 by V^ -^^- 2»a»ft»V8. 
16. Diviie ISaWy^ by ^Qby/a\ Am. 6a»6»V5". 

SQUARE ROOT OF P0LTN0M1AL8. 

148* Before ezplaming the rule for the extraction of the 
fiqiiare root of a polynomial, let us first examine the squares 
of several polynomials : we have, 

(a -f hy = a^ -f. lah -f- b\ 

(a + 6 + c)» = a» 4- 2a* + *^ -h 2{a -h 6)c -h c», 

(a -f & + c -f rf)» = a^ ^- lab +'** + 2(a -|- ft)c + o" 

-♦- 2(a -h * + c)c? i- cP. 

The 2ai49 by which these squares arc formed can be ennn 
dated thus : 

The Bguare of any polynomial is equal to the aqua/re of 
ifie first term^ plus twice the product of the first term by the 
second^ plus the sqitare of the second; plies twice the first 
two terms multiplied by the thirds plus the square of the 
third ; plus twice the first three terms multiplied by the 
fourth^ plus the square of the fourth ; and so on, 

149. Hence, to extract the square root of a polynomial, 
we have the following 

BULB. 

L Arrange the polynomial with reference to one of its 
letters^ and extract the square root of the first term : this 
will give the first term of the root : 

148. Wliat ifi the square of a binomial equal to f What ia the equaro 
3f a trinomial equal to ? To what is the square of any polynomial equal ? 

149 Oive tlie rule for extracting the square root of a polynomial T 
Wliat is the first step? What the second? What the third f What the 
fourth? 
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n. Divide the second term of the polynonitcU by double 
the first term of the rooty and the quotient will be the second 
term of the root : 

HL Th£n form the square of the algebraic sum of the 
two terms of the root founds and subtract it from, the first 
polynomial^ and then divide the first term of ths remairuler 
hy double the first term of the root^ and the quotient mil bf 
the third terta : 

TV, Form the double prodttct of the sum of the first and 
second terms by the thirds and add the square of t/ie thitd : 
then hibtract this result from the last remainder^ and divide 
t/ie first term of the result so obtained^ by double the first 
term of the root^ and the quotient wiU be the fourth term. 
Then proceed in a similar manner to find tlie other terms, 

KZAMPLBS. 

1. £xtract the squai-e root of the polynomial, 

49a2^>2 - 24a53 -f 25a* -- ZOa^b -f 166*. 
First arrange it with reference to the letter a. 



26a*- 30a36-l- M^b^ 



ba^ -ZabA- Ab* 
10^ 



40^252 - 24a53 -f 166* . . \st Rem, 
^Od'b'^ — 2^ab^ 4- 16*^ 

2c? Rem. 

'After having arranged the polytiomial with reference to 
a, extract the square root of 26a* ; this gives 6a^ which 
is placed at the right of the polynomial : then divide the 
second term, — SOa^d, by the double of 6a*, or 10a*; 
the quotient is — 3a6, which is placed at the right of 6a*. 
Hcmee, the first two terms of the root are 6a* — 3a&. 
Squaring this binomial, it becomes 26a* -- ZQd^b + 9a*^, 
which, subtracted from the proposed polynomial, gives a 
remainder, of which the first term is 40firW. Dividing thiF 
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first term by lOa'j (the double of 5.f/^), the quotient ifi 
f 41^ ; this is the third term of the root, and is written on 
the right of the first two terms. By forming the double 
product of 5a^ — Sab by 4b\ squaring 4^, and taking 
the sum, we find the polynomial iOd^b^ — 2iab^ -h 166*, 
which, subtracted from the first remainder, gives 0. There- 
fore, 6a* — Sab -h 46* is the required root. 

2. Bind the squai^e root of a*-f 4a^4-6a^«* 4-4085^4- as*' 

Am. a*4- 2aaj H- «*. 

8. B^d the square root of a*— 4a^-f 6a*a*— 4035*4- a*. 

Arts, a* — 2005 -h 08*. 

4. Find the square root of 

405^ -h 12a;* -h 5ar* — 2a* -f Vic* - 2aj + 1. 

Ans. 2ar3 4 8aj* — 85 -♦- 1 

5. Find the square root of 

da* - I2a*6 + 28a«6» - 16o6* -f- 166*. 

Ans. 3o* - 2o6 -h 46». 

^. What is the square root of 

as* — 4aa;^ -h 4o*jb* - 4a5* -h Box -h 4? 

Ak8. q^ — 2oa; — 2. 

7. What is the square root of 

9iB* — 12a5 4- 6ay -h y* — 4y 4- 4 ? 

Ans, Sx f y — 2, 

8. What is the square root of y* — 2y*a5* -f 2fic* — 2y* 
4 1 4- a^ ? Am. y* — as* — 1 

9. What is tJie square root of 9o*6* - 30a36*4- 26o*6*f 

Ana. 3a*6* — 5o6, 
10. Find the square root of 

26o*6* - 40a*6*c -r 76o*6*c* - 48o6*c* f 366*c* - 80o*6c 

-I- 240^60* - 36o*6c3 4- da^(^. 

Af*^ 50*6 - Sa^c ~ 4a6c 4 06c» 
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150. We Will conclude thw subject mth the foDowing 
remarks : 

Ist. A binomial can never be a perfect square, since we 
know that the square of the most simple polynomial, viz. 
a binomial, contains three distinct parts, which cannot ex 
perience any reduction amongst themselves. Thus, tne 
expression a* -|- b^y is not a perfect square ; it wants the 
term ± 2ahy in order that it should be the square of a ± b, 

2d> In order that a trinomial, when arranged, may be a 

perfect square, its two extreme terms must be squares, and 

the middle term must be the double product of the square 

roots of the two others. Therefore, to obtain the square 

root of a trinomial when it is a perfect square : Ertract the 

roots of the two extreme terms^ and give these roots the same 

or contrary signs^ according as the middle term is positive 

or negative. To verify it^ see if the dauble product of the 

two roots is the sams as the middle term of the trinomial. 

Thus, 

9a* — 48a*62 ^ eia^^*, is a perfect square, 



once, y/9a^ = Sa\ and y/Ua^b^ = - 8ab^ ; 
4ndalB0, 

2 X Ba^ X — Sab^ = — 48a*ft2 -^ i\^q middle term. 

But, 4a* 4- 14a^ + 9b^ is not a perfect square: for, 
although 4a* and + 95* are the squares of 2a and 36, 
yet 2 X 2a X 36 is not equal to I4ab, 

3d. In the series of operations required by the general 
mle, when the first term of one of th<) remainders is not 
exactly divisible by twice the first term of the root, we may 

160. Can a binomial ever be a perfect power? Why not? When is 
b trinomial a perfect square ? When, in extracting the square root, wc 
And that the first term of the remainder is not divisible bj twice the root, 
is the polynomial a perfect power or not? 
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oondnde that the proposed polynomial is not a perfect 
square. This is an evident consequence of the course of 
reasoning by which we have arrived at the general rule foT 
extracting the square root. 

4th. When the polynomial is not a perfect s^iare^ it may 
sometimes be simplified (See Ai-t. 189). 

Take, for example, the expression, i/5^j'+~iaW + 4a^ 

The quantity under the radical is not a perfect square; 
but it can be put imder the form ab{a^ 4- Aab -f 4ft^.) 
Now, the &ctor within the parenthesis is evidently the 
square of a + 2&, whence, we may conclude that, 

Va^J + 4a»ft2 ^ 4^ = (a -f 2b) y/cSb. 

2. Bedooe y/^ofb — 4afi» 4- 2V to its simplest form. 

Am. (a — 6) y^ 
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CHAPTER Vm 

BQ0ATION8 OF THB 8B00ND DBOBBB. 
BQUAIIOIVB COSTAININQ ONB UNKNOWN QUANTITT. 

iHI. An Equation of the second degree containmg but 
one unknown quantity, is one in which the greatest exponent 
is equal to 2. Thus, 

flB^ = a, aafi + &b = e, 

are equations of the seoond degree. 

159. Let us see to what form every equation oi the 
seoond degree may be reduced. 

Take any equation of the second degree, as, 

(1 + a5)a - ?a5 - 10 = 5 - I + ^. 

Oeanng of fractions, and performing indicated operations, 
we have, 

4 + 8aj + 4ai» — 8aj — 40 = 20 — « + 2aj». 

Transposing the unknown terms to the first member, the 
known terms to the second, and arranging with reference to 
the powers of Xy we have, 

4ai» — 2a5» + 8aj - 8aj + as = 20 + 40 — 4 ; 



151. What Ib an equation of the second degree f Giye an example. 
16i. To what form may every equation of the seoond degree be redoocdf 
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and, by redndng, 

dividing by the ooeffident of 9^, we have, 

a^ + 3a; = 28 

If we denote the coefficient of x by 2pf and the second 
member by £, we have, 

aj* + 2paj = q. 
Tliis is called the reduced equation, 

153. When the reduced equation is of this form, it con- 
tains three terms, and is called a complete equation. The 
terms are, 

First Tebm. — ^The second power of the unknown quan- 
tity, with a plus sign.' 

Second Tkrm. — ^The first power of the unknown quantity, 
vnth a coefficient. 

Third Term. — A known term, in the second member. 

£very equation of the second degree may be reduced to 
this form, by the following 

BULB. 

L Clear the equation of fractions^ and perform, all the 
mdicated operations : 

n. Transpose aU the unknown terms to the first member^ 
and all the hnoton terms to the second member : 



153. How many terms are there in a complete equation ? What is the 
first term ? What is the second term ? What is the third term? How 
many operations are there in reducing an equation of the second degree 
to the required form ? What is the iirst ? What the second ? What the 
third r What the fotirtii ? 
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HL Reduce aU the terms containing the squa/re of the 
unknown quantity to a single temi^ o?w factor of which is 
the square of the unknown qiumtity ; reduce^ aleo^ all Che 
terms containing the first power of the unknown quantity^ 
to a single term : 

IV. I>ivide both members of the resulting eqwUum by 
the coefficient of the square of the unknotm quantity, 

154. A Root of an equation is such a yalne of the on- 
known quantity as, being substituted for it, will satisfy tbe 
equation ; that is, make the two members equal. 

The Solution of an equation is the operation of finding 
its roots. 

INCOHFLBrrB EQUATIONS. 

155. It may happen, that 2/>, the coefficient of the first 
power of 0^ in the equation x + ^px, = g, is equal to 0. 
In this case, the first power of x wiU disappear, and the 
equation will take the form, 

aj* = g . (1.) 

This is called an incomplete equation ; hence. 

An incomflstb equation, when reduced, contains but 
two terms; the square of the unknown quantity, and a 
known term. 

156. Extracting the square root of both menibers of 
Equation ( 1 ), we have, 

164. What is the root of an equataon f What is the solntioD of an 
equation f 

155. What form will t]ie reduced equation take when the coefficient ot 
r is f What is the equation then called ? How many terms are there 
iu an incomplete equation f What are they ? 

156. What is the rule for the solution of an incomplete equation ? 
How many roots are there in every incomplete eqration ? How do thr 
roots oompai » with eaoh other ? 
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Henoe, for the solution of incomplete eqaaUons: 

BULB. 

L Iteduce the eqtiation to the form a^ =r g . 
n Them extract the sqiiare root of both members 

Note. — ^There will be two roots, nomerically equal, bui 
having contrary signs. Denoting the first by x'^ and the 
second by 05", we have, 

x^ = +V^i and a/' = — Vj. 

VEBIFIGATION. 

Substituting +V?9 or *-V^, for as, in Equation ( 1 /i 
we have, 

(+V^)»=y; and, (-V5)» = j; 

hence, both satisfy the equation ; they are, therefore, roota 
fArt. 154.) 

BZAMPLBS. . 

!. What are the values of x in the equation, 

3a5» + 8 = 6«2 ~ 10 ? 

By transposing, 805* — 605* = — 10 — 8. 

Reducing, — 2a* = — Id. 

Dividing by — 2, as* = 9. 

Extracting square root, x =z ± y^ = + 8 and — 8. 

Hence, a/ = -f 8, and 05"= — 8. 

2. What are the roots of the equation, 

8«»+ 6 = 4ai»- 10? 

Ans. a' =: +4, SB" = — 4. 
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8. What are the roots of the equation, 

ia»^8 = ^+10? 
8 9 

Ans. aj' = -1-9, a/' = — 9 

4. What are the roots of the equation, 

4aj? -h 13 - 2a!* = 46 ? 

Am, a/ = + 4, aj" = — 4. 

5. What are the roots of the equation, 

6aj2 - 7 = So* -h 5 ? 

Ana. a/ = +2, «" = — 2. 

0. What are the roots of the equation, 

8 + 6aj» = ~+ 4a!? + 28? 
5 

Ana. a/ = +6, a/' = — 6. 

^. What are the roots of the equation, 

$a^^.5 a^-f29 

8 8 

^7w. 7f = +6, a/' = - 6. 

8. What are the roots of the equation, 

9 What are the roots of the equation, 

asVo+l? = J + a5»? 

ya — 2J v« — 2ft 
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PBOBLEMS. 

1. What nimiber is that which being multiplied by itself 
the product will be 144 ? 

Let ft = the number : then, 

as X aj = a* = 144. 

It is plain that the value of x will be found by eztraotmg 
the square root of both members of the equation : that is, 

V^= y/hU: that is, x = 12. 

2. A person being asked how much money he had, said, 
if the number of doUara be squared and 6 be added, the sum 
will be 42 : how much had he ? 

Let X = the number of dollars. 

Then, by the conditions, 

aj» + 6 = 42 ; 
hence, as* = 42 — 6 = 36, 

and, X z=L Q, Ans. $6. 

3. A grocer being asked how much sugar he had sold to 
a person, answered, if the square of the number of pounds 
be multiplied by 7, the product will be 1576. How many 
pounds had he sold ? 

Denote the number of pounds by x. Then, by the con- 
ditions of the question, 

1q? = 1676 ; 

henoe, t? = 225. 

and, « = 16. An8* 16« 

4. A person being asked his age, Raid, if irom the square 



904 



■ I.SMSMTAXT ALGSBKA. 



of mj age in jean, joa take 198 jeani the lemaiDder will 
be the square of lutfm J age: what was bis age T 

Denote the nmnber of jean in bis age bj & 

llien, bj the oonditioDS of the qoeption. 



•'--=(^)-=f. 



and bj clearing the firactioiia» 

4fl^— 768 = «»; 
hcnee^ 4dB» — 2* = 76a, 

and, 80^ = 768, 

a^ = 856 
2 = 16 Am. 16 years. 

5. What onmber^is that whose eightn part multiplied by 
its fifth part and the prodnct divided by 4, will give a quo- 
tient equal to 40 ? 

Let X = the number. 

By the conditions of the question. 



ih^'f) 



4 -= 40; 



hence, 



160 



= 40; 



by clearing of fractions, 

aj» = 6400, 

X = 80. Ana. 8U 

6. find a number such that one-third of it multiplied by 
one fourth shall be equal to 108. Ana. 36. 

7. What number is that whose sixth part multiplied by 
its fifth part and the product divided by ten, will give a 
quotient equal to 3 ? Ana. 80 
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8. What number is that whose square, plus 18, will be 
equal to half the square, pins 30^ ? Ana. 6. 

0. What numbers are those which are to each other afi 
1 tc 2, and the difference of whose squared is equal to 76 ? 

Let X =s the less number. 
Then, 2x = the greater 

Then, by the conditions of the question, 

4a5» - «» = 76 ; 

hence, da^ = 76, 

and by dividing by 8, a^ = 26, and as zi. 6, 

and, 2x = 10. 

Ans. 6 and 10 

10. What two numbers are those which are to each other 
as 6 to- 6, and the difference of whose squares is 44 'i 

Let as = the greater number. 

Then, -as = the less. 

By the conditions of the problem, 

26 

by dearing of fractions, 

86fl!> — 260^ =r 1684 ; 

hence, lias' = 1684, 

and, as' = 144 ; 

hence, as = 12, 

and, 5« = 10. 

Ana. 10 and 12 
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11. What two nnmben are those which are to each other 
88 8 to 4, and the difference of whose squares is 28 ? 

Ana. 6 and 8. 

12. What two numbers are those which are to each other 
fl£> 5 to 11, and the sum of whose squares is 584 ? 

Ans. 10 and 22. 

13. ^ says to J9, my son's age is one quarter of yours, 
and the difference between the squares of the numbers 
representing their ages is 240 : what were their ages ? 

. ( Eldest, 16, 

I Younger, 4. 

Thffo unknoum ipiantities, 

I5T. When there are two or more unknown quantities: 

L Miminate one of the unknown qtumtities by Art. 
118; 

IL TJyen extract the square root of both members of the 
egUfOtion. 

PROBLEMS. 

1. There is a room of such dimenedons, that the difference 
of the sides multiplied by the less, is equal to 36, and the 
product of the sides is equal to 360 : what are the sides? 

Let X = the length of the less ade ; 

y = the length of the greater. 
Then, by the first condition, 

(y — x)x = 86; 
and by the 2d, a^y = 860. 

157. How do yoo proceed when there are two or more unknown quau 
tiUeef 
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From the first eqtiation, we have, 

ajy — as^ = 36 ; 

and by Bubtraction, a^ = 324. 

Hence, x = i/524 = 18; 

Ana. a; = 18, y == 20. 

2. A merchant sells two pieces of muslin, \ivhich together 
measure 12 yards. He received for each piece just so many 
dollars per yard as the piece contained yards. Now, he gets 
four times as much for one piece as for the other : how many 
yards in each piece ? 

Let X = the number of yards in the larger piece ; 

y = the number of yards in the shorter piece. 

Ilien, by the conditions of the question, 

SB -h y = 12. 

X X X = x^ = what he got for the larger piece; 

y X y = y^ = what he got for the shorter ; 

and, 85* = 4y% by the 2d condition, 

X = 2y, by extracting the square root. 

Substituting this value of a; in the first equation, we have^ 

y + 2y = 12 ; 

and, consequently, y = 4, 

and, as = 8.. 

Ana, 8 and 4. 

8. What two numbers are those whose product is 80, and 
' he quotient of the greater by the less, 8^ ? Ans. 10 and 8. 

4. The product of two numbers is a, and their quotient 

: what are the numbers? ^f 

Ans. yah^ and v/jr' 
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difereBCft of dwir iqHBfs 4» : wkM. mt ^he nmbcn? 



tf^ llieMDBcf tbeiqaamof tvoBBBbosii «» andde 
fiftreaee of thcsr iipiaras k ft: wiMt are tbe imJjc* ? 






7<. Wbat two munbcn are those wlddi are to eadi od^r 
10 a to 4, and the fom of wboae iqparfs k 285 ? 

Am. 9 and 18 



S« What t%o nmnben are thoae which are to each other 
aa nt to !•» aod the MDB of whoae squarcB k eqfoal to a* ? 



9« What two nmnbera are thoee wfakh are to each other 
aa 1 to 2, and the diffisrence of idioae squares is 75? 

Ans. 5 and 10. 

10« What two numbers are those idiich are to each other 

aamton, and the difference of whose squares is equal to ^? 

mb nb 
Ana. :, r« 

11* A certam sum of money is placed at interest for dx 
months, at 8 per cent, per annnni. Now, if the sum put tit 
interest be multiplied by the number expressing the interest, 
the product will be $562600: what is the principal at m- 
terest? Am. $3750. 

1 2. A person distributes a sum of money between a num- 
ber oi women and boys. The number of women is to the 
number of boys as 8 to 4. Now, the boys receive one-half 
as many dollars as there are persons, and the women, twice 
Si many dollars as there are bocn and together they receive 
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188 dollars : bow many women were there, and how many 
boys? 

86 women. 

48 boys. 

COMPLBTB EQUATIONS. 



Ans, j 



158 The reduced form of the complete equation (Art. 
258) is, 

Comparing the first member or this equation with the 
square of a binomial (Art. 54), we see that it needs but the 
square of half the coefficient of x^ to make it a perfect square. 
Adding />^ to both members (Ax. 1, Art. 102), we have, 

Then, extractmg the sqitare root of both members (Ax. 6), 
we have, 

08 -h /> = ± V5"Tp. 

Transposing p to the second member, we have, 

« = — /> ± V5"Tj^. 

Hence, there are two roots, one corresponding to the piits 
sign of the radical, and the other to the mirms sign. De- 
noting these roots by a?' and ai", we have, 

a?' = — jt> + -^q -f jt)2, and a/' = ~ p — y/q -f p\ 

The root denoted by x' is called the Jirst root ; that de- 
noted by as'' is called the second root, 

15S. What is the form of the reduced equation of the second degree ? 
What is the square of the binomial a- + /> ? How many of those terms 
are found in the first term of the reduced equation? What must be 
added to make the first member a perfect square ? How many roots arc' 
there in every equation of the first degree f What is the first root equal 
to ? What is the second equal to ? 



910 BL£MBNTARY ALORBRA 

159. The operation of Bquaring half the coeffident of 
e and adding the result to both members of the aquation, is 
called Completing ttie Square. For the solution of every 
complete equation of the second degree, we have the fol* 
lowing 

BULB. 

L Reduce the equation to theforroy a^ + 2/m; =■ q: 

n. Take haHf the coefficient of the second terrn^ square 
itj and add the result to both members of the equation : 

WL Then extract the square root of both members ; afteir 
vohic\ transpose the known term to the second member. 

NoTB. — Although, in the beginning, the student should 
complete the square and then extract the square root, yet 
he should be able, in all cases, to write the roots immediately, 
by the following (See Art. 158) 

BULB. 

I. The first root is equal to half the coefficient of the 
second term of the reduced eqiuxtion^ taken tmth a contrary 
signy plus the sqitare root of the second member iruyreased 
by the square of half the coefficient of the second term : 

IL The second root is equal to half the coefficient of the 
second term, of the reduced eqtuUion^ taken udth a contrary 
sign^ minus the square root of the secotid member increased 
by the square of half the coefficient of the second term. 

160. We will now show that the complete equation of 



169. What is the operation of completing the square t How many 
operations are there in the solution of every equation of the second de- 
gree ? What is the first ? What the second? What the third t Give 
the rule for writing the roots without completing the. square? 

160. How many forms will'the complete equation of the second degree 
iSBume? On what will these forms depend? Wliut are the signs of S^ 
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the fleoond degree will take four forma, dependent on th« 
signs of 2p and q. 

1st. Let OS suppose 2p to be positive, and q positive ; we 
shall then have, 

05^ -f 2px ■=: q (1.) 

2d. Let ns suppose 2p to be negative, and q positive 

we shall then have, 

aj2 - 2px = q (2.) 

8d« Let OS suppose 2p to be positive, and q negative ; 

we shall then have, 

aj^-f 2/w = -^. . . . (3.) 

4th. Let ns suppose 2p to be negative, and q negative ; 

we shall then have, 

05* — 2px = — y. ... (4.) 

As these are all the combinations of signs that can take 
place between 2p and 9, we conclude that every complete 
equation of the second degree will be reduced to one or the 
other of these four forms : 

flj* + 2px = 4- ^> . . 1st form, 

ai* — 2px = 4- ^, . . 2d form. 

x^ + 2px =z ^ q^ . . 8d form. 

85* — 2px = — ^, . . 4th form. 

bzahplbs of thb fibst fobm. 
1. What are the values of as in the equation, 

2aj*4- 8aj = 64? 
If we first divide by the coefficient 2, we obtam 

aj* 4- 4aj = 82. 

and 9 in the first form? What in the seoondt What in the thhrdP 
What in the fonrth t 
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Then, completing the square, 

aj2 + 4aj + 4 = 82 + 4 = 86. 
Extracting the root, 

a + 2 = ± v'se = + 6, and — 6. 

Hence, 3^= — 24-6 = -f4;. 

and, 8/'= —2 — 6= — 8. 

Hence, m this form, the smaller root, nnmerically^ is postive 
and the larger negative. 

VBBIFIGATION. 

If we take the positive valne, viz. : a/ = -f- 4, 
the equation, a^ -{- 4x = 82, 

^ves 4» -I- 4 X 4 = 32 ; ' 

and ii* we take the negative value of as, viz. : a/' =■ — 8, 

the equation, a:^ -h 4as = 32, 

gives (— sy + 4(— 8) = 64 - 82 = 82; 

from which we see that either of the values of as, vis.: 
a/ = 4- 4, or a?" = — 8, will satisfy the equation. 

2. What are the values of as in the equation, 

8aj2 -f 12a; - 19 = — «» — 12as + 89f 
By transposing the terms, we have, 

3a?» -f aj2 -f 12aj + 12aj = 89 + 19 ; 

and by reducing, 

4a;2 4- 24aj = 108 j 

and dividing by the coefficient of as*, 

as* + 6a5 = 27. 
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Now, by completing the square, 

extracting the square root, 

SB -H 3 = ± v^se = -h 6, and - 6: 
henoei 8/= -1-6 — 8 = 4-8; 

and, 85" = — 6 — 3 = — 9. 

VERIFICATION. 

If we take the plus root, the equation, 

»» -h 6a: = 27, 
gives (3)^+ 6(3) = 27; 

and for the negative root, 

«» 4- 6« = 27, 

gives (- 9)2 -h 6(- 9) = 81 - 64 = 27. 

3. What are the values of a; in the equation, 

aj» - 10a; -H 16 = - - 34aj -H 166? 

6 

By clearing of fractions, we have, 

6aj2 — 60aj 4- 76 = »» — I70a5 -I- 775: 
by transposing and reducing, we obtain, 

4aj» 4- 120a5 = 700 ; 
then, dividing by the coefficient of as*, we have, 

ar* 4- 30aj = 176 ; 
and b}' completing the square, 

ai» 4- 30* + 2*26 r= 400; 
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and by extracting the square root, 

■ 

05 -f 15 = ±-^400 = -I- 20, and - 20. 
Hence, aj' = -f 6, and a?'' = — 36. 

VERIFICATION. 

For the plus value of aj, the equation, 

aj2 + 30a; = 175, 
gives, (5)2 -f 30 X 5 = 26 -f 150 = l»r5. 

And for the negative value of aj, we have, 

(- 36)2 ^ 8o(— 36) = 1225 - 1050 =-. 175. 

4. What are the values of a; in the equation, 
5^18 2 273 

deanng effractions, we have, 

10aj2 -6a! 4-9 = 96 — Saj — 12a!» -f 273; 
transpoong and reducing, 

22aj2 + 2aj = 360 ; 
dividing both members by 22, 

2 360 



aj2 -f 

22 22 



Add I — j to both members, and the equation beoomes^ 

^ 22 ^ \22/ 22 ^ \22/' 

silence, by extracting the square root, 

""^22 = ^ V^^(»2)' 
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therefore, 

. 1 ^ /860 . / 1 V 

and, a-'= - 1 - ./^J^U^^ 

^ 22 V 22 ^ \22/ 

It remains to perform the nmnerical operations. In the 

ilrst place, 

360 /l^Y 

22 "*" \22/' 

must be reduced to a single number, having (22)^ for its 
denominator. Now, 

360 / J^ \2 _ 360 X 22 -f 1 _ 7921 ^ 
22 "*" \ 22 / "" (22)2 "" (22)» ' 

extracting the square root of 7921, we find it to N* 89 5 
therefore, 



/360 / 1 Y _ . ?? 
V 22 "*■ \22/ "" 22 



C!oQsequently, the plus value of as is, 

22 22 "" 22 "" • 
and the negative value is, 

1 89 45 



«'' = 



22 22 11' 



that is, one of the two values of x wliich wiU satisfy the 
proposed equation is a positive whole number, and the othe* 
a negative fraction. 

Nont^Let the pupil be exercised in writing .the roots, in 
the last five, and in the follo\\nng examples, without con^ 
pieting the eqitare. 
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5. What are the values of as in the equation, 

3a?» -f 205 — 9 = 76 ? 

6 What are the values of a; in thn equation, 
2a!? +805+7 = -r--r + 197? 

4 o 



«|. 



^'"'•12'= -11 



7. What are the values of a; in the equation, 

^'"- I J'= - 64f 

8. What are the values of a5 in the equation, 

a^ 5as X 

____8 = -_T« + 6i? 



A - io!' = i' 



9. What are the values of a5 in the equation, 

85* ^ ^ ^ ^ ^ ^^ 
2'"*'4"~6' 10"^20 






n 



EZAMPLBS OF THB 8BC0ND FOBM. 

1. What )M*e the values of a5 in the equation, 

x2 _ 8aj + 10 = 19 ? 
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By transposing, 

aj»-8aj = ld-10=: 9; 
then, by completing the square, 

aJ» - 8a; -f 16 = 9 -f 16 = 26 ; 
and by extracting the root, 

85 — 4 = ± y/26 = -f 5, or — 6. 

Hence, 

«' = 4 + 5 = 9, and «" = 4 — 6 =. - 1. 

That is, in this fbrm, the larger root, nomericaUy, ie 
poffltive, and the lesser negative. 

yXBTPICATION. 

If we take the positive value of as, the equation, 

a;2 - 8aj = 9, gives (9)» — 8 x 9 = 81 — 72 = 9; 

and if we take the negative value, the equation, 

a;* - 805 = 9, gives (- !)« - 8 (- 1) = 1 + 8 = 9; 

from which we see that both roots alike satisfy the equi^ 
tion. 

2. What are the values of a; in the equation, 

_ + __i6 = _ + «_i4|y 

By clearing effractions, we have, 

6ai« -f- 4a; — 180 = 3a?8 -f 1205 — 177 , 
and by transposing and reducing, 

8o;2 — 80; = 3 ; 
end dividing by the coefficient of os*, we obtain, 

a-^ - fo; = 1. 
10 9 
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Then, by completing the square, we have, 

« 8 16 , . 16 26 

358 X A = 14- — = — : 

and by eztraoting the square root, 
Henoe, 

VERIFICATION, 

For the positive root of as, the equation, 

ai* — -05 = 1, 

g 
gives 8* — -X 3 = 9 — 8 = 1 

and for the negative root, the equation, 

/ ly 8 ^ 1 18 



^ 



3. What are the values of in the equation, 

fly flS ^ 

Clearing of fractions, and dividing by the coeffident of 
2; , we have, 

a«» - jB = U. 
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CkMnpleting the square, we have, 

<^-% + i = 14+1 = 1?; 

4 

then, by extractiiig the square root, we have, 

1 . M 

8 

hence, 



05 — - = ±\/ — = H — « and : 

^ V 36 ^ e ' 6 * 



«' = -- + - = -=: 11, and «^ = -— - = — r 
866" 86 6 



VERIFICATION. 

If we take the positive root of x^ the equation, 

*» - 1* = ij, 

gives (nr - I X li = 2J - 1 = U; 

and for the negative root, the equation, 

/ 6V 2 6 26 . 10 46 .. 

8'^*' (-6)-3^-8 = 36 + l8 = 36 = *^ 

4. What are the values of a; in the equation, 
4a* - 2aj2 4- 2a« = ISab - ISb^Y 

By transposing, changing the signs, and dividing by 2, 
the equation becomes, 

x^ — ax =z 2a* - 9ab -\ 96* ; 
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wbenoe, oompleting the square, 

4 4 



dztraodng the square root, 



« = I ± \J^- - 9aft + W. 

Now, the square root of — — 9aft -f 9^^, is evidently 
^ - 3b. Therefore, 

as' = 2a — 8ft. 



/ = I=*=(t-^*)'^^ |^'=->'a 



H- 8ft. 



What will be the numerical values of as, if we suppose 
a = 6, and ft = 1 ? 

5. What are the values of a; in the equation, 

1 4 

-oj — 4 - aj* -f 2a5 — -aj* = 46 — 8a;2 + 4a; ? 
8 -5 

j«' = 7.12 ) to withm 
'^'''' U" = - 6.78 S 0.01. 

6. What are the values of a; in the equation, 

8a» - 14aj + 10 = 2aj -h 84 ? 

7. What are the values of as in the equatioi , 

^-80 + aj = 2a?-22? 
4 






8, What are the values of a; in the equation, 



a:' 



«a - 8aj + -- - 9a; ♦- 13i ? 

Ans 



• I a;" = - 1. 



OOMPLBTB SqUATIONfi. 
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9. What are the valaee of in the equation^ 
8a»-aB» = - 2aft- ^? 



• i a/' = 



Ans 



10. What are the values of « in the equation, 



2a + b. 
-ft. 



a» + ^ — 2to -h aj^ = 



n^ 



Ans. 






aw\ 



-aw\ 



XZAMFLEB OF THB THISD FOBM. 



!• What are the values of in the equation, 

a^+ te =z — 8? 
First, by completing the square, we have, 

fl^+40 + 4 = — 8 + 4 = 1; 
and by extracting the square root, 

« -h 2 = ± yl = + 1, and — 1;* 
hence, a8'=— 2-f-l = — l; and sc'' = — 2 — 1 

That is, in this form both the roots are negative 

VXRIFIGATION. 

If we take the first negative value, the equation, 

fl9> + 4as = — 8, 
gives (- 1)« + 4(- 1) = 1 - 4 = - 8 J 

and by taking the second value, the equatioii, 

a» -f 4aj = — 8, 



= -8 
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gives (— 8)2 -»-4( — 8) = — 12=— 8; 

hence, both vaJaes of x aatifify the given equation. 

2. What are the values of as in the equation^ 

- ^ - 6aj - 16 = 12 -f ic* + 605? 

By transpodng and reduoing, we have, 

— aB» - 11a = 28 ; 

then, dividing by — 1, the coefficient of os^, we have^ 

«»+ lla? = — 28; 

then, by completing the square, 

(B^-h 11« -h 30.26 =z= 2.25; 



henoe, as + 6,6 = ± -1/2.25 = + 1,6, and — 1.5 ; 
consequently, a/ = — 4, and as" = — 7. 

8. What are the values of as in the equation, 

— -— 2a5 — 5 = ga5»+6a5-f5? 



^■)"-::J. 



4k What are the values of as in the equation. 



^■\1.'V.\ 



5* What are the values of as in the equation, 
4fl^ + ^ + 8as= -14a8-8J — 4a5»? 



5 



^^•IJ'=-2: 



COUPLBTE EQUATIONS. SSS 

6, What are the values of ;b in the equation. 



( jg/ ^ 1 

( a/' = - 8. 



Y. What are the values of as m the equation, 
g»» + 7« + 20 = — |aB» — 11« — 60? 



Km" = — 10. 



8. What are the values of as in the equation, 
6^ ^2 "^ 6^ 2 



( 05" = — 8. 



9. What are the values of as in the equation, 



^^•]^^= Ho. 



10* What are the values of « in the equation, 

X — aB»— 8 = to + 1? 

: - 1. 



'•I?' 



— 4. 



11, What are the values of as in the equation, 

08*+ 4aj — 90 = - 93? 



t jg/ -_ 1 



SLAMFLBB OF THB FOUBTB FOSIL 

I AThat are the valuer of in the equation, 

05* — ft05 = — 7? 
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By oompleting the square, we have, 

a52-8aj+16= -7-1-16 = 9 
then, by extractmg the square root, 

a— 4=±-|/9 = +8, and — 8-; 
henoe, as' = -h 7, and a/' = + !• 

That ifl| m this form, both the roots are positive. 

VXBIFIGATION. 

If we take the greater root, the equation, 
SB» - 8« = - 7, gives, 7» - 8 X 7 = 49 - 66 == - Tj 
and for the lesser, the equation, 

»» — 805 = — 7, gives, l»-8xl = 1 — 8= -7 
hence, both of the roots will satisfy the equation. 

9. What are the values of s in the equation, 

- IJflj* -H 3aj - 10 = ljaj» - iSa; -h ^? 

By dearing of fractions, we have, 

— 8a;2 + 6aj — 20 = 3fl5» - 36a; 4- 40 ; 

then, by collecting the similar terms, 

— 6aj»+ 42a; = 60; 

then, by dividing by the coeffident of a;^, whidi 18 — > 6, 
we have, 

aB» — 7» = - 10. 

By oompleting the square, we have, 

as* - 7aj + 12.26 = 2.26, 
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and by extraoting the square root of both members. 



X ^ 3^ i^ ± ^"2.25 = -♦- 1.5, and — 1.5 ; 
henoe, 

of =: SM ^ l.b = 5, and x" = 3.5 - 1.6 = 2. 

VERIFICATION. 

I 

If we take the greater root, the equation. 
I a^ — Yaj = - 10, gives, 6^ - 7 x 6 = 25 - 35 = — 1^5 

and if we take the lesser root, the equation, 
aj* — 7aj = - 10, gives, 2» — 7 X 2 = 4 — 14 = - 10. 

3. What are the values of as in the equation, 

— 8aj -h 2a5» -h 1 = llfx - 2aB» - 8? 
By transposing and collecting the terms, we have, 

4aj» — 20|aj = — 4 ; 
then dividing by the coefficient of as^, we have, 

aj* — 6Ja; = - 1. 
By completmg the square, we obtam, 

•^ t^^ 26 25 25 • 

and by extractujg the root, 

henoe, 

a^ = 2| + y = 6, and, «" = 2| - " = i. 

VXBIBIOATION. 

If we take the greater root, the equation, 
»* — 6Jaj = — 1, g^ves, 6» — 5^ x 6 = 25 - 20 = — 1 ; 
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and if we take the lesser root, the equadon, 

««-5ia, = -1, gives, gy-SJ X ^ =^-?J = -1 

, 4, What are the values of as in the equation, 

1(^ - 805 + - = - ?a^ + -aj — -? 
7 ^2 7 4 4 



= 3 
5« What are the values of a; in the equation, 






— 4aj» — ^aj -h 14 = - 6a!» -h 8aj? 



( sb' = 8. 
6, What are the values of a; in the equation, 

Q 1 1 I 

^20 40 20 ^ 40 

^'**- ( aj'' = f 
?• What are the values of « in the equation, 

08* - IOtVb = - 1 ? 

8. What are the values of a; in the equation, 

— 27a; ^ -— + 100 = •— -h 12a5 — 26? 
5 6 



Ans 



• ( «" rr 6, 



9. What are the values of as in the equation, 

QqA 7/>.2 

^ — 2285 + 15 = - ^ + 28a5 - 30? 
o 8 



Ana. 



ja/ = 0. 
• \ «" = 1. 
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10, What are the values of as in the equation, 

2«» — 80aj + 8 = — 85*+ 8t^ — —P 

A ]«'=". 



rROFEBTIES OF EQUATIONS OF THE SECOND DEGBEEi 

FIBST PBOPEBTY. 

161* We have seen (Art. 153), that every complete 
equation of the second degree may be reduced to the form, 

aj2 -f- 2paj =z q (1.) 

Completing the square, we have, 

transpofidng ^ -f j9^ to the first member, 

a» -h 2/W5 -f /?» - (^ 4- 1>2) = 0. . (2.) 

Now, since 7? 4- 2pa5 + jo* is the square of a + />, and 

9 +p2 the square of i/S' + J^* ^® ™^y regard the first 
member as the difference between Iwo squares. Factoring, 
(Art. 66), we have, 



(aj -f /) -f V q -^ P^) (a H- /> - V^9 + />2) = 0. . (8.) 

l%is equation can be satisfied only in two ways : 

1st. By attributing such a value 10 x as shaU render the 
first &ctor equal to ; or, 

161. To what form may every equation of the second degree be re- 
duced f What form will this equation take after completing the square 
and transposing to the first member f After £eu;toring ? In how many 
ways may Equation ( 8 ) be satisfied f What are they t How many rootp 
has every equation of the second degree t - 
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2d. By attributing saoh a value to a; as shall render the 
second &otor equal to 0. 

Placing the second ^ustor equal to 0, we have, 

\\ 

2-hl>- Vy-K^ = 0; and «' = — />+ V^Tj^. (4.; 

Placing the first &ctor equal to 0, we have^ 

f Pi' Vq^f^ = 0; and V' = — /> - V9 -^ P^- T^O 

Since every supposition that will satisfy Equation ( 3 ), will 
also satisfy Equation ( 1 ), from which it was derived, it fol- 
lows, that x^ and x'^ are roots of Equation ( 1 ) ; also, t]|at 

JEvery equation of the second degree has two roots^ aiid 
orUy two, 

NoTB. — ^The two roots denoted by sb' and aj", are the 
same as found in Art. 158. 

SBOOKD PBOPBBTY. 

163* We have seen (Art. 161), that every equation oi 
the second degree may be placed under the form. 



(aj -f /> -f VqT^) {x-\-p- V^T^) = 0. 

By examining this equation, we see that the first factor 
may be obtained by subtracting the second root fi:om the 
unknown quantity x ; and the second factor by subtracting 
the^r^^ root from the unknown quantity x ; hence, 

Eoery equation of the second degree may be resolved ifUo 
two binomial factors of the fvrst degree^ the first terms^ in 
both factors^ being the unknoton quantity y and the second 
termSy the roots of th^ equation^ taken with contrary signs. 

162. Into how many binomial factora of the first degree may every 
eqaatkm of the second degree be resolved t What are the first terms of 
these Motors f What the second ? 
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THIRD PBOPXBTY. 



168* If we ftdd Equations (4) and (5), Art 161, we 
have, 



:V- 


aj' = — p -^ Vq -^ P^ 

asf' =: -p -- \/q -{-p^ 




of + QB^' = — 2p ; that is, 



In every reduced equation of the second degree the eum 
of the two roots is equal to the coefficient of the second term 
taken with a contrary sign. 

FOUETH PBOPEBTY. 

164. If we multiply Equations (4) and (5), Art 161, 
member by member, we have, 

a/ X «'' = (-/> 4^ Vq+p") (-i> - V^"T>) 
= />2 — (gr 4- jp2) __ _ ^. tiiat is. 

In every equation of the second degree^ the product of 
the two roots is eqical to the knoum term in the second mem- 
Rer, taken with a contrary sign. 



FORMATION OF EQUATIONS OP THE SECOND DEGREE. 

165. By taking the converse of the second property, 
(Art. 162), we can form equations which shall have given 
roots ; that is, if they are known, we can find the corre- 
sponding equations by the following 

BULB. 

L Subtract each root from the unJcnown quantity: 

168. What is the algebndo erum of the roots equal to in ererj eqoatlor) 
o/ the second degree ? 
164. What is the product of the roots equal to? 

166. How will yoa find the equation when the roots are known ? 
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EL Multiply the restdta together^ and jplode theh' product 
egucdto 0. 

BZAMPLB8. 

NoTB. — ^Let the pupil prove, in every case^ that the roots 
wiU satisfy the third and fourth properties. 

1. If the roots of an equation are 4 and — 5, what is the 
equation? Ana. o^ -^ x = 20, 

2. What is the equation when the roots are 1 and — 3 ? 

Ans. aj* -f 205 = 8. 

3. What is the equation when the roots are 9 and ^ 10? 

Ans. aj* -f- a = 90. 

4. What is the equation whose roots are 6 and — 10 ? 

Ans. 85* + 4aj = 60. 

6. What is the equation whose roots are 4 and — 3 ? 

Ans. aj* -- 05 = 12. 

6. Wliat is the equation whose roots are 10 and — iV ^ 

Ans. 05* — 9fyx = 1. 

7. What is the equation whose roots are 8 and — 2 ? 

Ans. as* — 6o5 = 16. 

8. What is the equation whose roots are 16 and — 6 ? 

Ans. ar' — 11a: = 80 

9. What is the equation whose roots are — 4 and — 6 T 

Ans. aj* -f 905 = — 20. 

10. What is thQ equation whose roots are — 6 and — 7 ? 

Ans. 05* + 1305 = — 42. 

11. What is the equation whose roots are — j and — 2 f 

o 

Ans. 7? + 2}fl5 = — - 

12. What is the equation whose roots are » 2 and — 3 ? 

Ans. aj" -h 605 = — 6. 
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18. What Ib the equation whose roots are 4 and 3 ? 

Am. 05* — 7a5 = — 12, 

14. What is the equation whose roots are 12 and 2? 

Ana, as* - 14aj = — 24, 

16. What is the equation whose roots are 18 and 2P 

A718. 7? — 20a; = — 86. 

16. What is the equation whose roots are 14 and 8 ? 

And. as* — 17a; = — 42. 

4 9 

17. What is the equation whose roots are - and — t? 

65 
Ans. as* + --aj = 1. 
36 

2 

18. What is the equation whose roots are 5 and — ^ ^ 

Asm. 85* — —as = -~- • 
3 8 

19. What is the equation whose roots are a and h ? 

Aim, 85* — (a -h V)x z= ^ c^. 

20. What is the equation whose roots are c and — J? 

Ans. as* — (c — <f ) a? = ci 



TRINOMIAL EQUATIONS OF THE SECOND DEGIIEB. 

. 165/ A trinomial equation of the second degree con- 
tains three kinds of terms : 

1st A term involving the unknown quantity to the second 
degree. 

2d. A term involving the unknown quantity to the firfit 
degree; and 

dd. A known term. Thus, 

05* — 4a — 12 = 0, 
18 a trinomial equation of the second degree. 
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FACTOBme. 

165*** What are* the &ctor8 of the trinomial equation, 

jb2 — 4a; — 12 = ? 

A trinomial equation of the second degree may always be 
reduced to one of the four forms (Art. 160), by simply trans- 
posing the known term to the second member, and then 
solving the equation. Thus, from the above equation, we 

have, 

a~« — 4a5 = 12. 

Resolving the equation, we find the two roots to be -h 
and — 2 ; therefore, the factors arc, a; ~ 6, and x -\- 2 
(Art. 162). 

Since the sum of the two roots is equal to the coefficient 
of the second term, taken with a contrary sign (Art. 163) ; 
and the product of the two roots is equal to the known 
term in the second member, taken with a contrary sign, or 
to the third term of the trinomial, taken with the same 
sign : hence it follows, that any trinomial may be &ctored 
by inspection, when two numbers can be discovered whose 
algebraic sum is equal to tJie coefficient of the second term^ 
ani whose prodicct is equal to the third term. 

BX AMPLES 

1. What are the &ctors of the trinomial, aj^ — 9aj — 86 ? 

It is seen, by inspection, that — 12 and -f 3 will fulfil the 
conditions of roots. For, 12 — 3 = 9 ; that is, the co- 
efficient of the second term with a contrary sign; and 
12 X — 3 == — 36, the third term of the trinomial; hencej 
the fiictors are, as — 12, and aj -I- 3. 

2. What are the &ctors of «» — 7a; — 30 = ? 

Ans. X — 10, and x + 3 
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3. What are the Motors of a^ + 15a; + 36 == OP 

Ana, X -f 12, and as 4- 8. 

4. What are the factors of x^ - 12a5 — 28 = ? 

Ans. X — 14, and aj + 2 

ft. What are the Victors ofa*— Ya; — 8 = 0? 

Atis. a; — 8, and aj 4- 1. 



TRINOMIAL EQUATIONS OF THE FOBM 

aj2« + 2pa" = q. 

In the above eqaation, the exponent of as, in the fiist temu 
IS doable the exponent of a; in the second term« 

a« - 4a53 = 32, and aj* + 4aj2 = 117, 

are both equations of this form, and may be solved by the 
roles abready given for the solution of equations of the 
second degree. 
In the equation, 

aj2» + 2paj» = qy 

we see that the first member will become a perfect square, 
by adding to it the square of half, the coefficient of aj*; thus, 

a2« 4- 2/?aj« + i>2 = q -^p^ 

in which the first member is a perfect square. Then, ex- 
tracting the square root of both members, we have, 

aj» -f jp = ± yTTi^i 

henoe, of = — p ± ^/q +i>*; 

then, by taking the nth root of both membera, 



at,d »" = V-^- V-p+P' 



284 BLBMENTABT ALGBBHA. 

BZAMPLBS. 

1. What are the values of a; in the equation* 

a5« -h 6a;3 = 112? 
Completing the square, 

a5« -h 635^ -f 9 = 112 + 9 = 121 ; 
then, extracting the square root of both members, 
a^ + 3 = ± x/ui = ± 11 ; hence, 

x" = 3^- 8 -h 11, and aj" = ^- 8 -- 11 ; henoe, 
aj' = ^ = 2, and aj" = \/^^^ = - {^. 

2. What are the values of as in the equation, 

a* - 8a;2 = 9 ? 
Completing the square, we have, 

aj4 — 8a52 + 16 = 9 + 16 = 25. 

Extracting the square root of both members, 

a?* — 4 = ± -v/25 = ± 6 ; hence, 

as' = ± -/4 + 6, and a;" = ±. ^4 — 6; henoe, 

as' = -f- 3 and — 3 ; and a^' = + -/— 1 and — y— 1, 

8. What are the values of a; in the equation, 

Qfi 4- 2035^ = 69 ? 
Completing the square, 

aj« + 20^3 + 100 = 69 4- 100 = 169. 
Extracting the square root of both members, 
aj^ -f 10 = ± Vl69 = ± 13 ; henoe, 
a/ = y'- 10 + 18, and a?" = ^- 10 — 18. 
a/ = ^, and a?" = s^- 28. 
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4. What are the values of as in the equatioi], 

aj* — 2jb2 = 3 ? 

Am. 05' = :± V^, and as" = ± \^^l, 

6. What are the values of x in the equation, 

aj« -f Sa?* = 9? 

Ans. x* = 1, and as" = ^— 9. 



6. Given as ± y^ + 4 = 12, to find a& 
Transposing a; to the second member, and then squaring, 
9aj -h 4 = «2 — 2435 + 144 ; 
.-. aj2 — 3305 = — 140; 
and, as' = 28, and as'' = 5. 



7. 4a5 ± W^ + 2 = *• ^*^- a^ = Hf »" = i- 

8. as ± v^ + 10 = 8. -Aw. as' = 18, as" = 3. 



KUMEBIOAL VALUES OF THB BOOTS. 

166. We have seen (Art. 160), that by attributing aU 

possible signs to 2p and q^ we have the four following 

forms: 

a5^+ 2/ws = J. .... (1.) 

aj^ — 2jtw5 = J. .... (2.) 

a5^+ 2px = — J. • . . • (3.) 

as* — 2pa5 = — J. . . . . (4.) 

106. To how mAnj forms may every equation of the seoond degreo be 
rednoed? What are they? 
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First Form. 

167. Since q is poffltive, we know, from Pn>p^-ty 
Fourth, that the product of the roots must be negative * 
hence, tlie roots have contrary signs. Since the ^oefSdent 
2p is positive, we know, froin Property Third, that the alge- 
braic sum of the roots is nega'Aw y lit^iice, the negative root 
is numericcUly the greater. 

Second Form. 

168. Since g is positive, the product of the roots must 
be negative; hence, the roots have contrary signs, Sinxse 
2p is negative, the algebraic sum of the roots must be posi' 
tive ; hence, the positive root is numerically the greater. 

Third Form. 

169. Since g is negative, the product of the roots is 
positive (Property Fourth) ; hence, the roots have the same 
sign. Since 2p is positive, the sum of the roots must be 
negative ; hence, both are negative. 

Fourth Form. 

170. Since g is negative, the product of the roots is 
positive ; hence, the roots have the same sign. Since 2/> is 
negative, the sum of the roots is positive ; hence, the roots 
are both positive. 

167. What sign has the product of the roots in the first form ? How 
are their signs ? Which root .s numerically the greater f Why ? 

168. What sign has the product of the roots in the second form f How * 
are the signs of the roots ? Which root is numerically the greater? 

169. What sign has the product of the roots in the third form ? How 
are their signs ? 

170. What sign has the product of the roots in the fourth form ? How 
9M% the sigDs of the roots ^ 
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First and Second Forma. 

17t. If we make j' = 0, the first form becomes, 

x^ + 2px = 0, or x(x -f- 2/)) = ; 

which shows that one root is equal to 0, and the other to — 2p 

Under the same supposition, the second form becomes. 

05* — 2px = 0, or x{x — 2p) = ; 

which shows that one root is equal to 0, and the other to 
%». Both of these results are as they should be ; since, when 
7, the product of the roots, becomes 0, one of the factors 
oiust be ; and hence, one root must be 0. 

Third and Fourth Forms, 

I7«. If, in the Third and Fourth Forms, ^ >jo*, the 
quantity under the radical sign will become negative ; hence, 
its square root cannot be extracted (Art. 137). Under this 
supposition, the values of x are imaginary » How are these 
results to be interpreted ? 

If a given number be divide^ into two parts, their pro- 
duct toiU be the greatest possible^ when the parts are equal. 

Denote the number by 2/>, and the difference of the parts 
by d\ then, 

/>-!--= the greater part, (Page 120.) 
and, 2> — - = the less part, 

i 

d^ 

and, /)*— — = P, their product. 



171. If we make 9 = 0, to what does the first form reduce? What, 
thcD, are its roots ? Under the same supposition, to what does the second 
form reduce ? What are, then, its roots? 

f72. If 7 > p\ in the third and fourth forms, what takes place? 

If a number be divided into two oarts, when will the product be the 
(greatest possible ? 
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It is t^afah that the product P will incretue^ as d dimtn' 
UheSj and that it will be the greatest possible when df = ; 
for then there will be no negative quantity to be subtracted 
from p^y in the first member of the equation.. But when 
c7 = 0, the parts are equal ; hence, the prodv4St of the tnoo 
parts is the greatest when they cure eqwd 

In the equations, 

aj* + 2/wj = — ^, 05* — 2jM5 = — y, 

2p is the sum of the roots, and — q their product ; and 
hence, by the principle just established, the product ^, 
can never be greater than j^. This condition fixes a Umit 
to the value of q. I^ then, we make q'>p^^ we pass this 
limit, and express, by the equation, a condition which cannot 
be fulfilled ; and this incompatibility of the conditions is 
made apparent by the values of as becoming imaginary. 
Hence, we conclude that, 

When the values of the unknown q^iantUy are imaginary^ 
the conditions of the preposition are incompatible with 
each other. 

BXAHPLBS. 

1. Find two numbers, whose sum shall be 12 and pro- 
duct 46. 

Let X and y be the numbers. 
By the 1st condition, as -f y = 12 ; 
and by the 2d, xy = 46. 

The first equation gives, 

aj = 12 - y. 
Substituting this value for x in the necond, we have, 

12y - y* = 46 ; 
and ohanging the signs of the terms, we have, 

y« - 12y rr - 46 
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Then, by completing the sqtiare, 

y« - 12y -I- 36 = - 46 + 36 = - 10; 
which gives, y' = 6 4- -/— 10, 

ancL y" = 6 - y^— 10; 

both of which valnes are irnaginary, as mdeed they Rhoold 
be, smoe the conditions are incompatible. , 

2. The sam of two numbers is 8, and their prodnct 20; 
what are the numbers ? 

Denote the numbers by x an)l y. 

' By the first condition, 

X -^ y = 8; 

and by the second, xy = 20. 

The first equation gives, 

« = 8 — y. 

Substituting this value of a; in the second, we have, 

8y - y2 = 20 ; 

changing the ogns, and completing the Rqnare, we have, 

y»- 8y + 16 = - 4; 

and by extracting the root. 



y' = 4 -I- \/~4, and y" = 4 - -/^ *• 
These values of y may be put under the formti (Art. 142), 

y = 4 + 2\/— i» and y == * — 2\/— 1. 

3 What are the values of a; in the equation, 

flB>+ 2flB = — 10? 

' as" = ~ 1 - S-v/irr. 
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FBOBLEMS. 

1. Find a number snch, that twice its square, added to 
Lhrce times the number, shall give 65. 

Let X denote the imknown number. Then, the equation 
of the problem is, 

2aj2 + 3aj = 66 ; 
vrhence, 

8 . /66 . 9 3 28 

"^= -4=*=V-2- + i6 = ""i=^T- 
Therefore, 

3 _i_ 23 ^ A ^, 3 23 18 
as' = = 6, and ar ' = — — ^ • 

4 4 ' 4 4 2 

Both these values satisfy the equation of the problem. 

For, 

2 X (6)« +3x6=;2x26-|-16 = 66; 



and, 2(-^) 



2 . ^ 13 169 39 130 

+ 3 X = = — = 66. 

2 2 2 2 



Notes. — 1. If we restrict the enunciation of the problem 
to its arithmetical sense, in which " added " means numer- 
ical increase^ the first value of x only will satisfy the con- 
ditions of the problem. 

2. If we give to ^^ added,'' its algebraical dgnifioatioii 
(when it may mean subtraction as well as addition), the 
problem may be thus stated : 

To find a number such, that twice its square diminished 
by three times the number, shall give 66. 

The second value of x will satisfy this enunciation ; for, 



m- 



18 169 89 
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3. The root which results from giving the phis sign to the 
radical, is, generally, an answer to the question in its arith- 
metical sense. The second root generally satisfies the pro- 
blem under a modified statement. 

Thus, in the example, it was required to find a number, 
of which twice the square, added to three times the num- 
ber, shall give 65. Now, in the arithmetical sense, added. 
means increased ; but in the algebraic sense, it implies dimi- 
nution when the quantity added is negative. In this sense, 
the second root satisfies the enunciation. 

2. A certain person purchased a number of yards of cloth 
for 240 cents. If he had purchased 3 yards less of the same 
cloth for the same sum, it would have cost him 4 cents more 
per yard : how many yards did he buy ? 

Let X denote the number of yards purchased. 

Then, — will denote the price per yard. 

I^ for 240 cents, he had purchased three yards less, that 

is. a; — 3 yards, the price per yard, under this hypothesis, 

240 
would have been denoted by • But, by the condi- 

tions, this last cost must exceed the first by 4 centa There- 
fore, we have the equation, 

240 240 

= 4; 



X — ^ X 

whence, by reducing x^ — 3aj = 180, 



and, X =r - + \ / - 

^ 2 - V4 



?+I80=?±2' 



2 ' 

therefore, aj' = 16, and x" = — 12. 

Notes. — 1. The value, x' = 15, satisfies the eaundation 

n its arithmetical sense. For, if 15 yards oost 240 oents, 
11 



243 BLEMBNTABT ALGBnSA. 

240 -M6 = 16 cents, the price of 1 yard ; and 240 -i- 12 = 20 
cents, the price of 1 yard under the second supposition. 

2. The second value of a; is an answer to the following 
E^oblem: 

A certain person purchased a number of yards of cloth 
for 240 cents. If he had paid the same for three yards more^ 
it would have cost him 4 cents leas per yard : how many 
yards did he buy ? 

This would give the equation of condition, 

240 240 

r^ = 4 : or, 

aj2 — 305 = 180; 
the same equation as found before ; hence, 

A single eqitation toUl often state two or more arithr 
meticcU problems. 

ITiis arises from the fiict that the language of Algebra is 
more comprehenave than that of Arithmetic. 

3. A man having bought a horse, sold it for $24. At tho 
sale he lost as much per cent, on the price of the horse, as 
the horse cost him dollars : what did he pay for the horse ? 

Let X denote the number of dollars that he paid for the 
horse. Then, sb — 24 will denote the loss he sustained. But 

X 

as he lost X per cent, by the sale, he must have lost -— 

upon each dollar, and upon x dollars he lost a sum denoted 

by — ; we have, then, the equation, 
100 

— = ar — 24; whence, «* - lOOos = — 2400, 
^00 ' 
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and, X =.- 60 ± -/2600 - 2400 = 50 ± 10. 

Therefore, a/ = 60, and «" == 40. 

Both of these roots will satisfy the problem. 

For, if the man gave |60 for the horse, and sold him for 
$24, he lost 136. From the enmiciation, h»i should have lost 
60 per cent, of $60 ; that is, 

60 ^ ^^ 60 X 60 ^_ 
-— of 60 = — -^;;r— = 38 ; 
100 100 

therefore, $60 satisfies the enmiciation. 

Had he paid $40 for the horse, he would have lost by the 
sale, $16. From the enunciation, he should have lost 40 pet 
cent, of $40 ; that is, 

-— of 40 = — zr^:?r- = ^6 ; 
100 100 

therefore, $40 satisfies the enmiciation. 

4. The sum of two numbers is 11, and the sum of their 
squares is 61 : what are the numbers ? Ans, 6 and 6 

6. The difference of two numbers is 3, and the sum of thoir 
squares is 89 : what are the numbers ? Ans, 6 and 8. 

6. A grazier bought as many sheep as cost him £60, and 
afler reserving fifteen out of the number, he sold the re- 
mainder for £54, and gained 25. a head on those he sold : 
how many did he buy ? Ana, 76. 

7. A merchant bought cloth, for which he paid £:^3 155,, 
which he sold again at £2 %s, per piece, and gained by the 
bai'gain as much as one piece cost him : how many pieces 
did he buy ? Ana, 15. 

8. The difference of two numbers is 9, and their sum, 
maltiplied by the gieater, is equal to 266: what are the 
numbers? Ans, 14 and 5 
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9. To find a number, such that if you subtract it from 10, 
and multiply the remahider by tlie number itsellj the pro- 
duct will be 21 Am, 7 or 3. 

10. A person traveled 105 miles. If he had traveled 2 
miles an hour slower, he would have been 6 hours longer in 
(X)mpleting the same distance : how many miles did he travel 
per hour ? Ans, 7 miles. 

11. A person purchased a number of sheep, for which he 
paid $224. Had he paid for each twice as much, plug 2 dol- 
lars, the number bought would have been denoted by twice 
what was paid tor each : how many sheep were purchased ? 

* Ans, 32. 

12. The difference of two numbers is 7, and their sum 
multiplied by the greater, is equal to 130: what are the 
numbers? Ana, 10 and 3. 

18. Divide 100 into two such parts, that the sum of their 
squares shall be 5392. Ans, 64 and 36. 

14. Two square courts are paved with stones a foot square ; 
the larger court is 1 2 feet larger than the smaller one, and 
the number of stones in both pavements is 2120 : how long 
is the smaller pavement ? Ans, 26 feet. 

15. Two hundred and forty dollars are equally distributed 
among a certain number of persons. The same sum is again 
distributed amongst a nimaber greater by 4. In the latter 
case each receives 10 doUai-s less than in the former: how 
many persons were there in each case. Ans, 8 and 12. 

16. Two partners, A^ and B^ gained 360 dollars. A*6 
money was in trade 12 months, and he received, for prin- 
cipal and profit, 520 dollars. B^s money was 600 dollars, 
and was in trade 16 months: how much ciipital had A ? 

• Ans, 400 dollars 
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BQUaXIONB INVOLVINQ 11 ORB THAN ONB UNKNOWN QUANTITY. 

1V8. Two simultaneous Equations, each of the second 
degree, and containing two unknown quantities, will, when 
combined, generally give rise to an equation of the fourth 
degree. Hence, only particular cases of such equations can 
be solved by the methods already given. 

FIBST. 

Ihoo 9imvUaneous equations^ involving two unknown 
quantUiea^ can dkoaya be solved when one ie of the Ursi 
and the other of the second degree. ^ 

BXAMPLBS. 

LGivea |^:|:j;.IiJJ[ tofind«aBdy. 

By trangpoong y in the first equadon, we bayei 

05 = 14 —y; 
and by squaring both members, 

flja = 196 — 28y + y». 

Substituting this value for 7? in the second equationt we 
have, 

196 - 28y + y» + y» = 100; 

from which we have, 

y» - 14y = - 48. 

By oompleting the square, 

y* — 14y + 49 = 1 J 

178. When may two aimiihuieoiis equations of tfao seoood degree be 

GOl?«dt 
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and by extracting the square root, 

y-V=±Vi = +l, and -1; 
hence, y' = 7 + 1 = 8, and y" = 7 — 1 = 6. 

If we take the greater value, we find as = 6 ; and if we 
take the lesser, we find a; = 8. 



. j «' = 8, «" = 6. 
Ana, -J , ^ ,» 

( y' = 6, y" =r 8 



VERIFICATION. 

For the greater value, y = 8, the equation, 

X + y = ' 14, gives 6 + 8 = 14 ; 
Mid, «» + y2 = 100, gives 36 + 64 = 100. 

For the value y = 6, the equation, 

as + y = 14, gives 8 + 6 = 14 ; 
and, aj» + y» = 100, gives 64 + 86 = 100. 
Hence, both sets of values satisfy the given equation. 

2. Given •} , ,"".., f to find as and y. 
( a!^ *- y* = 46 ) ^ 

Transpoong y in the first equation, we have, 

flj = 3 + y; 
then, squaring both members, 

aj* = 9 + 6y + y^ 

Substituting this value for x\ in the second equation, wc 

have, 

9 + 6y + y2— y* = 45; 

whence, we have, 

(^ -s 86, and y z= 0. 
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SnbBtituting this value of y, in the first equatioii, we bayei 

« — 6 = 8, 
and, consequently, as' =r 3 + 6 = 9. 

VSBIFICATION. 

a — y = 8, gives — 6 = 8 ; 
and, fl^— y» = 45, gives 81 — 86 = 46. 

Solve the following simultaneous equations : 

ja5 + y=12) io^ = 1. 

jaj-y= 8j ca/rrO, a5"= - 6. 

*• } aj2+ y* = 117 f ^'**- 1 y' = 6, y"= - 9. 

• I a^- 2a^ + y2 = 1 f ^'**- t y' = 4, y''= 4. 

" J a52-h 2jBy -h y2 = 226 f 

^^•jy'= 6, y'= -10. 



SECOND. 



174. 2\do simuUaneoua eqitations of the second degree^ 
which are homogeneous with respect to ths uoUcnown gticmr 
tity^ can aikoays be solved. 

EXAMPLES. 

1- Given lit J'^rf. .n 11*! 

(a?-f- Sajy + 2y2 = 40 (2.) 

to find X and y. 

174. When may two siinaltiuieous equations of the second degree be 
sobred? 
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Assnme * = <y, < being my auxiliary imknown quantity. 
Substituting thiB value of » in Equations ( 1 ) and ( 2 ), 

22 
th/' + Zty' = 22, .-. y«= -^^^^i (3.» 

40 
e»yM 8«y» + 2y» :?= 40, .-. y2^ ____, (4) 

22 40 

Henoe, 



^ + 3« ^ + 3« + 2 * 
h«ice, 22<* + 66« + 44 = 40^ -f 1 20< ; 

22 
redudng, ^ + 3^ = — ; 

2 li 

whence, ^ = -, and <"= — — -• 

Substituting either of these values in Equations ( 3 ) or 

( 4 ), we find, 

y' = + 3, and y" = - 3 

Substituting the plus value of y, in Equation ( 1 ), we 

have, 

«* + 905 = 22 ; 

from which we find, 

a/ = + 2, and «" = — 11. 

If we take the negative value, y" = — 3, we have, 

from Equation ( 1 ), 

«» — to = 22 ; 
from which we find, 

a/ = + 11, and x" = — 2. 

VJUtlFlGATION. 

For the values y' = +3, and a/ = + 2, the ^en 

equation, 

aj* +■ Zxy = 22, 



I 
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gives, 2* +8x2x8 = 4 + 18 = 22; 

and for the second value, a^' = — 11, the same equation, 

as* + Sajy = 22, 
gives, (— 11)2+ 8 X - 11 X 3 = 121 - 99 = 22. 

I^ now, we take the second value of y, that is, y'' = — 8, 
and the corresponding values of se, viz., a/ =: + 11, and 
05" = — 2; for a/ = + 11» the given equation, 

aj» + Sajy = 22, 
gives, 11* + 8 X 11 X — 8 = 121 — 99 =s 22; 
and for a/' = — 2, the same equation^ 

as^ + 8a^ = 22, 
gives, (- 2)» + 8 X - 2 X - 8 = 4 + 18 = 22. 

The verifications could be made in the same way by enii 
ploying Equation ( 2 ). 

Note. — ^In equations similar to the above, we generally 
find but a single pair of values, corresponding to the values 
in this eqiiation, of y' = + 3, and as' = + 2. 

The complete solution would give four pairs of values. 
^- y»= -9) . (as = 4. 



2. 



3. 



5. 



]y2— ajy= 6) (y = 5. 

i 2aj' + 8a5y = 470 1 Ans ["" ^ ^^• 
]ya-ajy=~9f '1y=9 

j Sosy - 3ya = 82 1 Arut S^ "^ "^^ 



J as' + y* + Say 
11* 
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rUIBD. — ^PABnCULAB GA8BS. 

175 Many other equations of the second degree may be 
60 translormed, as to be brought under the rules of sohition 
ahready given. *rhe seven following formulaa will aid in 
^ch transformation. 

(1.) 
When the sum and difference are known: 

X — y = d. 

Then, page 182, Example 8, 

8 -{- d 1.1, , s—d 1 1, 
OB = = - « + -a- and V = = -* a, 

(2.) 

When the smn and product are known: 

x+y=« (1.) 

«y = i> • • (2.) 

«* + 2a5y -f y' = «*, by squaring ( 1 ) ; 
4iBy = 4jt>, by mult. ( 2 ) by 4. 

«5* — 2a5y -f y* = s^ — 4:p^ by subtraction. 





05 — y = ± v'a^ — 4jp, by ext. root. 
But, 05 + y = «; 

hence 05 = - ± - ^s^ — 4p* 

and, y = I ^ 2 V"*' - ^P* 

176. What is the lint formula of this article? What the seoon 
TfaMf WmrtbT FIfthf SUtibr SeTNithf 
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(8.) 

When the difference and product are known: 

x^ y z=: d (1.) 

ay = /> (2.) 

88* — 2vy -f y' = d*, hy squaiing ( 1 ) • 
Aacy = 4/>, mult. ( 2 ) by 4. 

^ 05* + 2ajy + y' = <?* + 4jt?, by addmg. 

x-^- y ^ ± y/^ + 4p 
05 — y = d 



X = irf ± i -v/d* + 4p. 

y = - id? ± J -v/S^Tlp. 

When the sum of the squares and produot are known . 
aj2-f y2= 5. . (1.) xyz=p..(2.) .'.2xy = 2p..{S.) 
Adding (1 ) and (3), a?» + 2ay 4- y* = « -f 2jo ; 

hdnce, 85 4- ;y = db -/s 4- 2p (4.) 

Subtracting (3) from (1 ), as* — 2xy -h y* = s — 2p; 

hence, aj — y = db -/» — 2/> (6.) 

Combining (4) and (6), as = \\/s~T~2p -f ^-/s — 2/>, 

and, y = 4>/« 4- 2jt> — •iV'« -- 2jo. 

When the sum and sum of the squares are known: 

05 -f y = « (1.) 

a* + y^ = «' (2.) 

03^ + 2xy + y^ = 8^ by squaring ( I ) 

2a:y = «*—«' 

gt _ g» 
xy c= — r— =r |>, (8.) 
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By putting wy z=z p^ and oombining Equations (1) and 
(8 ), by Fonniila (9), we find the values of as and y. 

(6.) 
When the sum and sum of the cubes are known : 

as -f y = 8 .... (1.) 
as>-f y3 - 162 . . . . (2.) 

•» + 8a5^ + 3ajy* -f y^ = 512 by cubing ( 1 ). 

8a5"y 4- 3ay* = 860 by subtraction. 

^{^ + y) = 360 by &ctoring. 

3asy (8) = 360 firom Equa. ( 1 ) 
2^Qsy = 360 

hence, a^ = 15 ... (3.) 

Combining ( 1 ) and ( 8), we find as = 5 and t/ = 3. 

When we hare an equation of the form, 

(as + yY + (as + y) = J. 
Let us assimie as + y = ^ 

Then the given equation becomes, 

I? +•« = jr; and 2 = - - ± yjq + j. 



« + y = -^±\/? + i 



BZAMPLBS. 

- •'» (1) 



1. €KTen lx+y-\-*= 1 (2) Vtofir.dar,y,and z 
'«^ 4- y* + «* = 21 (3)) 
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Transpofibg y in Equation (2), we havei 

x + z z= 1 — y\ . . . (4.) 
then, squaring the members, we have, 

a5» + 2a52 4- 2^ = 49 — 14y 4- y\ 

If now we substitute for 2iez, its value taken from Bquiu 
Uon ( 1 ), we have, 

a5» + 2y* -f 2* = 49 — 14y + y»; 

and cancelling y\ in each member, there results, 

«* + y^ + «* = 49 — 14 y. 

But, from Equation ( 8 ), we see that each member of the 
last equation is equal to 21 ; hence, 

49 - 14y = 21, 

and, 14y = 49 — 21 = 28 , 

28 
hence, y = rj = 2. 

Substituting this value of y in Equation (1 ), gives, 

ass8 = 4; 
and substitutmg it in Equation ( 4 ), gives, 

2 + 2 = 5, or 88 = 5— «. 

Substituting this value of as, in the previous equation^ we 

obtain 

5a — a* = 4-, or a^ — 6a = — 4; 

and by completing the square, we have, 

a» - 6a + 6.26 = 2.25. 

md, a — 2.6 = ±y^5= -f 1.5, or — 1.5 

lence, a s 2.5 + 1.5 s 4, and a as + 2.5 — 1.5 b 1 
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2. Given ^ + y^ + y = 19) ^SndwBudv 
and aj2 + xy + y^ = 133 ) ^ 

Dividing the second equation by the first, we have, 

X — v^ + y = 7 

but| X -f y/xy 4- y = 19 

henoe, by addition, 2a; + 2y = 26 

or, (B + y = 18 

and substituting in 1st Bqua,, V^ + 13 = 19 

or, by transposing, y^ = 6 

and by squaring, xy = 36. 

Equation 2d, is- a? + ajy -f y* = 188 

and from the last, we have, 3xy = 108 

Subtracting, a? — 2a5y 4- y' = 25 

hence, as — y = ± 5 

but, a5 + y = 18 

hence, as = 9 and 4; and y = 4 and 9. 



I 



PROBLEMS. 

1. Fmd two numbers, such that their sum shall be 15 and 
the sum of their squares 113. 

Let X and y denote the numbers ; then, 

aj + y = 15, (1.) and a?» + y» = 118. (2.) 

From Equation ( 1 ), we have, 

a5« = 225 — 30y + y» 

Substituting this value in Equation ( 2 ), 

225 — 80y -f y* 4- V* = 118 • 
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henoe, 2^^ — 30y = — 112 , 

y» - 15y = - 56, 

hence, y' = 8, and y" = 7. 

The first value of y bemg substituted m Equation ( 1 ), 
gives aj' = 7 ; and the second, vf' = 8. Hence, the num- 
bers are % and 8. 

2. To find two numbers, such that their product added to 
their sum shall be 17, and their sum taken firom the sum of 
their squares ^all leave 22. 

Let X and y denote the numbers; then, fiH>m the oon- 

ditions, 

(« + y) + ay = 17. . . . (1.) 

25^ + y' - (« + y) = 22. . . . (2.) 

Multiplying Equation ( 1 ) by 2, we have, 

2ay -h 2(a; + y) = 84. ... (8.) 
Adding (2) and (3), we have, 

aj» + 2ay -f y^ -f (aj -f y) = 66 ; 
hence, (aj + y)* + (a + y) = 66. . . (4.) 

Regarding (as + y) as a single unknown quantity (page 
248), 

« + y = - ^ ± y/wV\ = n. 

Substituting this value in Equation ( 1 ), we have, 

7 + ajy = 17, and y = 6. 
Hence, the numbers are 2 and 6. 

3. What two numbers are those whose sum is 8, and sum 
of their squares 84 ? Am. 6 and 8. 
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4. It is required to find two such numbers, that the first 
shall be to the seoond as the second is to 16, and the sum of 
whose squares Shall be 225 ? Ana. and 12. 

5. What two numbers are those which are to each othei 
as 8 to 5, and whose squares added together make 1666 ? 

Ana. 21 and 85 

6. There are two numbers whose difiTerence is 7, and hsilf 
their product plus 30 is equal to the square of the less 
number: what are the numbers? Ans, 12 and 10. 

7. What two numbers are those whose sum is 5, and the 
sum of their cubes 35 ? Ans. 2 and 3. 

8. What two numbers are those whose sum is to the 
greater as 11 to 7, and the difference of whose squares is 
132? Am. Hands. 

9. Divide the number 100 into two such parts, that the 
product may be to the sum of their squares as 6 to 13. 

Ans. 40 and 60 

10. Two persons, A and -B, departed from different places 
at the same time, and traveled towards each other. On 
meeting, it appeared that A had traveled 18 miles more 
than B ; and that A could have gone B^s journey in 15| 
days, but B would have been 28 days in performing A^a 
journey : how far did each travel ? . j -4, 72 miles. 

' ( -B, 64 miles. 

11. There are two numbers whose difference is 15, and 
half their product is equal to the cube of the lesser number: 
what are those numbers ? Ana, 3 and 18. 

12. What two numbers are those whose siun, multiplied 
by the greater, is equal to 77 ; and whose difference, multi- 
plied by the less, is equal to 12 ? 

Ana. 4 and 7, or } V^ ^^^ V V2. 
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13. Divide 100 into two such parts, that the sum of their 
square roots may be 14. Ans. 64 and 36. 

14. It is required to divide the number 24 into two such 
parts, that their product may be equal to 35 times their dif- | 
ference. Ana. 10 and 14. 

15. The sum of two numbers is 8, and the sum of theii 
oubes is 152 : what are the numbers ? Ana. 3 and 5. 

' 16. Two merchants each sold the same kind of stuff; the 
second sold 3 yards more of it than the first, and together 
they receive 35 dollars. The first said to the second, " I 
would have received 24 dollars for your stuff;** the other 
replied, "And I should have received 12| dollars for yours :*' 
how many yards did each of them sell ? 

. j 1st merchant a/ = 15, a?" = 5. 

^'Xid. « y' = 18, **"' y" = 8. 

17. A widow possessed 13,000 doll^, which she divided 
into two parts, and placed them at interest in such a manner 
that the incomes from them were equal. If she had put out * 
the first portion at the same rate as the second, she would 
jave drawn for this part 360 dollars interest ; and if she 
had placed the second out at the same rate as the first, she 
would have drawn for it 490 dollars interest: what were 
the two rates of interest ? Ans, 1 and 6 per cent. 

18. Find tliree numbers, such that the difference between 

the third and second shall exceed the difference between the 

second and first by 6 ; that the sum of the numbers shall be 

3d, and the sum of their squares 467. 

Ana. 5, 0, and 19. 

19. What number is that which, being divided by the 
product of its two digits, the quotient will be 3 ; and if 18 
be added to it, the resulting number will be expressed by 
the digits inverted ? Ana. 24. 
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20. What two numbers are those which are to each othei 
as 771 to fly and the sum of whose squares la b? 



A?is. 



y/w?' -|- n^' "v/m^-j- n* 



21. What two numbers are those which are to each other 
as m to /I, and the difference of whose squares is 6 ? 

7n^/h n\/b 



Ana. 



n" 



22. Required to find three numbers, such that the product 
of the first and second shall be equal to 2 ; the product of 
the first and third equal to 4, and the sum of the squares 
of the second and third equal to 20. Ana. 1, 2, and 4. 

23. It is required to find three numbers, whose* sum shall 
be 38, the sum of their squares 634, and the difference 
between the second and first greater by 7 than the difference 
octween the third and second. Ana. 8, 15, and 20. 

24. Required to find three numbers, such that the product 
of the first and second shall be equal to a ; the product of 
the first and third equal to b ; and the sum of the squares 
of the second and third equal to o. 

-|-5» 



^■' 



Ana, 



X 



-^- 



z 






+ 5» 

26. What two numbers are those, whose snm, multiplied 
by the greater, ^ves 144 ; and whose difference, multiplied 
by the less, gives 14 ? Ana. 9 and 1 
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CHAPTER IX. 

OJr PBOPOBTIONS AND PBO 6BBS SIONS. 

1 76. Two quantities of the same kind may be compared, 
Uie one with the other, in two ways : 

1st. By confiidering how much one is greater or less than 
the other, which is shown by their difference ; and, 

2d. By considering how many tim£s one is greater or less 
than the other, which is shown by their quotient. 

Thus, in comparing the nimibers 3 and 12 together, with 
respect to their difference, we find that 12 exceeds 3, by 9; 
and m comparing them together with respect to then- quo- 
tient, we find that 12 contains 3, fo.ur times, or that 12 is 4 
times as great as 3. 

The first of these methods of comparison is called Arith- 
metical Proportion^ and the second, Geom^etrical Propor- 
tion, 

Hence, Arithmetical Proportion considers the relation of 
quantities with respect to their difference^ and Oeom^trical 
Proportion the relation of qua^itities with respect to their 
gttotiefU. 

176. In how many ways may two quantities be compared the one with 
the other? What does the first method consider? What the seconl? 
What 18 the first of these methods called? What is the second called? 
Bow then do you define the two proportions? 
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OF AErrHMEnCAL PROPOBnOK AND PBOGBESSION. 

• 

177. If we have four numbers, 2, 4, 8, and 10, of which 
the difference between the first and second is equal to 
the difference between the third and fourth, these numbeTB 
are said to be in arithmetical proportion. The first term 9 
is called an antecedent^ and the second term 4, with whicti 
it is compared, a consequent. The number 8 is also called 
an antecedent, and the number 10, with which it is com- 
pared, a consequent. 

When the difference between the first and second is equal 
to the difference between the third and fourth, the four 
numbers are said to be in proportion. Thus, the numbers, 

2, 4, 8, 10, 

are in arithmetical proportion. ^ 

17§« When the difference between the nr^aujbecedent 
and consequent is the same as between any two consecutive 
terms of the proportion, the proportion is cStUed an arit/ir 
metical progression. Hence, a progression by differenceSj 
or an arithmetical progression^ is a series in which the suc- 
cessive terms are continually increased or decreased by a 
constant number, which is called the common difference of 
the progression. 

Thus, in the two series, 

1, 4, 7, 10, 13, 16, 19, 22, 25, . . . 
60, 66, 52, 48, 44, 40, 36, 32, 28, ... 

177. When are foar numbers in arithmetical proportion? What Is the 
/iret called? What is the second called? What is the third called? 
What is the fourth called ? 

178. What is an arithmetical progression ? What is the number called 
by which the terms are increased or diminished ? What is an increasing 
progression ? What is a decreasing progression f Which term is on! j 
an aniooedent ? Which only a consequent? 
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the first is called an increasing progression^ of which the 
coranion difference is 3, and the second, a decreasing pro- 
gressiony of which the common difference is 4. 

In general, let a, b^ c, df, «, j^, ... denote the terms of 
a progression by differences ; it has been agreed to write 
them thus : 

a,h,c,d.e.f»g\h.i.k,,. 

This scries is read, a is to ^, as ^ is to c, as c is to <f, as d 
is to 6, &c. This is a series of continued equi-differences^ in 
which each term is at the same time an antecedent and a 
consequent, with the exception of the first term, which is 
only an antecedents and the last, which is only a consequent 

179.- Let- d denote the common difference of the pro- 
giesion,* 

'\\ h . c . e . f . g , h, &c., 

which we wi^J consider increasing. 

From the definition of the progression, it evidently fo) 
lows that, 

b = a -\' d^ c = b •{- d z=z a + 2ds 6 = c + <:?r=a4- 3c?; 

and, in general, any term of the series is equal to tJie first 
term^ plus as inany times the common difference as there are 
preceding terms. 

Thus, let / be any term, and n the number which marks 
the place of it ; the expression for this general term is, 

I = a -{- {n — \)d, 

Elence, for finding the last term, we have the following 

179. Give the rule for finding the last term of a series when the pro- 
greesioD is increadne. 
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BULB. 

L Multiply the common difference by the number of 
tenna less one: 

H. To the xyroduct add the first term ; the sum will be 
tlie last t^rm, 

EXAMPLES. 

The fonniila, 

/ = « 4- (n — l)c?, 

serves to find any term whatever, without determining aU 
those which precede it. 

1. If we make n = 1, we have, I = a\ that is, the 
series wiU have but one term. .^^^ 

2. If we make /i = 2, we have, I ^laf^i^j^m^^^ H 
the series will have two terms, and thea|iMfl|H(is 'equal 
to the first, plus the common differeni?at'*7WK^ *^ 

3. If a = 3, and <7 = 2, what is^^K^ifferm? 

4. If a = 6, and <if = 4, what is the 6th tenn? 

An^. 25 

6. If a = 7, and ^ = 5, what is the 9th term? 

Ans. 47. 

6. If a = 8, and <? = 6, what is the 10th term? 

Ans. 53 

7. If a = 20, and d = 4, what is the 12th term r 

Ans. 64. 

8. If a = 40, and d = 20, what is the 60th term ? 

Ans. 1020* 

9. If a = 46, and (3? = 30, what is the 40th term? 

Ans. 1215. 
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10. If a = 8O5*' and d = 20, what is the 60th term f 

Ans. 1210. 

11. If a = 60, and d = 10, what is the 100th term? 

Ans. 1040. 

12. To find the 50th term of the progi'ession, 

1 . 4 . 7 . 10 . 13 . 16 . 19 . . . 
we have, Z=l+49x3 = 148. 

18. To find the 60th term of the progression, 
1 . 5 . 9 . 13 . 17 . 21 . 25 . . . 
we liave, Z=l-h59x4 = 237. 

180* If the progression were a decreasing one, we 

should have, 

Z = a — (» — 'l)d. 

Hence, to find the last term of a decreasing progression, wc 
have the following 

RULE. 

I. Multiply the common difference by the number oftermA 
less one : 

n. Subtract the product from the first term, ; the ro' 
mainder will be the last term, 

BX AMP LBS. 

1. The first term of a decreasing i)rogre8sion is 60, the 
number of terms 20, and the conunon difl^erence 3 : what is 
tlie last term f 

i=a'-{n — l)d gives ;=: 60 - (20— 1)3 = 60 — 67 = 8 



180. Give the rule for finding the last term of a Berien, when the pro 
greadoD ip decreasing. 
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2. The first tenn is 90, the common difference 4, and the 
number of terms 15 : what is the last term ? Ana. 34. 

3. Tlie first term is 100, the number of terms 40, and the 
conamon difference 2 : what is the last term ? Ans. 22. 

4. The first term is 80, the number of terms 10, and the 
common difference 4 : what is the last term ? Arts. 44. 

5. The first term is 600, the number of terms 100, and 
the common difference 5 : what is the last term ? 

Ana, 105. 

6. The first term is 800, the number of terms 200, and 
the common difference 2 : what is the last term? 

Ana. 402. 

l&a. A progression by differences being given, it is pro- 
posed to prove that, the sum of any two terms^ taken at 
equal distances from the two extremes^ is equxil to the sum 
of the two extremes. 

That is, if we have the progression, 

2 . 4 . 6 . 8 . 10 . 12, 
we wish to prove generally, that, 

4-1-10, or 6 + 8, 
us equal to the sura of the two extremes, 2 and 12. 

Let a.b.c.e.f,., i , k , l^ be the proposed 
progression, and n the number of terms. 

We will first observe that, if x denotes a term which has 
p terms before it, and y a term which has p terms after it, 
we have, from what has been said, 

181. In ev^ery progression by differences, what is the sum of the two 
extremes equal to ? What is the rule for finding the eiun of an arith- 
metical eeries? 



ARITHMETICAL PBOGBBBSIOM. 266 

X =: a -h p X dy 

and, y = ^ ~/> X rf; 

whence, by addition, aj -f y = a 4- i^ 
which proves the proposition. 

Referring to the previous example, if we suppose, in tiie 
first place, x to denote the second term 4, then y wiD de- 
note the term 10, next to the last. If x denotes the third 
term 6, then y will denote 8, the third term from the last. 

To apply this principle in finding the sum of the terms 
of a progression, write the terms, as below, and then 
again, in an inverse order, viz. : 

a,b.c.d.e./.,.i,k,l. 

Calling S the sum of the terms of the first progression, 
2S will be the sum of the terms of both progressions, and 
we shall have, 

2S=(a+l)-^-{b-{-k) + {c-i-i) , . . -f.(*>c)-f(A;+*) + (Z+a). 

Now, since all the parts, a 4- A ^ + A;, c -f i . . . are 
equal to each other, and their number equal to n, 

2/Sf = (a + X w, or S = (^^) x n. 

Hence, for finding the sum of an arithmetical series, we 
have the following 

RULB. 

I. Add the two extremes together^ and take half their sum. 

U. Multiply this half -sum by the number of terms ; the 
product wiU be the sum of the series, 
12 
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BZAXPLXB. 

1. The extremes are 2 and 16, and the number of terma 
8 : what is the sura of the series ? 

— ^ — X 8 = 72. 



c /a "t A 

S = I —J X w» glVeP > rr 



2. The extremes are 3 and 27, and the number of tenns 1 
i2 : what is the sum of the series ? A9is. 180. ' * 

3. The extremes are 4 ard 20, and the number of terms ' 
10: what- is the sum of the series? Ans, 120. 

4. The extremes are 100 and 200, and the number of 
terme 80: what is fhe sum of the series 3r Ans. 12000. 

6. The extremes are 500 and 60, and the number of terms 
20 : what is the sum of the series ? Ans, 5600 

6. The extremes are 800 and 1200, and the number of 
terms 50: what is the sum of the series? An^, 60000. 

1 82. In arithmetical proportion there are five members 
to be considered : 

1st. The first term, a, 

2d. The common difference, d. 

3d. The number of terms, n, 

4th. The last term, /. " 

5th. The sum, S, 

The formulas, 

I =, a + {n-^ \)d, and .V = (^"J"^) ^ ^> 

c<mtain five quantities, a, d^ n, /, and S^ and consequently 
give rise to the following general problem, viz. : Any three 

182. How many numbers are considered in arithmetical proportion? 
What are they f In every arithmetical progression, what is the oommoo 
iifFerence eqnal to ? 
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of tnese Jive quantities being given^ to detemine the other 
two. 

We already know the value of S in terms of a, n, and t 
From the formula, 

Z = a + (w — l)eZ, 
we find, a = / — (n — l)d. 

That is : The first term of an increasing arithmetical pro- 
gression is eqical to the last tertn^ minus the product of thh 
common difference by the number of terms less one. 

From the same formula, we also find, 



d = 



n - 1 



Tliat is : In any arithmetical progression^ the common dif 
ference is equal to the last term^ minus the first term.^ divided 
by the rmmb&r of terms less one. 

ITie last term is 16, the first term 4, and the number of 
terms 5 : what is the common difference ? 

Hie fonnula, d = ; 

n — 1 

^ 16-4 
gives, d = — - — = 3. 

2. The last tenu is 22, the first term 4, and the nimiber 
of terms 10: what is the common difference? Ans. 2. 

183. The last principle affords a solution to the follow- 
ing question : 

To find a number m of arithmetical means betwee?i tiro 
given numbers a and b. 



188. How do yon find any number of arithmetical means betweci two 
ftfxea nmnbeni ? 
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To resolve this qiiestion, it is first necessary to find the 
common difference. Now, we may regard a as the first 
term of an arithmetical progression, h as the last term, and 
the required means as intermediate terms. The nmnber of 
terms of this progression will be expressed hj m + 2. 

Now, by substituting in the above formula, b for Z, ami 
r?i -4- 2 for n, it becomes, 

, b — a b — a 

that is: The common differeiice of the required progression 
is obtained by dividing the difference between the given 
numbers^ a and b, by the required number of means plus one. 

Having obtained the common difference, c?, form the second 
term of the progression, or the first arithmetical mean^ by 
adding d to the first term a. The second mean is obtained 
by augmenting the first mean by d^ Ac. 

1. Find three arithmetical means between the extremee 

2 and 18. 

b — a 



The formula, d = 



m + 1' 



^ 18-2 . 

gives, d = — — = 4 ; 

hence, the progression is, 

2 . 6 . 10 . 14 . 18. 

2. Find twelve arithmetical means between 12 and 77 

J — a 



Tlie formula, d = 



m -h 1 ' 



77 — 12 
gives, d =. — ^ — = 5 ; 

henoe, the progression is, 

12 . 17 . 22 . 27 ... 77. 
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184 BicBCASK. — If the same number of arithmetica] 
means ixe inserted between all the terms, taken two and 
two, these terms, and the arithmetical means miited, will 
form one and the same progression. 

For, let a , b .0 .e ./• , • be the proposed progression 
and m the number of means to be inserted between a and 
6, b and Cy e and 6 . • . • <&c. 

From what has just been said, the common differeuco of 
each partial progression will be expressed by 

6— a — ft 6—0 



m+1' wi + 1' m+1' 



• • 



expressions .which are equal to each other, since a, ft, c . • • 
are in progression ; therefore, the common difference is the 
same in each of the partial progressions ; and, since the last 
term of the fii'st forms the Jirst term of the second, Ac, we 
may conclude, that all of tJiese partial progressions form a 
single progression. 

BXAMPLBS. 

1. Find the sum of the first fifty terms of the progressioD 
2 . 9 . 16 . 23 . . . 

For the 50th term, we have, 

Z = 2 + 49X7 = 346. 

50 
Hence, 5 = (2 + 345) x — = 347 X 25 = 867i>. 

2. Find the 100th term of the series 2 . 9 . 16 . 23 . . . 

Am. 695 

3. Find the sum of 100 terms of the series 1.3.5.7 
9 . . . . Ans 10000, 
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4. The greatest teim is 70, the common difference 3, an J 
the number of termti 21 : what is the least term and the 
8imi of the series ? 

Ana. Least term, 10 ; sum of series, 840. 

« 

6. The first term is 4, the common difference 8, and the 
number of terms 8 : what is the last term, and the sum of 
thi' series? . Ana. j Last term, 60 

I Smn = 256. 

6. The first term is 2, the last term 20, and the number 
ot terms 10 : what is the common difference f Ana. 2. 

Y. Lisert four means between the two numbers 4 and 19 : 
Hhat is the series? Ana. 4 . 7 . 10 • 13 . 16 • 19. 

8. The first term of a decreasing arithmetical progresaon 
Is 10, the common difference one-third, and the number of 
terms 21 : required the sum of the series. Ana, 140. 

9. In a progression by differences, having given the com- 
mon difference 6, the last term 185, and the sum of the 
terms 2945 : find the first term, and the number of terms. 

Ana. First term = 5 ; number of terms, 31. 

10. Find nine arithmetical means between each antecedent 
and consequent of the progression 2.5.8.11.14... 

Ajis, Common diff.. or d := 0.3. 



A?ia. Common diff., or c? = 0.3. 



11. Find the number of men contained in a triangular 
battalion, the first rank containing one man, the second 2, 
the third 3, and so on to the w'*, which contains n. Jn other 
words, find the expression for the sum of the natural num- 
hers 1, 2, 3 ... , fi'om 1 to w inclusively. 

An». 8 = ^ti) 

12. Find the sum of the n first terms of the progression 
of uneven numbers, 1.3.5.7.9,... Ana. 8 = n\ 
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13. One hundred stones being placed on the ground in a 
ritraight line, at the distance of 2 yards apart, how far will 
a person travel who shall bring them one by one to a basket, 
placed at a distance of 2 yards &om the first stone ? 

Atis. 11 miles, 840 yards. 



OEOMXTBIOAL PROPOBTIOlSr AND PROGRESSION. 

185. lUUio is the quotient arising from dividing one 
quantity by another quantity of the same kind, regarded 
as a standard. Thus, if the numbers 3 and 6 have the same 
unit, the ratio of 3 to 6 will be expressed by 

And m general, if ^ and J3 represent quantities of the same 
kind, the ratio of -4 to J5 will be expressed by 

a' 

18G« The character a indicates that one quantity is 
f>roportional to another. Thus, 

A ocJBj 

\i^ read, A proportional to JS. 

If there be four numbers, 

2, 4, 6, 16, 

having such values that the second divided by the first ip 
equal to the fourth divided by the thii-d, the numbers are 



• 186. What is ratio ? What is the ratio of 8 to 6 ? Of 4 to 12 ? 

18G. What is proportion? How do you expregs that four numbers 
are in proportion? What are the numbers called? What are the first 
and fourth terms called ? What the secord and third ? 
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said to £c)rm a proportion. And in general, if there be fom 
quantities, A^ By C7, and 2>, having such values that, 

B _ D 

A '^ C 

then, A is said to have the same ratio to B that C has to D] 
or, the ratio of ^ to J? is equal to the ratio of C to 2>. 
Wlien fbur quantities have this relation to each other, com- 
pared together two and two, they are said to form a geo- 
metrical proportion. 

To express that the ratio of ^ to £ is equal to the ratio 
of C to 2), we write the quantities thus, 

A : B :\ C \ D\ 

and read, ^ is to £ as C7 to 7>. 

The quantities which are compared, the one with tho 
other, are called terms of the proportion. The first and last 
terms are called the imo extremesy and the second and third 
terms, the two means. Thus, A and I) are the extremes, 
and B and G the means. 

187. Of four terms of a proportion, the first and third 
are called the antecedentSy and the second and fourth the 
consequents ; and the last is said to be a fourth proportional 
to the other three, taken in order. Thus, in the last pro- 
portion A and G are the antecedents, and B and D the con- 
sequents. 

188. Three quantities are in proportion, when the first 
has the same ratio to the second that the second has to the 



187. In four proportional quantities, what are the first and third called ? 
What the second and fourth ? 

188. When are three quantities proportional? What is the middle one 
oalledf 
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third ; and then the middle term is said to be a mean pro- 
portional between the other two. For example, 

8 : 6 : : 6 : 12; 

and 6 is a mean proportional between 3 and 12. 

189. Four quantities are said to be in proportion by in- 
version^ or invei'sely\ when the consequents are made the 
antecedents, and the antecedents the consequents. 

Thus, if we have the proportion, 

8 : 6 : : 8 * 16, 
the inverse proportion would be, 

6 : 8 : : 16 . 8. 

190. Quantities are said to be in proportion by altemor 
tiorij or alternately^ when antecedent is compared with ant<^ 
cedent, and consequent with consequent. 

Thus, if we have the proportion, 

8 : 6 : : 8 : 16, 

the alternate proportion would be, 

8 : 8 : : 6 : 16. 

191. Quantities are said to be in proportion by compo 
sition^ when the sum of the antecedent and consequent ie 
compared either with antecedent or consequent 

Tlius, if we have the proportion, 

2 : 4 : : 8 : 16, 

189. When are quantities said to be in proportion by inversion, or in 
vcrscly ? 

190. When are quantities in proportion by alternation? 

191. When are quantities in proportion by composition T 

12* 
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the proportion by compoBition would be, 

2 + 4 : 2 : : 8 + 16 : 8; 
and, 2 + 4 : 4 : : 8 + 16 : 10. 

I99« Quantities are said to be in proportion by diviaton^ 
crhen the diiferenee of the antecedent and consequent is 
compared either with antecedent or consequent. 

Thus, if we have the proportion, 

3 : 9 : : 12 : 36, 
the proportion by division will be, 

9 — 3 : 3 : : 36 — 12 : 12 ; 

and, 9 — 3 : 9 : : 86 — 12 : 86; 

103. Equi-multiples of two or more quantities are the 
products which arise from multiplying the quantities by the 
game number. 

Thus, if we have any two numbers, as 6 and 6, and mul- 
tiply them both by any number, as 9, the equi-multiples wiD 
be 54 and 45 ; for, 

6 X 9 = 54, and 5 X 9 = 45. 

Also, m X Ay and m x B^ are equi-multiples of ^ and 
By the common multiplier being m. 

194. Two quantities A and J9, which may change tbeu 
values, are reciprocally or inversely proportional^ when one 
is proportional to unity divided by the other^ and then their 
product remains constant. 

192. When are quantities in proportion bj division ? 

198. What are equi-multiples of two or more quantities? 

194. When are two qoantides said to be redprooallj proportiODal? 
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We express this reciprocal or inverse relation thus, 

in which A is said to be inversely proportional to £. 

195. If we have the proportion, 

A : £ :: C : D, 

S D 
we have, -j = -r^, (Art. 186); 

and by clearing the equation of fractions, we have, 

BO = AD. 

That is : Of four proportional quantities^ the product of 
the twa eoUremes is equal to the product of the two means. 

This general principle is apparent in the proportion be- 
tween the numbers, 

2 : 10 : : 12 : 60, 
which gives, 2 x 60 = 10 X 12 = 120. 

196. If four .quantities, A^ JB^ (7, Z>, are so related to 

each other, that 

A X D = B X Cy 

we shall also have, -j = -^ ; 

and hence, A : B : : C : D, 

That is : If the product of two quantities is equal to the 
product of tw^o other quantities, two of them may he made 
the extremes J and the other two the means of a proportion. 

196. If four quantities are proportional, what is the product of the two 
means equal to? 

196. If the product of two quantities is equal to the product of two 
other qnantitieB, may the four be placed in a proportion f How ? 



we have, -^ — ^, 
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Thus, if we have, 

2x8 = 4x4, 
we also have, 

2 : 4 : : 4 : 8. 

1 97. If we have three proportional qnantitiefi, 

A : £ :: £ : C, 

£ _ C 
A" B 

henoe, B^ = AC. 

That is : If three quantities are proportional^ the square of 
ihs middle temi is equal to the product of the two extremes 

Thus, if we have the proportion, 

d : 6 : : 6 : 12, 

we shall also have, 

6 X 6 = 6* = 8 X 12 = 86. 

198« If we have, 
A : JB :: C : B, and consequently, -j = -^ , 

O 
multiply both members of the last equation by -^, and 

we then obtain, 

£ _ B 

A " B' 

and, hence, A : C :: B : B, 

That is : Iffofur quantities are proportional^ they mH he 

in proportion by alternation, 

197. If three quantities are proportional, what is the product of thr 
extremes equal to ? 

198. If four quantities are proportional, will they oe in proportion by 
ahernaUoQ? 
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Let US take, as an example, 

10 : 15 : : 20 30. 
We shall have, by altematbg the tenns, 

10 : 20 • : 16 : 80. 

199. If we have, 

A X B :: C : D^ and A : B :: JE: F^ 

we diall also have, 

B I> ^ B F 

A=G^ and 3 = -^5 

7) F 
henoe, ^ "^ ;S» ^^ O : I> :: B: F 

That is: J^ there are two sets of proportions having an a^^ 
tecedent and consequent in the one, equal to an antecedent 
and consequent of the oihety the remaining terms wUl be 
proportional. 

If we have the two proportions, 

2 : 6 : : 8 : 24,. and 2 : 6 : : 10 : 80« 

we shall also have, 

8 : 24 : : 10 : 80. 

900. If we have, 

B B 

A I B i\ C I Dj and consequently, -j = •^, 

we have, by dividing 1 by each member of the equation, 
■^ = -^ , and consequently, B i A ii D i C. 



199. If you have two seta of proportions haying an antecedent and oodp 
aequent in each, equal ; what will follow ? 

200. If four quantities are in proportion, will they be In proportion 
whea taken inversely ? 
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Thztm: I^ottr prcpcTtional gua ntii i et wJB be m p rpport Jo tii 
when Utkai iuvendy. 

To gire an ezamjJe in nmnbeni take the pro p oi t i on, 

7 : 14 :: 8 : Itf; 
then, the inrerse proportion will be, 

14 . 7 . : 16 : 8^ 
ill which the ratio is one-half 

301. The proportion, 

A : B II <7 : D, givca, ^ x 2) = J? x a 

To each member of the last equation add £ x D. Wo 
flhall then have, 

(A -^ JB) X D := {C + D) X £; 

and hj separatinp: the factors, we obtain, 

A 4- JB : B :: C + D : D. 

Iff instead of adding, we subtract JB x D from both 
members, we have, 

U - ^) X i> = (C7-i>) X B; 

which given, 

A - B : B :: C - I) : B. 

That is: If four quantities are proportional, they wiU be 
in proportion by composition or division. 

Thus, if we have the proportion, 

9 : 27 : : 16 : 48, 
\ 

801. If four quantities are in proportion, will they be In proportion by 
oompoflition ? Will they be iu proportion by diyisionf What ie th^ 
1I(!)preDoe between compoeitioD and divigioD * 
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we shall have, by composition, 

9 -f 27 • 27 : : 16 + 48 : 48 ; 
that is, 36 : 27 : : 64 : 48, 

in which the ratio is three-fourths. 

The same proportion gives us, by division, 
27 - 9 : 27 : z 48 - 16 : 48 ; 
Uiat is, 18 : 27 : : 82 : 48, 

in which the ratio is one and one-hal£ 

302. If we have, 

B _ D 

and multiply the numerator and denominator of the first 
member by any number m, we obtain, 

— -. = -T^L , and mA : mB : : C \ B. 
mA C 

That is : JEqual rnidtiples of two quantities have the same 
ratio as the qv>antities themselves. 

For example, if we have the proportion, 

5 : 10 : : 12 : 24, 

and multiply the first antecedent and consequent by 6, we 

have, 

30 : 60 : : 12 : 24, 

in which the ratio is still 2. 

303« The proportions, 

A X B : . C X B, and A : B xi Mx F, 

202. Have equal multiples of two quantities the same ratio as the 
quantities ? 

208. Suppose the antecedent and consequent be augmented or dimin- 
ished by quantities having the same ratio ? 
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> — 15 : I» — 3ij :: iO : «>; 

1/ v^ "^Isiir.iih tLe seonui amce&Lsct sxd 

• : 18 • : 20 — 15 : « — 30; 
tfiat k» d : 18 : : 5 : 10, 

b wiAiii the ntio it till 2. 



9### If ve hare fereral pfropovtioiia^ 
4 J /T ; ; 6' : 2>, irhidi giv« A x D = B x C^ 
A i H \\ E\ F^ which giv« ^ x i^ = ^ X ^ 
A \ H \\ O \ n^ wluch ghres ^ x ^ = ^ X O, 

iX5«t Ac., 



i^A4. In M»7 oitmb^r of proportions liafizig the Mme falks bow w!D 
M/ oca« iDt^oedrai b« to ftt eooiaqiieiit f 
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we shall hav^e, by addition, 

and by separating the ^tors, 

A : J3 :: G + E + G : D + F -^^ H. 

That is: In any number of proportions havhig the same 
ratiOy <my antecedent wiU be to its consequent as the sum 
of the antecedents to the s^rni of the consequents. 

Let us take, for example, 

2 : 4 : : 6 : 12, and 1 : 2 : : 8 : 6, &o. 
Then 2:4::6 + 3:12 + 6; 

that is, 2 : 4 : : 9 : 18, 

in which the ratio is still 2. 

205. If we have fonr proportional quantities, 

A : B : : C : Df we have, -^ = -y^; 

and raising both members to any power whose exponent is 
n, or extracting any root whose index is n, we have* 

-j^ = -z^j and consequently, 

A"" : B"" \ : O \ B^. 

That is: If four quantities are proportional^ their Hke 
powers or roots vnU be proportional. 

If we have, for example, 

2:4 : : 3 : 6, 

we shall have. 2» : 4^ : : 32 : 6^ ; 

d06. In four proportional quantities, how arc like powers or roots ? 
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^m k. 4 : 1« : : t : M, 

n. Trr.k:) iiie xernff s:>e proporaoDiI, the rado being 4. 

^iiC. Lv: irjt:?^ tie tvro sess of prop(»tkxiS| 

llsls^ i^jn: v^^LbrfT, member 1^ member, we bsre, 

B xi r _ J> X M 
TV^ ^ C X G^ 

Jt xJTi^x F:: Cx G z I> x B. 

ly'' tW a-^-rvifK^.^ifi^^ *«rK# art prc>pct¥^umid. 
TbuSfc if we bare the two prcfioilioiBi 

8 : 16 :: 10 : 20, 
and, 9 : 4 :: 6 : a. 

we sbaD bare, *4 : W : : 60 : 160. 



GOOMETRIOAL PROGBSSSIOlf. 

BMT. ^e bave thus tkr odIt conadered the case m wbidi 
the ratio of the first term to the second is the same as that 
of the third to the fourth. 



■ 20^ It two sets of pTopoitions» bow v« the prodoctB of the correspoiid 
ing term? f 

207. ^ hat 18 a geometrical progTCS9<m T What is ihe ntio of the 
progreeEVAf If any tena of a progreaaioii be muhipiied bj the ratio, 
what win the product be? If any tern be prided by the ratio^ wbal 
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If we have the farther condition, that the ratio of the 
second term to the tliird shall also be the same as that of 
the first to the second, or of the third to the fourth, we shall 
ha\e a series of nmnbers, each one of which, divided by 
the preceding one, will give the same ratio. Hence, if any 
term be multiplied by this quotient, the product ^\^ll be the 
succeeding terai. A series of numbers so formed, is called 
a geometrical progression. Hence, 

A Geometrical Progression^ or progression by quotients^ 
IS a series of terms, each of which is equal to the preceding 
term multiplied by a constant number^ which number is 
called the ratio of the progression. Thus, 

1 : 3 : 9 : 27 : 81 : 243, ifcc, 

is a geometrical progression, in which the ratio is 3. It is 
wiitten by merely placing two dots between the terms. 

Also, 64 : 32 : 16 : 8 : 4 : 2 : 1, 

is a geometrical progression, in which the ratio is onerhalf. 

In the first progression each term is contained three times 
in the one that follows, and hence the ratio is 3. In the 
second, each term is contained one-half times in the one 
which- follows, and hence the ratio is one-half. 

The first is called an increasing progression, and the 
second a decreasing progression. 

Let a, ^, c, c?, c, /, . . . be numbers, in a progression by 
quotients • they are written thus : 

a I b : c : d : e : f I g . , . 

and it is enunciated in the same manner as a progression by 
differences. It is necessary, however, to make the distino 

will the quotient be ? How is a progression by quotients written? Which 
of the terms is only an antecedent? Which only a consequent? Ho^' 
miiy each of the others be considered ? 
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tioii, that one is a series formed by equal diflEerenoeSi and 
the other a leries formed bj eq;iial qooticnta or ratioflw It 
fihonld be remarked that each tenn is at the same time aa 
anteeedent and a consequent, except the first, which is only 
an antecedent, and the last, whidi is only a conseqnoit. 

30S. Let r denote the ratio of the progresoon, 

a : 6 : c : if . . . 

r being > 1 when the progression is inereasmg^ and r< 1, 
when it is decreanng. Then, snce, 

b c d e ^ 

i = '» ft = ••' c = ••' 5 = "' *^ 

we have, 

b sz ar^ e = br = ar^j d = cr = <a^^ e = dr = car^ 

f = er =z car^ . . . 

that is, the second term is equal to ar, the third to ai^^ the 
fourth to ar^, the fifth to ar^^ Ssc ; and in general, the nth 
term, that is, one which has n — 1 terms before it, is ex- 
pressed by ar*^\ 

Let / be this term * we then have the formula, 

by means of which we can obtain any term without being 
obliged to find all the terms which precede it. Hence, to 
find the last term of a progression, we have the following 

BULE. 

L Raise the ratio to a power wJioae eaponent is one less 
than the number of terms. 

n. Multiply the power thus f<ywnd by the first term : the 
froduet will be the required term. 

208. By what letter do we denote the ratio of a progression ? In an 
tnoreasing progression is r greater or less than If In a decreasing pro* 
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EXAMPLES. 

1 . Find the 6th term of the progression, 

2 : 4 : 8 : 16 . . . 
in which the first term is 2, and the common ratio 2. 
6th term = 2 x 2* = 2 X 16 = 32. Ans. 

2. Find the 8th term of the progression, 

2 : 6 : 18 : 64 . . . 
8th term = 2 X 3' = 2 X 2187 = 4374. Ans. 

8. Find the 6th term of the progression, 

2 : 8 : 32 : 128 . . . 
6th term = 2 x 4» = 2 x 1024 = 2048. Ana 

4. Find the 7th term of the progression, 

7th term = 3 x 3« = 3 x 729 = 2187. Ana. 

6. Fuid the 6th term of the progression, 

4 : 12 : 36 : 108 .. . 
6th term = 4 X 3* = 4 x 243 = 972. Am, 

6. A person agreed to pay his servant 1 cent for the firsi 
day, two for the second, and fonr for^he third, doubling 
every day for ten days : how much did he receive on the 
tenth day? Ans. |5.12. 

gression is r grater or less than 1 ? If a is the first term and r the 
ratio, what is the second term equal to ? What the third ? What the 
fourth? What is the la8t terra equal to? Give the rule for finding the 
lesttenn. 



7» Wkit k tLe 8th term .>f tbe progresiaB, 

9 : 34 : 144 : »T« . . . 
8th tenn =r 9 X 4* = 9 x I63S4 = 14745C .^fuc 

S. Find the lith t^xn of the progrpmian^ 

W : 16 : 4 : 1 : J . . . 



12th 



/U" 4» 1 1 ^ 

term = 641-1 = tt-, = 7i = i^^x^' -^'»«- 
\4/ 4'' 4* ft9o36 

^ We win now proceed to detemuDe the sum of n 
tenzu of a progresaon, 

/ denoting the nth term. 

We hare the eqnatioiis (Art. 208), 

J = ar, <5 = ^, d = cTj e = dry . . . k = iry / = At, 

and hy adding them aH together, memher to member, we 
deduce, 



Sum €/ iU msmban. Smmqftd: 

in which we see that the first member contains all the terms 
but a^ and the polynomial, within the parenthesis in the 
second member, contains all the terms but L Hence, if we 
call the sum of the terms /S, we have, 

whence, S = — ^^^^^ — 

r — 1 



1 



209. Give tho rule for finding the siixn of the series. What \e the first 
«t«p r Whfvt the second f What the third t 
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Thereibre, to obtain the stun of all the terms, or snm of the 
series of a geometrical progression, we have the 

R U LB. 

I. Multiply the last temi by the ratio : 

n. Subtract the Jirst term from the product: 

m. Divide the remainder by the ratio diminished by 1 
and the quotient wiU be the eum of the series. 

I. Find the snm of eight terms of the progresaon, 
2 : 6 : 18 : 64 : 162 ... 2 X 3' = 4374. 
„ Ir - a 13122 - 2 ^^^^ 

8 = r- = r = 6560. 

r — \ 2 

% Find the snm of the progression, 

2 : 4 : 8 : 16 : 32. 

5 = ^ = ?if-' = 62. 
r — 1 1 

8. Knd the snm of ten terms of the progression, 
2 : 6 : 18 : 64 : 162 . . . 2 X 3» = 39366. 

Ans. 59048 

4. What debt may be discharged in a year, or twehe 
months, by paying $1 the first month, $2 the second month, 
$4 the third month, and so on, each succeeding payment 
being double the last ; and what will be the last payment? 

^ ^ j Debt, . . $4095 
( Last payment, $2048 

5. A daughter waa married on New- Year's day. Her 
father gave her 1«., with an agreement to double it on the 
Orst of the next month, and at the beginning of each succeed- 
ing month to double what she had previously received. How 
mnoh did she receive? Ans, £204 16« 
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6. A man bought ten bushels of wheat, on the condHdon 
that be should pay 1 cent for the first bushel, 3 for the second, 
9 for the third, and so on to the last : what did he pay for 
Uie last bushel, and for the ten bushels? 

. J Last bushel, |196 83 
• ( Total cost, $296 2 i. 

7. A man plants 4 bushels of barley, which, at the first 
harvest, produced 32 bushels ; these he also plants, which, 
in like manner, produce 8 fold ; he again plants all his crop, 
and again gets 8 fold, and so on for 16 years : what is his 
last crop, and what the sum of the series ? 

. J Last, 140737488356328 bustu 
^' ( Sum, 160842843834660. 

910. When the progresdon is decrearing, we have, 
r< 1, and ^< a ; the above formula, 

Ir — a 

for the sum, is then written under the form, 

a ^ Ir 

in order that the two terms of the fraction may be positive 

1. Find the sum of the terms of the progresedon, 

32 : 16 : 8 : 4 : 2 

32 - 2 X ^ , ■ 

S=^ = ? = il = 62. 

1 — r 1 1 



210. What is the formtila for the sum ot* the serica of a decreMlni; 
progreGsioD? 
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2. Find the stun of the first twelve terms of the pro- 
gression, 

1 /1\" 1 

64 • 16 : 4 : 1 : J : . . . : 64^ , or — 



65536 



64——^ X ^ 256 



^ a^lr 05536 4 66536 ^, 65535 

8 = = = r = 85 + 



1 — r 3 3 196608 

4 

ail. Rebiabk. — ^We perceive that the prindpal difficulty 
consists in obtaining the numerical value of the last term, a 
tedious operation, even when the number of terms is not 
very great. 

3. Find the sum of six terms of the progression, 

512 : 128 : 32 . . . 

Ans. 632^ 

4. Find the sum of seven terms of the progression, 

2187 : 729 : 243 . . . 

Ans. 8270 

5. Find the sum of six terms of the progression, 

972 : 324 : 108 . . . 

Ans. 1456 

6. Find the sum of eight terms of the progression, 

147456 : 36864 : 9216 . . . 

Ans. 196605. 

07 PBOGBBSSIONS HAVING AN INVlinTB mJMBEB OF TERMS 

913 Let there be the decreasing progression, 

a : b : c : d : e : f : . . . 

212. When the progression is decreasing, and the number of termft in- 
finite, what Is the expresaion for the value of the earn of the series ? 
13 
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ooDtabiing an indefinite number of terms. In the formola, 

1 - r ' 

4 

substitute for / its value, ar"*" \ (Art. 208), and we haxe, 

a — ar» 



S = 



1 - r ' 



which expresses the sum of n terms of the progression. 
ITiis may be put under the form. 



S = 



1 - r 1 - r 
Now, since the progression is decreasing, r is a proper 
fraction; and r" is also a fiiu;tion, which diminishes as n 
increases. Therefore, the' greater the number of terms we 

take, the more will x r* diminish, and consequently, 

the more will the entire sum of all the terms approximate 

to an equality with the first part of /S, that is, to 

Puially, when n is taken greater than any given number, 

or w — infinity, then x r* will be less than any 

given number, or will become equal to ; and the expres- 
sion, :; , will then represent the true value of the sum 

1 — r 

of all the terms of the series. Whence we may conclude, 
that the expression for the sum of the terms of a decreasing 
progre^sioriy in which the number of terms is infinite^ ««, 

« d 

1 — r 

that is, eQuaX to the fl/rst terrn^ divided Jiy I minus the ntiio. 



1 



i 
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■ 

This ifi, properly speaking, the limit to which the partial 
sums approach, as we take a greater number of terms in the 

progression. The difference between these simis and — — , 

may be made as small as we please, but will only become 
nothifig when the number of terms is infinite. 

BZAMPLBS 

1. Find the sum of 

^''\'-\''h'-k^ toinfinity. 

We have, fhr the expression of the sum of the terms, 

o « 13 

8 = |— -^ = ^ = 2 = If Arts. 

The error committed by taking this expression for the 
;ralue of the sum of the n first terms, is expressed by 



a 

X r* 



= IG)' 



1 — r 

First take w = 6 ; it becomes, 

«/iy _ _J _1_ 

2\3/ " 2 . 3* - lea 

When 71 = 6, we find. 



3/iy 2_ 1 L 

2\3/ ~ 162 ^ 3 "" 486* 



3 
Hence, we see, that the error committed by taking for 

the sum of a certain , number of terms, is less in proportion 
aa this number is greater. 
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2. Again, take the progremon, 

1 1111 I a^ 
2 4 8 16 32 

We have, S = r = = 2. An€. 

1 — 

2 

3. What is the sum of the progression, 

6' = -^ = — L_ = li. ^„,. 

1 — r ^1 9 

"~ lb 

I 

913. In the several questions of geometrical progrefe 
«non, there are five numbers to be considered : 

1st. The first t'^rm, • . a. 
2d. The ratio, . . . . r. 
3d. The number of terms, n, 
4th. The last term, . . I, 
6th. The sum of the tenns, S. 

214. We shall terminate this subject by solving this 
problem : 

To find a mean proportional between any two numbers, 
as m and n. 

Denote the required mean by ce. We shaD then have 

(Art. 197), 

05* = m X n; 



and hence, x = \/m x n. 



218. How many numbers are considered in a geometrical progre<«ioD 
What are they ? 
^14. How do yon find a mean proportional between two rambers? 
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'rhat is : Mtdtiply the two numJbers together^ and extract the 
square root of the product, 

1. What is the geometrical mean between the numbers 
2 and 8 ? 

Mean = -^/S X 2 = y^lC = 4. Am. 

2. What is the mean between 4 and 16 ? Ans. 8 

3. What is the mean between 3 and 27 ? Ans, 9 

4. What is the mean between 2 and 72 f Ana. 12« 

5. Wliat b the mean between 4 and 04 ? Ans, 16. 
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CHAPTER X. 



OF LOGARITHMS. 



915. Thb nature and properties of the logarithms id 
oommon use, will be readily understood by considering 
attentively the different powers of the number 10. They 
are, 

10® = 1 

10^ = 10 

10» = 100 

10» = 1000 

10* = 10000 

10» = 100000 

It IS plain that the eotponerUs 0, 1, 2, 3, 4, 5, <&c., form an 
arithmetical series of which the common difference is 1 ; and 
that the numbers 1, 10, 100, 1000, 10000, 100000, &c., form 
a geometrical progression of which the common ratio is 10. 
The number 10 is called the base of the system of logarithms ; 
and the exponents 0, 1, 2, 3, 4, 5, &c., are the logarithms of 

216. What relation exists between the exponents 1, 2, 8, kc, ? Ho^ 
are the correupoDding numbers 10, 100, 1000? What is the commoL> 
diiference of the exponents ? What is the common ratio of the corre- 
sponding numbers ? What is the base of the common system of loga 
rithms ? What are the exponents ? Of what number is the exponent J 
ilie logarithm f TVe exponent 2? The exponent 3 ? 



^ 
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the numbers which are produced by raisiug 10 to the powers 
denoted by those exponents. 

216. If we denote the logarithm of any number by w, 
til en the number itself will be the mth power of 10 ; that \9^ 
if we represent the corresponding number by J/, 

10*" = M, 

Tlius, if we make w = 0, -3f will be equal to 1 ; if m = I, 
M will be equal to 10, &c. Hence, 

The logarithm of a number is the esxponent of the power 
to which it is necessary to raise the hose of the system in 
order to produce the number, 

a 17. I^ as before, 10 denotes the base of the system 
of logarithms, m any exponent, and M the corresponding 
number, we shall then have, 

10'" = Jf, (1.) 

in which m is the logarithm of M, 

If we take a second exponent n, and let N denote the 
corresponding number, we shall have, 

10« = N, ( 2.) 

in which n is the logarithm of N. 

I^ now, we multiply the first of these equations by the 
second, member by member, we have, 

10"» X 10" = 10'"^* =1 M X N'j 

but since 10 is the base of the system, m -\- n \r the loga- 
rithm M X N'y hence, 

216. If we denote the base of a system b} 10, and the exponent by 
r/i, what will represent the corresponding number ? What is the logarithm 
of a number ? 

217. To what is the sum of the logarithms of any two numbers equal ? 
To what, then, will the addition of logarithms correspond ? 
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Tht 9um of the lo^anthnu of amf two mwmhem U eqmd 
to the logcarUkm of thnrprodMA, 

Tlierefixre, the addition of logaridmu corresponds to the 
nmltSfUeation of their number*. 

918. .If we divide KqiBition ( 1 ) by Bqnataoa (>),mgii 
ber \fj meoiher, we hare, 

10- jr 

10- - ^^ " iT' 
but anoe 10 in the base of the system, m — lOis the loga^ 
rithm of -=,; hence. 

If one number be divided by another^ the lofforiihm of 
the quotient teiU be equal to the logarithm of the dividend^ 
diminished by thai of the divisor. 

Therefore, the subtraction of logarithms eontsponds to 
the division of their numbers. 

919. Let OB examine farther the eqnationai 

10® = 1 
10* = 10 . 
10« = 100 
103 -, 1000 

&G.^ Ac. 

It is plain that the logarithm of 1 is 0, ana that the loga- 
rithm of any number between 1 and 10, is greater than 



218. If one number be divided by another, what will the logarithm 
of the quotient be equal to ? To what, then, will the sabtraotioD of loga 
rithma correspond ? 

219. What la the logarithm of 1 f Between what Ihnhs are the log» 
rithma of ai numbers between 1 and 10? How are they generally ex 
prMeedr 
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and less than 1. The logarithm is generally expressed by 
decimal fractions ; thus, 

log 2 = 0.301030. 

The logarithm of any number greater than 10 and lese 
than 100, is greater than 1 and less than 2, and is expressed 
by 1 and a decimal fraction ; thus, 

log 60 = 1.698970. 

The part of the logarithm which stands at the left of the 
decimal point, is called the characteristic of the logaiithm. 
The characteristic is always one less than the number of 
places of figures in the number whose logarithm is taken. 

Thus, in" the first case, for numbers between 1 and 10, 
there is but one place of figures, and the charactenstic is 0. 
For numbers between 10 and 100, there are two places of 
figures, and the characteristic is 1 ; and similarly for other 
numbers. 



TABLE OP LOGARITHMS. 

220. A table of logarithms is a table in which are writ- 
ten the logarithms of all numbers between 1 and some other 
given number. A table showing the logarithms of the 
numbers between 1 and 100 is annexed. The numbers are 
written in the column designated by the letter N, and the 
logarithms in the colunm designated by Log. 



flow is it with the logarithms of nmnbers between 10 and 100? What 
tfi that part of the logarithm called which stands at the left of the char 
acteristic ? What is the yalne of the characteristic ? 

220. What is a table of logarithms ? Explain the manner of finding 
the logarithms of numbers between 1 and 100? 
18* 
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BLKMBNTAKT ALOBBBA 



TABLE. 



TT 
1 


Log. 


TT 


Log. 


61 


Log. 


["TT" 


Log. 


0.000000 


26 


1.414973 


1.707670 


76 


1.880814 


2 


0.301030 


27 


1.431364 


62 


1.716003 


77 


1.886491 


3 


0.477121 


28 


1.447168 


63 


1.724276 


78 


1.892095 


i 


602060 


29 


1.462398 


64 


1.732394 


79 


1.897627 


6 


0.698970 


30 


1.477121 


66 


1.740363 


80 


1.903090 


1 


0.778161 


31 


1.491362 


66 


1.748188 


81 


1.908485 


7 


0.846098 


32 


1.606160 


67 


1 . 766876 


82 


1.913814 


8 


0.903090 


33 


1.618614 


68 


1.763428 


83 


1.919078 


9 


0.964243 


34 


1.631479 


69 


1.770862 


84 


1.924279 


10 


1.000000 


36 


1.644068 


60 


1.778151 


85 


1.929419 


11 


1.041393 


36 


1.666303 


61 


1.786330 


86 


1.934498 


12 


1.079181 


37 


1.668202 


62 


1.792392 


87 


1.939519 


13 


1.113943 


38 


1.679784 


63 


1.799341 


88 


1.944483 


U 


1.146128 


39 


1.691065 


64 


1.806180 


89 


1.949390 


16 


1.176091 


40 


1.602060 


66 


1.812913 


90 


1.954243 


16 


1.204120 


41 


1.621784 


66 


1.819644 


91 


1 . 959041 


17 


1.230449 


42 


1.623249 


67 


1.826076 


92 


1.963788 


18 


1.266273 


43 


1.633468 


68 


1.832509 


93 


1.968483 


19 


1.278764 


44 


1 . 643463 


69 


1.838849 


94 


1.973128 


20 


1 . 301030 


46 


1.663213 


70 


1 . 846098 


95 


1.977724 


21 


1.322219 


46 


1.662758 


71 


1.861268 


96 


1.982271 


22 


1.342423 


47 


1.672098 


72 


1.867333 


97 


1.986772 


23 


1.361728 


48 


1.681241 


73 


1 . 863323 


98 


1.991226 


24 


1.380211 


49 


1.690196 


74 


1.869232 


99 


1.995636 


26 


1.397940 


60 


1 . 698970 


76 


1.875061 


100 


2.000000 



EXAMPLES. 



1. Let it be required to multiply 8 by 9, by means of 
logarithms. We have seen, Ait. 216, that the sum of the 
logarithms is equal to the logarithm of the product. There- 
fore, find +he logarithm of 8 from the table, which is 0.903090, 
and theii the logarithm of 9, which is 0.954243 ; and theii 
smn, which is 1.857333, Avill be the logarithm of the product. 
In searching along in the table, we find that 72 stands oppo- 
die this logarithm ; hence, 72 is the product of 8 by 9. 
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1.924279 



2. What is the product of 7 by 12? 

Logarithm of 7 is, . . . . 0.845098 
Logarithm of 12 is, . . . . 1.079181 

Logarithm of their product, 
and the corresponding number is 34. 

3. What is the product of 9 bj 11? 

Logarithm of 9 is, . 
Logarithm of 1 1 is, 

Logarithm of their product, 
and the cori'esponding number is 99. 



0.954248 
1.041393 

1.995636 



4. Let it be required to divide 84 by 3. We have seen 
in Art. 218, that the subtraction of Logarithms correspondc 
to the division of their numbers. Hence, if we find the 
logarithm of 84, and then subtract fiora it the logarithm of 
8, the remainder will be the logarithm of the quotient. • 



The logarithm ot 84 is, 
Tlie logarithm of 3 is. 


. 1.924279 
. 0.477121 


Their difference is, . . . 


. 1.447158 


and the corresponding number is 28. 




5. Wliat is the product of 6 by 7 ? 




Logarithm of 6 is, 
Logarithm of 7 is. 


. 0.778151 
. 0.845098 


Their sum is, ... 


L623249 



and the corresponding number of the table, 42. 



1 



J 



THE NATIONAL SERIES OF TEXT-BOOKS. 



THE NATIONAL READERS. 

By PARKER & WATSON. 

No. 1. — National Primer, e4.pp.,/emo. 



No. 2. — National First Reader, . 
No. 3. — National Second Reader, 
No. 4. — National Third Reader, 
No. 5. — National Fourth Reader, 
No. 6. — National Fifth Reader, . 



f28pp.,femo, 
2AiJ^ pp., fGmo, 
288 pp,, ^2mo, 
4-82 pp,, /2mo, 
800 pp„ f2mo. 



National Elementary Speller, 
National Pronouncing Speller, . 



f80 pp., /Gmo, 
/88 pp., f2mo, 



THE INDEPENDENT READERS. 

By J. MADISON ^A7'ATSON. 

The Independent First (primary) Reader, 80pp.,femo, 

The Independent Second Reader, . fGOpp., /Gmo, 

The Independent Third Reader, . . 

The Independent Fourth Reader, . . 

The Independent Fifth Reader, . , 

The Independent Sixth Reader, . . 

The Independent Complete Speller, . 



24^0 pp., fGmo, 
284. pp., /2mo, 
S8G pp., f2mo, 
474 pp. ^ /2mo, 
fG2 pp., fGmo, 



'he Independent Child's Speller (Script), 80pp.,/omo, 
""he Independent Youth's Speller (Script), /G8pp., /2mo, 



!ir7tr JVational 6'eries of Standard School- Sooks. 

ENGLISH GRAMMAR. 



CLARK'S DIAGRAM SYSTEM. 



Clark's Easy Lessons in Language, 

Pabliahed 1S74. ContaiDs illu(*trated object-lessoDB of the mo»t attractive charac 
tar, and is coached in language freed as much as possible from the dry technicalities 
of the science. 

Clark's Brief English Grammar, 

Pnblished 1872. Part I. is adapted to youngest learners, and the whole forms a 
complete '^ brief course " In one voliune, adequate to the wants of the common 
school. 

Clark's Normal Grammar, 

Published 1870, and desired to take the place of Prof. Clark^s veteran "Prac- 
tical" Grammar, though the latter is still famished upon order. The Normal is 
an entirely new treatlBc. It is a fhll exposition of the system as described below, 
with all the most recent improvements. Some of its peculiarities are — A happy 
blen ling of Syntheses with Analyses ; thorough Criticisms of common errors 
in the use of our Language ; and important improvements in the Syntax of Sen- 
tences and 2^ Phrases. 

Clark's Key to the Diagrams, 

Clark's Analysis of the English Language, • 

Clark's Grammatical Chart, 

The theory and practice of teaching grammar in American schools is meeting 
with a thorough revolution from the use of this system. WhUe the old metliods 
offer proficiency to the pupil only after much weary plodding and dull memorizing, 
thi« affords flrom the inception the advantage of practical (^ect Teaching, address- 




the most interesting study of the tchoo! course. 

Like all -great and radical improvements, the system naturally met at first with 
much unreasonable opposition. It has not only outlived the ^eater part of this 
opposition, but finds many of its warmest admirers among those .who could not 
at first tolerate so radical an innovation. All it wants is an impartial trial to con- 
vince the most skeptical of its merit. No one who has foirly and intelligently 
tested it in the school-room has ever teen known to go back to the old method. 
A great success is already established, and it is easy to prophecy that the day is 
pot far distant when it will be the only system of teaching English Orammar. As 
Tie System is copyrighted, no other text-books can appropriate this obvious and 
great improvement. 



Welch's Analysis of the English Sentence, 

Remarkable for its new and simple classification, its method of treating connec 
<iveB, its explanations of the idioms and constructive laws of the lan^age. etc. 
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^r^^e JV^ationaB Sei^ies of Standard School- !SoeA:s 

GEOGRAPHY-Cont nued. 

MONTEITH'S INDEPENDENT COURSE. 
Elementary Geography 
Comprehensive Geography (^itb 103 Maps) 

^^ These volumes are not revisions of old works— not an addition to any 
series— but are entirely new productions— each by itself complete, independent, 
comprehensive, yet simple, brief, cheap, and popular ; or, taken together, the most 
admirable " series " ever offered for a commcn-t^chool course. They present the 
foUowing features, skillfally Interwoven— the student learning all about one country 
at a time. 

ZiOCAZi GIZiOGIRAPB7y or the Use of Maps. Important features of 
the Maps are the coloring of States as objects, and the ingenious system for laying 
down a much larger number of names for reference than are found on any other 
Maps of same sizer-and without crowding. 



^ or the Natural Features of the Earth, 
QluBtiated by the original and striking Helief Maps, being bird's-eye views or 
photographic pictures of the Earth's surface. 



9 including the Physical ; with some 
<iccount of Governments, and Eaces, Animals, etc. 



7 or a brief summary of the salient 
PointR of history, explaining the present distribution of nations, origin of geo- 
ipraphical names, etc. 

SSATBSHSATZCAZi GZSOORAPBTy including Astbonoxicai.. 
which describes the Earth's position and character among planets ; also the Zones, 
t'arallels, eu:. 

COHSPARATZVZS OEOGRAPBTT^ or a system of analogy, con. 
nectlng new lessons with the previous ones. Comparative sizes and latitudes arc 
shown on the margin of each Map, and all countries SLta measured in the *^frafM 
<lf Kansas.'*^ 

TOPICAXi GIZi06RAPB7y consisting of questions for review, and 
tenting the student's general and specific knowledge <i{ the subject, with 8UggeB< 
tions for Geographical Compositions. 

ANCIENT OEOORAPBY- a section devoted to this subject, with 
Maps, will be appreciated by teachers. It is seldom taught in our common schools, 
because it has heretofore required the purchase of a separate book. 



y or Map-Dbawino by Allen's "Unit OJ 
Measurement" system (now almost universally recognized as without a rival) is 
introduced throughout the lessons, and not as an appendix. 

CONSTRUCTIVE GEOGRAPHY, or Globe-Makino. With eac) 
book a set of Map Segments is itimished, with which each student may make hk 
own Globe by following the directions given. 



9 with a grand Map lUuBtratlng routes 
3f travel in the United States. Also, a " Tour in Europe." 

14 



TTie JVat tonal Series of Standard School- 'Books, 

"^ MAP DRAWING. 

Monteith's Map-Drawing Made Easy. 

A nest little book of outlines and instractionfl, givine the " comers of States " ia 
saitable blanks, so that Maps can be drawn by nnskillml hands from any atlas ; with 
instructions for written exercises or compositions on geographical subjects, and 
Comparative Geography. 

Monteith's Manual of Map- Drawing (Allen's System). 

The only consistent plan, by which all Maps are drawn on one scale, dy Its use 
much time may be saved, and much interest and accurate knowledge gaii.^- 

Monteith's Map-Drawing anr* Object Lessons. 

The last-named treatise, bound with ULr. Monteith^s ingenious system for com- 
mitting outlines to memory by means of pictures of living creatures and fitmiUar 
objects. Thus, South America resembles a dog^s head ; Cnlw, a lizard ; Italy, a boot ; 
Prance, a coffee-pot ; Turkey, a turkey, etc., etc. 

Monteith's Map-Drawing Scale. 

A ruler of wood, graduated to the ** Allen fixed unit of measurement.^* 

VS^ALL MAPS. 

Monteith's Pictorial Chart of Geography. 

The original drawing for this beautifhl and instructive chart was greatly admired 
in the publisher's " exhibit ^* at the Centennial Exhibition of 1876. It is a picture 
of the Earth's surfkce with every natural feature displayed, teaching also physical 
geo^aphy, and especially the mutations of water. The uses to which man puts the 
earth and its treasures and forces, as Agriculture, Mining, Manufacturing, Com- 
merce, and Transportation are also graphically portrayed so that the young learner 
gets a realistic iaea of " the world we live In," which weeks of book-study might 
mil to convey. 

Monteith's School Maps, 8 Numbers. 

The "School Series" includes the Hemispheres (2 Maps), United States, North 
America, South America, Europe, Asia, Africa.— Price, $2.50 each. 

Each map is 28 x 34 inches, beantifhily colored, has the names all laid down, and 
is substantially mounted on canvas with rollers. 

Monteith's Grand Maps, 8 Numbers. 

The " Grand Series " includes the Hemispheres (1 Map), North America, United 
States, South America, Europe, Asia, Africa, The World on Mercator*s Projection, 
and Physical Map of the World.— Price, $5.00 each. Size 43 x 52 inches, names laid 
down, colored, mounted, Ac. 

Monteith's Sunday School Maps, 

Includiug a Map of PauVs Travels ($5.00), one of Ancient Canaan ($3.00), and 
Modern Palestine ($3.60), or Palestine and Canaan together ($5.00). 

MONTEITH'S GEOGRAPHIES 

Have been adopted, by ofScial authority, for the schools of the following States 
and Cities — in most cases for exdusive and uniform use. 

California, Tennessee, Iowa, Arkansas, North Carolina, 

Missouri, Texas, Louisiana, Florida, Kansas, 

Alabama, Vermont, Oregon, Minnesota, Mississippi. 

Cities.— New York City, Brooklyn, Chicago, New Orleans, BuflTalo, Richmond, 
Jersey City, Hartford, Worcester, San Francisco, Louisville, Newark, Milwaukee, 
Charleston, Rochester, Mobile, Syracuse, Memphis, Salt Lake City, Nashville, 
Utica, Wilmington, Trenton, Norfolk, Norwich, Lockport, Dubuque, Galveston, 
Portland, Savannah, Indianapolis, Springfield, wheeling, Toledo, Bridgeport, St 
Paul, Yickebiug, &c. 



TTle JVational Series of Standard School- !ScoJts. 

MATHEMATICS. 



DAVIES' NATIONAL COURSE 

ARITHMETIC. 

1. Davies' Primary Arithmetic, 

2. Davies' Intellectual Arithmetic, 

3. Davies' Elements of Written Arithmetic, . 

4. Davies' Practical Arithmetic, 

5. Davies' University Arithmetic. 

TWO BOOK SERIES. 

1. First Book in Arithmetic, Primary and Mental. 

2. Complete Arithmetic. 

ALGEBRA. 

i. Davies' New Elementary Algebra. 
2i Davies' University Algebra, 

3. Davies' New Bourdon's Algebra. 

GEOMETRY. 

1. Davies' Elementary Geometry and Trigonomets-y, 

2. Davies' Legendre's Geometry, 

8. Davies' Analytical Geometry and Calculus, 

4. Davies' Descriptive Geometry, 

5. Davies' New Calculus, 

MENSURATION. 

1. Davies' Practical Mathematics and IMensuration, 

2. Davies' Elements of Surveying, 

3. Davies' Shades, Shadows, and Perspective, 

MATHEMATICAL SCIENCE 

Davies' Grammar of Arithmetic, 

Daviea' Outlines of IMathematical Science, 

Davies' Nature and Utility of Mathematics, 

Davies' Metric System, 

Oavies & Peck's Dictionary of Mathematics, 



2Tie National Series of Standard School' 2iooks. 

DAVIES AND PECK'S 

CONDENSED COURSE OF MATHEMATICS. 

CONCISSf CONSECUTIYBf AND COVFLETE. 

Elementary Section* 

I. Brief Arithmetic. . . $0.60 2. Complete Arithmetic, $0.90 

Intermediate Section* 

1. Manual of Algebra, . $1.10 2. Manual of Geometry, $1.10 

sidpanced Section, 

I. Analytical Geometry, $1.25 2. Practical Calculus, . $1.25 



DAVIES & PECK'S ARITHMETICS. 

OPTIONAL OB OONSBCUTIYB. 

Tbe beet thoughts of these two UlastriouB mathematiciaDs are combined in the 
following beaatiftil worlcs which are now for the first time offered to the public, 
sumptuously printed, and bound in crimson, green, and gold. 

Davies and Peck's Brief Arithmetic, $0.60 

Also called the "Elementary Arithmetic." It is the shortest presentation of the 
subject, and is adequate for all grades in common schools, being a thorough intro- 
duction to practical life, except for the specialist. 

At first the authors play with the little learner for a few lessons, by object teach- 
ing and kindred allurements; but he soon begins to realize that study is earnest, as 
he becomes fiEimiliar with the simpler operations, and is delighted to find himself 
master of important results. 

The second part reviews the Fundamental Operations on a scale proportioned to 
the enlarged intelligence of the learner. It establishes the General Principles and 
Properties of Numbers, and then proceeds to Fractions. Currency and the Metric 
System are fully treated in connection with Decimals. Compound Numbers and Re- 
duction follow, and finally Percentage with all its varied applications. 

An Index of words and principles concludes the book, for which every scholar 
and most teachers will be gratefhl. How much time has been spent in searching for 
a half forgotten definition or principle in a former lesson I 

Davies and Peck's Complete Arithmetic, .... $0.90 

This work certainly deserves its name in the best sense. Though complete, it is 
not, like most others which bear the same title, cumbersome. These authors excel 
in clear, lucid demonstrations, teaching the pcience pure and simple, yet not ignor- 
ing convenient methods and practical applications. 

For turning out a thorough business inan no other work is so well adapted. He 
will have a clear comprehension of the science as a whole, and a working acquaint- 
ance with details which must serve him well in all emergencies. Distinguishing 
features of the book are the logical progression of the subjects and the great 
variety of practical problems, not puzzles^ which are beneath the dignity of educa- 
tional science. A clear-minded critic has said of Dr. Peck's work that it is tree 
from that juggling with numbers which some authors fhlsely call " Analysis." A 
series of Tables for converting ordinary weights and measures into the Metric Sys- 
tem appear in the later editions. 
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MATHEMATICS—Continued. 

PECK'S HIGHER COURSE. 

Peck's Manual of Algebra, 

Bringing the methods of Boardon within the range of the Academic CoorBe. 

Peck's Manual of Geometry, 

By a method pnrely practical, and onembarrassed by the details which rathei 
confUse than simplify science. 

Peck's Practical Calculus, 
Peck's Analytical Geonnetry, 
Peck's Elementary Mechanics, 
Peck's Mechanics, with Calculus, 

The briefest treatises on these subjects now pabllshed. Adopted by the graal 
UniversitleB ; Yale, Harvard, Colombia, Princeton, Cornell, ^. ' 

ARITHMETICAL EXAMPLES, 

Reuck's Examples in Denominate Numbers, 
Reuck's Examples in Arithmetic, 

These TOlnmes differ fh>m the ordinary arithmetic in their peculiarly jTnu^icoi 
character. They are composed mainly of examples, and afford the most severe and 
thorough discipline for the mind. While a book which should contain a complete 
treatise of theory and practice would be too cumbersome for every-day ub#>, the 
insufficiency oiproictical examples has been a source of complaint 

HIGHER MATHEMATICS. 
Macnie's Algebraical Equations, 

Serving as a complement to the more advanced treatises on Algebra, giving spe 
dal attention to the analysis and solution of equations with numerical coefficienta. 

Church's Elements of Calculus, 
Church's Analytical Geometry, 
Church's Descriptive Geometry, 2 vols.. 

These volumes constitute the ^^West Point Course" in ttieir several departments. 

Courtenay's Elements of Calculus, 

A standard work of the very highest grade. 

Hackley's Trigonometry, 

With applications to navigation and surveying, nantUal and practical geometry 
and geodesy. 
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The JVational Series of Standara School-Sooks, 

^ 

HISTORY-Continued. 

BARNES' ONE-TERM HISTORY 
k Brief History of the United States, 

This is probably the most obiqinal school-book published for many years, 
in any department. A few of its claims are the following: 

1. Brevity*— The text is complete for Grammar School or intermediate 
classes, in 290 12mo pages, lai^ type. It may readily be completed, if desired, in 
one term of study. 

2. Comprehensiveness,— Though so brief, this book contains the pith of all 
^e weanring contents of the larger manuals, and a great deal more than the mem- 
ory usually retains from the latter. 

3. Interest has b<»en a prime consideration. Small books have heretofore 
been bare, ftill of dry statistics, unattractive. This one is charmingly written, 
replete wiUi anecdote, and brilliant with illustration. 

4. Proportion of Events.— it is remarkable for the discrimination with 
which the different portions of our history are presented according to their im- 
portance. Thus the older works being already large books when the civil war 
took place, give it less space than that accorded to the Revolution. 

5. Arrangenient.— In six epochs, entitled respectively. Discovery and Settle- 
ment, the Colonies, the Revolution, Growth of States, the Civil War, and Current 
Events. 

6. Catch Words.— Each paragraph is preceded by its leading thought in 
prominent type, stending in the student^s mind for the whole paragraph. 

7. Hey Notes.— Analogous with this is the idea of grouping battles, etc. 
about some central event, which relieves the sameness so common in such de< 
scriptions, and renders each distinct by some striking peculiarity of its own. 

8. Foot Notes.— These are crowded with interesting matter that is not 
strictly a part of history proper. They may be learned or not, at pleasure. They 
are certain in any event to be read. 

9. Biographies of all the leading characters are given in Itill in foot-notes. 

10. llaDS.— Elegant and distliict Maps from engravings on copper-plate, and 
beautifhlly'colored, precede each epoch, and contain all the places named. 

11. Questions are at the back of the book, to compel a more independent use 
of the text. Both text and questions are so worded that the pupil must give in« 
telligent answers nr hib own wobds. *' Yes " and •' No " will not do. 

12. Historical Recreations.- These are additional questions to test the stn- 




len 
. be 

right than President ? ' " etc. 

13. The lUnstrationS, about seventy in number, are the work of our best 
artists and engravers, produced at great expense. They are vivid and interest- 
ing, and mostly upon subjects never before illustrated in a school-book. 

14. Dates.— Only the leading dates are given in the text, and these are so 
associated as to assist the memory, but at the head of each page is the date of the 
event first mentioned, and at the close of each epoch a summary of events and dates. 

15. The Philosophy of History is studiously exhibited— the causes and 
effects of events being distinctly traced and their interconnection shown. 

16. Impartiality. —All sectional, partisan, or denominational views are 
avoided. "Tacts are stated after a careftd eomparlson of all authorities wltnoni 
the least prejudice or fevor. 

17. Index.- A verbal index at the close of the book perfects it as a work of 
reference. 

It win be observed that the above are all particulars in which School Histprles 
have been signally defective, or altogether wanting. Many other claims to ftvo/ 
Vt shares in common with its predecessors. 
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The JVationat Series of Standard SchootSooks. 

BOOK-KEEPING. 

Powers' Practical Book-keeping, $0.90 

Powers' Blanks to Practical Book-keeping, .... 40 

A Treatise on Book-Keeplng, for Public Schools and Academies. By Millard R. 
Powers, M.A. This work is designed to impart instruction upon the science of ac- 
counts, as applied to mercantile business, and it is beliei^ed that more knowledge, 
and that, too, of a more practical nature, can be gained by the plan introduced in 
this work, than by any other published. 

Folsonn's Logical Book-keeping, $1.40 

Folsonn's Blanks to Book-keeping, 3.50 

This treatise embraces the interesting and important discoveries of Prof. Folsom 
(of the Albany " Bryant & Stratton College "), the partial enunciation of which in 
lectures and otherwise has attracted so much attention in circles interested in com- 
mercial education. 

After studying business phenomena for many years, he has arrived at the positive 
laws and principles that underlie the whole subject of Accounts ; finds that the 
science is based in V(Aue as a generic term ; that value divides into two dosses with 
varied species ; that all the exchanges of values are reducible to nine equations ; 
and that all the results of all these exchanges are limited to thirteen in number. 

As accounts have been universally taught hitherto, without setting out from a 
radical analysis or definition of values, the science has been kept in great obscurity, 
and been made as difficult to impart as to acquire. On the new theory, however, 
these obstacles are chiefly removed. In reading over the first part of it, in which 
the governing laws and principles are discussed, a person with ordinary intelligence 
will obtain a fair conception of the double entry process of accounts. But when he 
comes to study thoroughly these laws and principles as there enunciated, and works 
out the examples and memoranda which elucidate the thirteen results of business, 
the student will neither fail in readily acquiring the science as it is, nor in becoming 
able intelligently to apply it in the interpretation of business. 

Snnith & Martin's Book-keeping, $0.90 

Smith & Martin's Blanks 40 

This work is by a practical teacher and a practical book-keeper. It is of a 
thoroughly popular class, and will be welcomed by every one who loves to see 
theory and practice combined in an easy, concise, and methodical form. 

The Single Entry portion is well adapted to supply a want felt in nearly all other 
treatises, which seem to be prepared mainly for the use of wholesale merchants, 
leaving retailers, mechanics, farmers, etc., who transact the greater portion of the 
business of the country, without a guide. The work is also commended, on this 
account, for general use in Young Ladies' Seminaries, where a thorough grounding 
in the simpler form of accounts will be invaluable to the fature housekeepers of the 
nation. 

The treatise on Double Entry Book-keeping combines all the advantages of the 
most recent methods, with the utmost simplicity of application, thus aflbrding the 
pupil all the advantages of actual experience in the counting-house, and giving a 
clear comprehension of the entire subject through a judicious course of mercantile 
transactions. 
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The JVaiionat Series of Standard SchoolSooks* 

NATURAL SCIENCE- Continued. 

CHEMISTRY. 
Porter's First Book of Chemistry, 
Porter's Principles of Chemistry, 

The above are widely known as the prodnctlons of one of the moet eminent 0cien< 
tific men of America. The extreme Bimplicity in the method of presenting the 
science, while exhaastively treated, has excited universal conmiendation. 

Darby's Text-Book of Chemistry, 

Purely a Chemistry, divesting the subject of matters comparatively foreign to It 
(such as beat, light, electricity, etc.), but usually allowed to engross too much atten- 
tion in ordinary school-books. 

Gregory's Chemistry, (Organic and Inorganic, each) 

The science exhaustively treated. For colleges and medical students. 

Steele's Fourteen Weeks Course, 

A successful effort to reduce the study to thelimitsof adin^fe <^rm. (See page 84.) 

Steele's Chemical Apparatus, 

Adequate to the performance of all the important experiments. > 

BOTANY. 

Thinker's First Lessons in Botany, 

For children. The technical terms are laigely dispensed wltli In flitor of an ea«y 
and fkmillar style adapted to the smallest learner. 

Wood's Object-Lessons in Botany, 
Wood's American Botanist and Florist, 
Wood's New Class-Book of Botany, 

The standard text-books of the United States in this department. In style the^ 
are simple, popular, and lively ; in arrangement, easy and natural ; in description, 
graphic and strictly exact. The Tables for Analysis are reduced to a perfect system. 
More are annually sold than of all others combined. 

Wood's Descriptive Botany, $1.25 

A complete Flora of all Plants growing east of the Mississippi River. 

Wood's Illustrated Plant Record, 55 

A simple form of Blanks for recording observations in the field. 

Wood's Botanical Apparatus, 8.00 

A portable Trunk, containing Drying Press, Knife, Trowel, Microscope, and 
Tweezers, and a copy of Wood's Rant Record— the Collector's complete outfit. 

Willis's Flora of New Jersey, 1.50 

The moet useftil book of reference ever published for collectors in all parts of the 
coaatry. It contains also a Botanical Directory, with addresses of living American 
botanists. 

Young's Familiar Lessons in Botany 1.40 

Combining simplicity of diction with some degree of technical and scientific 
knowledge, for intermediate claspes. Specially adapted for the Southwest. 

Darby's Southern Botany, 1.40 

Embracing general Structural and Phypiological Botany, with vegetable products, 
and descriptions of Southern plants, and a complete Flora of the Southern States. 

Steele's 14 Weeks Course in Botany — (seep. 84). . . 1.00 
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T%e JVationae Series of Standard School- Sooks* 

NATURAL SCIENCE— Continued. 

WOOD'S BOTANIES. 



.yVwTi Prof. Richabd Owen, University of Indiana, 
I am well pleased with the evidence of philosophical method exhibited in tb% 
seneral arrangement, as well as with the clearness of the explanations, the ready 
fiitelligibility of the analytical tables, and the illustrative aid fUmished by the 
numerous and excellent wood-cuts. I design using the work as a text-book with 
ray next class. 

I^rom Prem. B. R. Ain>BBSON, Coiumbm Union School^ Wisconsin. 
I have examined several works with a view to reconmiending some good text- 
book on Botany, but I lay them all aside for "Wood's Botanist and Florist." The 
arrangement of the book is in my opinion excellent, its style fascinating and attrac- 
tive, its treatment of the various departments of the science is thorough, and last, 
but far from unimportant, I like the topical form of the questions to each chapter. 
It seems to embrace the entire science. In fact, I consider it a complete, attractive, 
ftnd exhaustive work. 

From M. A. MabshaUi, yew Haven. High School, Conn. 

It has all the excellencies of the well-known Class-Book of Botany by the same 

author in a smaller book. By a judicious system of condensation, the size of the 

Flora IB reduced one-half, while no species are omitted, and many new ones are 

added. The descriptions of species are very brief, yet sufficient to identify the 

Slant, and, when taken in connection with the generic description, form a complete 
escnption of the plant. The book as a whole will suit the wants of classes better 
than anythmg I have yet seen. The adoption of the Botanist and Florist would 
not require the exclusion of the Class-Book of Botany, as they are so arranged that 
both might be used by the same class. 

I^n Pbof. G. H. Perkins, University of Vermont and State Agricultural College. 

I can truly say that the more I examine Wood's Class-Book, the better pleased " 
>m with it. In its illustrations, especially of particulars not easily observed by the 
student, and the clearness and compactness of its statements, as well as in the ter- 
ritory its flora embraces, it appears to me to surpass any other work I know of 
The whole science, so fer as it can be taught in a college course, is well presented 
and rendered unusually easy of comprehension. The mode of analysis is excellent, 
livoiding as it does to a great extent those microscopic. characters which puzzle the 
oeginner, and using those that are obvious as fer as possible. I regard the work as 
a most admirable one, and shall adopt it as a text-book another year. 

AGRICULTURE. 

Pendleton's Scientific Agriculture, 

A text-book for colleges and schools ; treats of the following topics : Anatomy 
and Physiology of PUnts : Agricultural Meteoroloiry ; Soils as related to Physics: 
Chemistiy of the Atmosphere ; of Plants ; of Soils ; Fertilizers and Natural Ma- 
nures; Animal Nutrition, etc. By E. M. Pendleton, M. D., Prof, of Agriculture in 
the University of Georgia. 

From President A. D. White, Cornell Unixersity. 

Dear Sir: I have examined your " Text-book of Agricultural Science," and it 
seems to me excellent in view of the purpose it is intended to serve. Many of your 
chapters interested me especially, and all parts of the work seem to combine scien- 
tific instruction with practical information in proportions dictated by sound com- 
mon sense. 

JVw» Pre*irfewt Robinson, of Brown UniVr^sUy. 

It is iclentific in method as well as in matter, comprehensive in plan, natural and 
logical in order, compact and lucid in its statements, and must be useral both as a 
text-book in AgiicQltiurai coUeges, and as » 2aand-book for intelligent planters and 
Qirmers. 
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T/Uc J%titionat Series of Standard S^\Moo9^3^ooA:s. 



NATURAL SCtENCE^-Continued. 

PHYSIOLOG'^ 

Jarvis' Elements oi Physiology, 

Jam's' Physiclogy and Laws of Health, 

The only books extant which approach this subject with tt p wp t ffv le w of ths 
rrnc object of teachiner Physiology in schools, Yiz., that scholars may know how to 
lake care of their own health. In bold contrast with the abstract Awttomies. which 
children learn at* they wuald Greek or Latin (and forget as fM>on), to dfksdiiiine the 
rrJindy are these text-books, using the science as a secondary consideration, and onI|> 
vo for a8 is necessary for the comprehension of the laws ojliMoitn, 

Hamilton's Vegetable and Animal Physiology, 

The two branches of the science combined in one volome lead the stndent to a 
proper comprehension of the Analogies of Nature. 

Steele's Fourteen Weeks Course, 

In the popular style, ayoiding technical and purely scientific formulas. It con< 
tains beantifal and yivid illustrations, some or them colored, and a blackboard 
analysis of the skeleton. The sections on diseases and accidents, and their prompt 
home treatment, give the book great practical value (see p. 34). 

ASTRONOMY. 

Willard s School Astronomy, ^ 

By means of dear and attractive illustrations, addressing the eye in nuuiy cases 
bv analogies, careful definitions of all necessary technical terms, a carefol Avoidance 
of verbiage and unimportant matter, particular attention to analysis, and a general 
adoption of the simplest metkodf>. Mrs. Willard has made the best aad moBt at- 
tractive elementary Astronomy extant. 

Mclntyre's Astronomy and the Globes, 

A comi)lete treatise for intermediate classes. Highly apfvoved* 

Bartlett's Spherical Astronomy, 

The West Point course, for advanced classes, with anDlicationB to the cnrrent 
wants of Navigation, Geography, and Chronology. 

Steele's Fourteen Weeks Course, 

Seduced to a single term, and better adapted to school use tlraa any wovk here 
tofore published. Not written for the information of scientific men. but for the 
inspiration of youth, the pages are not burdened with a multitude of figures which 
no memory could possibly retain. The whole subject ift pranented in a clear and 
concise form. (See p. 84.) 

NATURAL HISTOHY. 

Carll's Child's Book of Natural History, 

Illustrating the Animal, Vegetable, and Mineral Etngdome, wKh applicatien te 
the Arts. For beginners. Beaiitiftilly and copiously UlnatittteA. ' 

ZOOLOGTf 

Chambers' Elements of Zoology, 

A complete and comprehensive system of Zoology, adaptecr ror academic instruc- 
tion, presenting a syf^tematic view of the Animal Kbif?dam M a portion of externa*. 

Nature. 

Steele's Fourteen Weeks Course, 

Notable for its superb and entertaining illustratioftji, winch include every ani- 
mal named ; blackboard tables of classification and tikoular review of the whole 
animal kingdom ; interesting and characteristic fkcts and anecdotes ; directions for 
VkUecting and preserving specimens, etc., etc. (See d. ln^ 
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HATIOHAk' TTTQTinDV STANDABB 
SERIES. JllDlUIblt TEIT-BOOKS. 



^^Hisiory is (Philosophy teaching by Examples." 



THF IINITFn STATES > Youth's History of the 

■ ■■*■ will I lm\3 W I n 1 Vm\Sm UNITED STATES. By JAXsa 

MoNTEiTH, author of the National Geographical Series. An elementary work 
npon the catechetical plan, with Maps, EngraYings, Memoriter Tables, etc For 
the youngest pupils. 

2. Wl I lard's School History, for Grammar Schools and Academic classes. 
Designed to cultivate the memory, the Intellect, and the taste, and to sow thft 
seeds of virtue, by contemplation of the actions of the good and great. 

3» WtHard's Unabridged History, for higher classes pursuing a complete 
course. Notable for its clear arrangement and devices addressed to the eye, with 
a aeries of Progressive Maps. 

4. Summary of American History. A ekeleton of events, with all the prom- 
inent flicts and dates, in fifty-three pages. May be committed to .memory ver- 

\ haJOm, used in review of larger volumes, or for reference simply. " A miniature 

of Ameri(jan History." 
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ROME 



FjJPI RMH ^- Berard's School History of England, combining 

LIlULHIlU" ^.naa Interesting history of the social life of the English 
people, with that of the civil and military transactions of the realm. Religion, 
literature, science, art, and commerce are included. 

a. Summary of English and of French History. FRAMPF 

A series of brief sUtementa, presenting more points of ■ linil**!-- 
attachment for the pupil's interest and memory than a chronological table. A 
well-proportional ouQlne and index to more extended reading. 

Ricord's History of Rome, a story-Uke epitome of this inter- 
esting and chivalrous history, proftisely illustrated, with the legends 
and doubtful portions so introduced as not to deceive, while adding extended 
charm to the subject. 

PPIIPDAI Willard's Universal History. A vast subject eo arranged 
U [■ 11 L- 1 1 H !■ ■ and illustrated as to be less difficult to acquire or retam. It s 

whole substance. In feet, is summarized on one page, in a grand "Temple of 

Time, or Picture of Nations. 

2 G e n e ral Su m m ary of H i Sto ry . Being the Summaries of Anaeriean, and 
of English and French History, bound in one volume. The leading events in 
the histories of these three nations epitomized, in the briefest ni&mier. 

3. Whitcomb's Topical History Chart-book. Embodying the names 

of contemporaneous rulers, with spaces under each in which to write a summary 
of events in the life of the ruler. Most recent Chronological Researches given. 
This method in teaching has proved a most useful aid to the study of History. 

A. S. BARNES & COMPANY, Publishers. 



THE f ORMAN SERIES IN MODE BS LAN&UABE. 

A Complete Course in German. 

By JAMES H. WORMAN, A.M. 

BHBBAC1NG 

CO]VII»lL.ETE Q-EJRMLA.N- Q-RA.]VIM:J^R, 

C01L1IL1EQ-IA.TK g-erm:an* rea-dick 

B3Il.TGM:ElSTrA.RY GhKR3VIA.N- REAI>ER, 
G-BSRMI^IS" COPY-BOOKS, G-ERnVEAUST KCECO. 

. HISTORY OB^ G-ICRMiAJ^ r.ITICRA.TXJRB3, 
[ OKRMiAJSr -A.NT> ENGJ-LISH LESXICON", 

J. TH"^ GERMAN GRAMMARS of Worman are widely preferred on «o- 
connt of their clear, e3:p>Ucit method (on the conversation plan), hitrodacing a eystem 
of analogy and comparison ^ith the leamere' own language and others commonly 
studied. 
[ The arts of speaking, of understanding the spoken language, and of correct pronnn- 

ciation, are treated with great success. 

The new classifications of nouns and of irregular verbs are of great valu« to the 
pupil. The use of heavy type to indicate etyuKtlogical changes, is new. The Vocabu- 
lary is synonymieal—id&o a new feature. 

,11, WORM AX'S GERM AX READER contains progressive selections 
from a wide range of the venr beet German authors, including three complete plays, 
which are usuai^^ purchased m separate form for advanced students who have com- 
pleted the ordinary Header. 

It has Biographies of eminent authors, Notes after the text, References to all Ger- 
man Grammars in common use, and an adequate Vocabulary; also, Exercises for 
translation into the German. 

III. fro R3T AX'S GERM AX ECHO (Deutsches Echo) is entirely a new 
thing in this country. It presents fisimiliar colloquial exercises without translation, 
and will teach fluent conversation in a few months of diligent study. 

No other method will ever make the student at home in a foreign langoi^. Bv this 
he thinks in, as well as speaks it. For the time being he is a German througn and 
through. The laborious process of translating his thoughts no longer impedes free 
anembarrassed utterance. 
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f OBMAFS COMFLSTE FBISCI COURSE 

IS rBrAUGUSATED BT 

aii'EOno IDE :e>j^:rx&. 

Or, '*Froikch Echo;" on a plan identical with the German Echo described above. 
Tbd& wm be followed in due course by the other volumes of 

THEl inRENCEC SERIES, 
• VIZ.: 

A COMPTjETE GRAMMAR, \A FREXCH READER, 

AX ELEMEXTART GRAMMAR, \ A FREXCH Z E X 1 C O X, 
A SISTORT OF FREXCJI IjITERATURE. 
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are adopted as flist as pnbUshed by is >^|^HH^HHHHHnH^ onntry. In 
oompleteness, adaptation, and homogc| '^BnBIHilil^lTlffl^ P ^^ '^^ 1 ^^ 




